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TYPICAL CONTINUOUS FUNCTIONS

ARE VIRTUALLY NONMONOTONE

P. humke and m. laczkovich1

Abstract. For every porosity premeasure <t>, a typical continuous function meets

every monotone function in a bilaterally strongly eVporous set. The statement does

not remain valid if we replace the class of monotone functions by the class of

absolutely continuous functions.

1. This paper continues a recent study of intersections of typical continuous

functions with certain classes of functions. By the term " typical continuous function"

we mean that the set of all functions which have the property under consideration is

a residual subset of the complete metric space C[0,1], and by the set in which two

functions intersect we mean the set of domain values at which the two functions

coincide. In [T], B. S. Thomson proved that a typical continuous function intersects

every constant function in a bilaterally strongly porous set. A set E c R is bilaterally

strongly porous if for every x g E there are sequences of intervals

I„ c (x - \/n, x)\E and /„ c (x, x + l/n)\E

such that

lim   dÍSt(x-7j=  hm   «"*(*■-D-o.
n—* co 7 «—»oc .7

In [H], J. Haussermann generalizes Thomson's result in two ways, replacing the class

of constant functions by a larger class and the notion of bilateral strong porosity by

a finer notion. We call a continuous function <j>: (0,1] ->(0,1] a porosity

premeasure. A set E c R ins bilaterally strongly <£-porous if, for every x g E, there

are sequences of intervals In and Jn as above such that

Um   d^7j =  um   dirt (x, J) _ 0

Haussermann proves that for each porosity premeasure <j>, a typical continuous

function intersects every function with finite Dini dérivâtes in a bilaterally strongly
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<í>-porous set. In this paper we prove, answering a question of D. R. Andy and J.

Haussermann, that the same result is true if the class of functions with finite Dini

dérivâtes is replaced by the class of monotone functions (Theorem 1). On the other

hand, A. M. Bruckner points out that the statement is not true for the class of

functions of bounded variation (moreover, absolutely continuous functions). We

present his argument in a simplified form in Theorem 3.

2. A pair of sequences a = {an} and ß = {ßn} is called proper if {ßn} —> 0 and

0 < an < ßn for « = 1,2,_If (a, ß) is a proper pair of sequences, then a sequence

x = {•*„} is called an (a, ß)-sequence if x converges (to, say, x0) and an < xn — x0

< ßn for « = 1,2,_Now if (a, ß) is a fixed proper pair, define

7„ = {/g C[0,1]: there is an (a, ß) -sequence x with /increasing on {*,}°1„},

Dn = {/ g C[0,1]: there is an (a, /?)-sequence x with/decreasing on {x¡}°°=n].

Lemma 1. If (a, ß) is proper, then both In and Dn are closed for every « = 1,2,_

Proof. As Dn = {/: -/ g 7„}, it suffices to prove the result for 7„, « = 1,2,_

Let N be fixed and suppose [fk}'%=x c 7^, with {fk} -> /uniformly. As/A g 7^, for

k — 1,2,..., it follows that for each k there is a sequence xk = [xk }™=x converging

to, say, Xq, such that an < xk — Xq < ß„ for every «, and fk is increasing on

{xk }™=N for each k. Using a familiar diagonal argument, one obtains a subsequence

[k¡)f_x such that, for each « = 0,1,2,..., the corresponding sequence [xk,}fLx

converges (to, say, x*). As an < xk' — xfr < ßn it follows that an < x* — x* < ßn

and, as such, x* = {x*} is an (a, /3)-sequence. As {fk} -* /uniformly and each/A

is increasing on [xk}™=N it follows that / is increasing on {x*}™=N and, hence,

Lemma 2. If (a, ß) is proper, then both In and Dn are nowhere dense for every

« = 1,2,_

Proof. Again it suffices to prove the result for 7n, « = 1,2,..., and in light of

Lemma 1 we need only show In contains no ball. Let N be fixed, / g C[0,1], and

e > 0. We must find a g g C[0,1] \ IN within e off.

First, partition [0,1] into congruent closed intervals {Jk: k = l,2,...,K) each of

length d < e/2 such that the oscillation of / on each of them is less than e/2. Let

«,, «2 > N be such that

0 < an   < ßn   < an  < ßn  < d

and let 8 = min{a„ ,(d — ß„ )/2). We define g on each interval Ik separately. Let k

be fixed and suppose Jk = [a, b].

1. If f(a) > f(b), define g to be linear on Jk and to agree with/at a and b.

2. If f(a) < f(b), define g in such a way that g is linear on each of [a, a + 8] and

[a + 8, b], has slope -1 on [a + 8, b], and agrees with/at a and b.

As the oscillation of / on each Jk is less than e/2, it follows that \f(x) — g(x)\ < e

for each x e [0,1]. Now, let {*„} be an ( a, ß )-sequence which converges to

x0 G   [0,1 ). Then there is a unique k such that x0 g Jk but x0 is not the right
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endpoint of Jk. We again denote Jk by [a, b]. lîf(a) > f(b), then g is decreasing on

Jk and hence eventually decreasing on {.*„}. Suppose now, that f(a) < f(b). If

x0 g [a + 8, b), then again g is decreasing on [a + 8, b] and eventually on {x„}.

Hence, we may suppose x0g  [a, a + 8), and we obtain

a + 8 < a + a„2 <x0 + a„2 < xni < x0 + ßni < x0 + an¡

< x,h ^ x0 + A„ < a + 8 + ß„t < b.

