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TYPICAL CONTINUOUS FUNCTIONS
ARE VIRTUALLY NONMONOTONE

P. HUMKE AND M. LACZKOVICH!

ABSTRACT. For every porosity premeasure ¢, a typical continuous function meets
every monotone function in a bilaterally strongly ¢-porous set. The statement does
not remain valid if we replace the class of monotone functions by the class of
absolutely continuous functions.

1. This paper continues a recent study of intersections of typical continuous
functions with certain classes of functions. By the term “ typical continuous function”
we mean that the set of all functions which have the property under consideration is
a residual subset of the complete metric space C[0, 1], and by the set in which two
functions intersect we mean the set of domain values at which the two functions
coincide. In [T], B. S. Thomson proved that a typical continuous function intersects
every constant function in a bilaterally strongly porous set. A set £ C R is bilaterally
strongly porous if for every x € E there are sequences of intervals

I,c(x—1/n,x)\E and J,C(x,x +1/n)\E
such that
dist(x, 1) . dist(x, J,)
——=lim —— =0

el nmee |

In [H], J. Haussermann generalizes Thomson’s result in two ways, replacing the class
of constant functions by a larger class and the notion of bilateral strong porosity by
a finer notion. We call a continuous function ¢: (0,1] — (0,1] a porosity
premeasure. A set E C R ins bilaterally strongly ¢-porous if, for every x € E, there
are sequences of intervals I, and J, as above such that

dist(x, I,) . dist(x, J,)
m ——* = |lim ——"~ =0
neo (L)) e (l))

Haussermann proves that for each porosity premeasure ¢, a typical continuous
function intersects every function with finite Dini derivates in 2 bilaterally strongly
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¢-porous set. In this paper we prove, answering a question of D. R. Andy and J.
Haussermann, that the same result is true if the class of functions with finite Dint
derivates is replaced by the class of monotone functions (Theorem 1). On the other
hand, A. M. Bruckner points out that the statement is not true for the class of
functions of bounded variation (moreover, absolutely continuous functions). We
present his argument in a simplified form in Theorem 3.

2. A pair of sequences o = {a,} and 8 = {B,} is called proper if { 8,} — 0 and
0<a,<B, forn=12,... If (a, B) is a proper pair of sequences, then a sequence
x = {x,} is called an (a, B)-sequence if x converges (to, say, x,) and a, < x, — X,
< B,forn =1,2,.... Now if (a, B) is a fixed proper pair, define

1, = { f < C[0,1]: there s an (a, B)-sequence x with f increasing on {x,}7~,},

D, = { fe C[0,1]: thereis an (a, B)-sequence x with f decreasing on {x,};2, }.

LemMA 1. If (a, B) is proper, then both I, and D, are closed for every n = 1,2, .. ..

PROOF. As D, = { f: —-f € I}, it suffices to prove the result for I,, n = 1,2,....
Let N be fixed and suppose { f, }¥_; C Iy with { f,} — f uniformly. As f, € I, for
k =1,2,..., it follows that for each k there is a sequence x*¥ = {x¥}%_, converging
to, say, x%, such that a, < x¥ — x} < B, for every n, and f, is increasing on
{xky®_, for each k. Using a familiar diagonal argument, one obtains a subsequence
{k;}, such that, for each n =0,1,2,..., the corresponding sequence {x*}®,
converges (to, say, x*). As a, < x* — x& < B, it follows that a, < x* — x¥ < B,
and, as such, x* = {x*} is an (a, B)-sequence. As { f, } — f uniformly and each f,
is increasing on {xX}®_, it follows that f is increasing on {x*}%_, and, hence,
fE 1.

LEMMA 2. If (a, B) is proper, then both I, and D, are nowhere dense for every
n=12,....

PROOF. Again it suffices to prove the result for 7,, n = 1,2,..., and in light of
Lemma 1 we need only show 7, contains no ball. Let N be fixed, f € C[0, 1], and
e > 0. We must find a g € C[0,1]\ I, within ¢ of f.

First, partition [0, 1] into congruent closed intervals { J,: k = 1,2,...,K } each of
length d < £/2 such that the oscillation of f on each of them is less than ¢/2. Let
ny, n, = N be such that

0<anz<'8nz<an|<'8n1<d

and let § = min{a, ,(d — B, )/2}. We define g on each interval I, separately. Let k
be fixed and suppose J, = [a, b].

1. If f(a) > f(b), define g to be linear on J, and to agree with fat a and b.

2. If f(a) < f(b), define g in such a way that g is linear on each of [a, a + 8] and
[a + 8, b], has slope -1 on [a + §, b], and agrees with f at a and b.
As the oscillation of f on each J, is less than ¢/2, it follows that | f(x) — g(x)| < ¢
for each x € [0,1]. Now, let {x,} be an (e, B)-sequence which converges to
Xo € [0,1). Then there is a unique k such that x, € J, but x, is not the right
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endpoint of J,. We again denote J, by [a, b]. If f(a) > f(b), then g is decreasing on
J, and hence eventually decreasing on {x,}. Suppose now, that f(a) < f(b). If
Xy € [a + 8, b), then again g is decreasing on [a + §, b] and eventually on {x,}.
Hence, we may suppose x, € [a, a + §), and we obtain

<x0+,8"2<x0+cz,,l

a+é<a+ta,<x;+ta,<x,

<x, <xog+ B, <a+d+p, <b.

However, g is decreasing on [a + §, b] and so g(x,,) > g(x, ); that is, g is not
increasing on { x, }>_, and as this sequence was arbltrary, the lemma is established.

- THEOREM 1. Let ¢ be an arbitrary porosity premeasure. Then a typical continuous
function intersects every monotone function in a bilaterally strongly ¢-porous set.

ProOF. First we define a proper pair of sequences (a, 8) as follows. Let B, =1
and, if B, € (0,1] has been defined, define 0 < B,,, < min(B,,1/(n + 1)) such
that (B8, — B,.1) > nB,.;. Leta, = B,,.,, n=0,1,2,.... It follows from Lemmas
1 and 2 that if f is a typical continuous function on [0, 1] and f is monotone on a set
M c [0, 1], then for every x € M

Mﬂ[x+a,,,,x+B,,l]= z

for a subsequence n; of natural numbers. Let J, = [x + «
ThenJ; C (x, x + 1/i)\ M and

x + ,Bn,], i=12,....

n;’

o(B, — B, J,
dist(x, J) =@, =B, ., < (8, '“)=¢(] ’l), i=1,2,....
i i n; n;
Therefore,
dist
lim dist(x, J,) )
= ()
Using a similar argument we can find a sequence I; C (x — 1/i, x)\ M with
lim dist(x, I, )

i— o0 ( l 1 ")
which proves that M is bilaterally strongly ¢-porous.
The following theorem is essentially due to J. Haussermann [H]. Since both the
statement and proof become slightly simpler using our (a, 8) notation, we provide
the proof.

THEOREM 2. Let (a, B) be a proper pair of sequences and let o be a positive
increasing function on ( 0,1] with A
L o(e)B,
n— oo «a,
If f € C[0,1] is arbitrary, then for a.e. x € [0,1] there is an (a, B)-sequence { y,} — x
such that
F(5) = f() < oy, — x)
for n sufficiently large.
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PROOF. Let f € C[0,1] and suppose | f(x)| < K, x € [0, 1]. Define
E*= {x €][0,1): for infinitely many n,
f(») = f(x) > o(y — x) whenevery € [x + a,, x + B,]},
E~= {x €[0,1); for infinitely many n,
f(y) —f(x) < —o(y — x) whenevery € [x + a,, x + B,]}.

We have to show A(E*) = A(E") = 0. Let ¢ > 0 be given. There is an n such that
B, < land a, < ed(a,)B, whenever n > n,,.
The system of intervals

=[x x+a)insn,0<x<1-Bandf(y)—f(x)>aly - x)
foreveryy € [x + a,,, x + B,]}

is a Vitali cover of E™*. Therefore, by Vitali’s theorem, there is a disjoint sequence of
intervals I, =[x, x, + &, ] € £ (k = 1,2,...) such that A\(E™) < ZF_ | [}
We show that the rectangles

T, = [xk’xk + BnA] X [f(xk)»f(xk) + o(an,\)l (k=1,2,...)

are pairwise disjoint. Indeed, let i # j be arbitrary. Then I, N [, = &; we can
suppose x, + a, < x;. If x, + B, < x, then T, N T, = & is obvious so that we can
assume

x;ta, <x;<x;+8,.
Therefore, by I, € £, we have f(x;)> f(x,) + o(x, — x;) and hence, for every

(x, ) € T,y = f(x)) > f(x) + o(x; — x;) > f(x;) + (e, ), proving T, N T} = &.
Obviously, 7, € [0,1] X [-K, K + o(1)] for every k = 1,2,... and hence

> B., o(a, )= Y A(T) = >‘2( U Tk) < 2K +a(1).
k=1 k=1 k=1
Since n, > n, for every k, this implies
oo (e 2] [o2]
MEY)< X ILl= ¥ a, < X eo(a,)B,, <e(2K+0(1)).
k=1 k=1 k=1
This proves A( E*) = 0. A similar argument applies for A\(E") = 0.

THEOREM 3. For every 8 > 0 and every f € C[0, 1] there is an absolutely continuous
function g such that { x: f(x) = g(x)} is not bilaterally strongly x**°

-porous.
PrOOF. We define 8, = (n!) ' ®and a, = B,,,,n=1,2,.... Let o(x) = n~17%/2
ifx € (a,, B,],n=12,....Then
o(a,)B,/a, = (n+1)

and hence by Theorem 2 for every f € C[0,1] there is an x, € [0,1) and an
(a, B)-sequence { x,,} — x such that x,, < 1 and

lf(x,) — f(xo)| < 0(x, — xo) < 0(B,)=n"'"%?% forn> n,.

1-8/2 1+8

(n+1) 7" > o,
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Let g be continuous on [0,1], linear on the intervals [0, xo],[x,, 1],[x, 1, X, ]
n > n,, and agree with f at the points x,,, n > n,. Since £2_;n"!7%/2 < oo, it is easy
to see that g is absolutely continuous on [0, 1]. We show that H = {x: f(x) = g(x)}
is not bilaterally strongly x!*°-porous at x,. Indeed, for every interval J with
J C (x9,1)\ H there is an n such that J C (x,,,, x,) C (xo + a,,1, Xq + B,).

Therefore,
dict -1 e 1+8
1s(x0,J)>[(n+2).] _ (n!) — 00 asn — 0.
|J|1+8 (n!)-(1+8)~ (n+1)(n+2)
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