However, g is decreasing on [a + ô, b] and so g(xn ) > g(xn ); that is, g is not

increasing on [xn}™_N and as this sequence was arbitrary, the lemma is established.

Theorem 1. Let (¡> be an arbitrary porosity premeasure. Then a typical continuous

function intersects every monotone function in a bilaterally strongly <j>-porous set.

Proof. First we define a proper pair of sequences (a, ß) as follows. Let ß0 = 1

and, if ßn g ( 0,1]   has been defined, define 0 < ßn+x < min(/3„., l/(« + 1)) such

that <j>(ß„ - ß„ + x) > nß„ + x. Let o¡„ = ßn+x, « = 0,1,2,_It follows from Lemmas

1 and 2 that if/is a typical continuous function on [0,1] and/is monotone on a set

M c [0,1], then for every x g M

M n \x + a„ , x + ß„ 1 = 0

for a subsequence «, of natural numbers. Let J¡ = [x + an , x + ßn], i = 1,2,_

Then/, c (x, x + 1/0\M and

dist(x,/) = «„ =/L +1<- =:j^,       / = 1,2,....

Therefore,

hm   d^à = 0.

♦(kl)
U sing a similar argument we can find a sequence 7, c ( x — l/i, x)\M with

dist(x, 7,)
lim —;  '•' = 0

/-oo      <>(|7,.|)

which proves that M is bilaterally strongly ^-porous.

The following theorem is essentially due to J. Haussermann [H]. Since both the

statement and proof become slightly simpler using our (a, ß) notation, we provide

the proof.

Theorem 2. Let (a, ß) be a proper pair of sequences and let a be a positive

increasing function on (0,1]  with

hm   -= oo.
n—* oo Ctn

If f ^ C[0,1] is arbitrary, then for a.e. x G [0,1] there is an (a, ß)-sequence ( yn) -» x

such that

\f(yn) -/(■*)!< °(y„ - x)

for « sufficiently large.
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Proof. Let/ g C[0,1] and suppose |/(x)| < K, x g [0,1]. Define

E+= {x g [0,1) : for infinitely many «,

f(y) - f(x) > a(y — x) whenever y g [x + an, x + ß„]},

E'= {x g[0,1); for infinitely many n,

f(y) - /(x) < -a(y - x) whenever y g [x + an, x + ß„\}.

We have to show X(7s+) = X(E') = 0. Let e > 0 be given. There is an «0 such that

ßn < 1 and a„ < ea(an)ßn whenever « ^ «0.

The system of intervals

/= {[x,x + a„]:n > n0, 0 < x < 1 - ß„ andf(y) - f(x) > o(y - x)

for every y G [x + o¡„, x + ß„]}

is a Vitali cover of E+. Therefore, by Vitali's theorem, there is a disjoint sequence of

intervals Ik = [xk,xk + <xni] <^f(k = 1,2,...) such that X(E+) < tf.i\Ik\.

We show that the rectangles

Tk= [xk,xk + ß„k}x[f(xk),f(xk)+a(aj]        (k = l,2,...)

are pairwise disjoint. Indeed, let /' =£ j be arbitrary. Then 7, O I, = 0 ; we can

suppose x¡ + <xn < Xj. If x, + /?„.< x, then 7]. n 3T. = 0 is obvious so that we can

assume

x¡ + «„, < */<*,+ ß, .

Therefore, by 7, g,/, we have/(xy) >/(x,) + a(xy - x,) and hence, for every

(x, y) g 7}, y > f(Xj) > f(x,) + o(Xj - x,) > f(x,) + o(an), proving T, n 7). - 0.

Obviously, rA c [0,1] X [-#, AT + a(l)] for every A: = 1,2,... and hence

OO OO /      00 \

EA,-«K)- EM3*)-xa Urt <2a:+o(i).
A = l A = l U-l       /

Since «¿. ^ «0 for every &, this implies

OO CO 00

A = 1 A = 1 A = 1

This proves X(E+) = 0. A similar argument applies for X(E ~) = 0.

Theorem 3. For every 8 > 0 and every f g C[0,1] there is an absolutely continuous

function g such that ( x: f(x) = g(x)} ¿a «o/ bilaterally strongly x1+s-porous.

Proof. We define Ä, = («r)"1"« and a„ = #,+1, « = 1,2,.... Let a(x) = w"1"872

if x g ( a„, /3„] , « = 1,2,_Then

a(a„)/3„/«„=(« + l)-1-S/:!(« + l)1+6-oo,

and hence by Theorem 2 for every /g C[0,1] there is an x0 g [0,1) and an

(a, /3)-sequence {x„} -» x such that x„ < 1 and

!/(*„) -/(x0)| < o(x„ - x0) < a(ß„) = «-18/2    for « > «0.
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Let g be continuous on [0,1], linear on the intervals [0, x0], [x„ , 1], [x„ + 1, xj,

« > «0, and agree with/at the points xn, « > «0. Since £^=1«_1~s/2 < oo, it is easy

to see that g is absolutely continuous on [0,1]. We show that 77 = {x: f(x) = g(x)}

is not bilaterally strongly x1 + s-porous at x0. Indeed, for every interval J with

J <z (x0,l)\H there is an « such that J c (x„ + 1, x„) c (x0 + aB+1, x0 + /?„).

Therefore,

i+«

-^ oo    as « -» oo.
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