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REGULAR POLYGON SOLUTIONS OF THE N-BODY PROBLEM
L. M. PERKO AND E. L. WALTER

ABSTRACT. In 1772, Lagrange showed that three masses at the vertices of
an equilateral triangle, rotating about their common center of mass with an
appropriate angular velocity, describe a periodic solution of the three-body
problem. In this paper it is shown that for N > 4, N masses at the vertices of
a regular polygon, rotating about their common center of mass with an appro-
priate angular velocity, describe a periodic solution of the N-body problem if
and only if the masses are equal.

1. Introduction and results. For N > 2, the equations of motion of the
planar N-body problem can be written in the form

1) = my A
J

where zj is the complex coordinate of the kth mass my in an inertial coordinate
system; cf. [5, p. 95]. In equation (1) and throughout this paper, unless otherwise
restricted, all indices and summations will range from 1 to N.

Let py denote the N complex Nth roots of unity; i.e.,

2) o = €2TR/N.

This equation will also serve to define pi for any real number k. The center of mass
of N masses my, located at the vertices pi of a regular polygon inscribed in the unit
circle is then given by

=) mip;/M
7

where M = ). m;. The functions describing their rotation about zo with angular
velocity w are then given by

(3) 2k(t) = (pk — 20)™".

There is no loss of generality in assuming that the regular polygon is inscribed in
the unit circle since the N-body problem (1) is invariant under the transformation
t — t/a®?, z — z/a which reduces the functions a(px — 20)*t to the functions
defined in (3).

In 1772, Lagrange (2] established his “equilateral-triangle solutions” of the 3-
body problem. His result is equivalent to the following theorem; cf. [5, p. 94].

THEOREM (LAGRANGE). For N = 3 and my > 0 the functions zi(t) given by
(3) with w? = M/3/3 are a solution of the 3-body problem (1).
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The following result is established in this paper:

THEOREM 1. If, for N > 2, the functions z(t) given by (3) are a solution of
the N-body problem (1), it follows that w? = M~/N where

(4) 1= 2 esclms/N).
J#N
Note that for N = 3, formula (4) gives w? = M/3+/3, which agrees with La-
grange’s result. Also, it is interesting to note that for N > 2, the number ~ defined
by (4) is a positive algebraic number.
The main result of this paper is

THEOREM 2. For N > 4 and my > 0 the functions z(t) given by (3) with
w? = M~/N and v given by (4) are a solution of the N-body problem (1) if and
only if my =my =--- =my.

Part of this theorem is well known, i.e., that N equal masses at the vertices of
a regular polygon, rotating about the center of the polygon with an appropriate
angular velocity w (determined by Theorem 1) describe a periodic solution of the N-
body problem (1); cf. [7, p. 279]. The computation necessary to establish this result
was apparently first carried out by Hoppe [1] in 1879. The converse, for N = 4, i.e.,
that four masses at the vertices of a square, rotating about their common center of
mass with an appropriate angular velocity w (determined by Theorem 1) describe
a periodic solution of the four-body problem only if the masses are equal, follows
from the work of MacMillan and Bartky [4]; cf. [7, p. 278]. The converse for N = 5
follows from the work of Williams [6] which extends the work of MacMillan and
Bartky. The converse can also be proved by elementary algebraic methods for the
first few integers greater than five; however, the proofs become increasingly more
difficult as NV increases.

In this paper the above theorem is established for all N > 4 by using some basic
properties of circulant matrices. It is a new result for regular polygon solutions of
the N-body problem which has been suspected but never proved.

2. The proof. The proof of Theorem 2 uses the concept of a circulant matrix.
Let N > 2. An N x N matrix C = [ck;] is called circulant if

Ckj = Ck—1,5—~1,

where co; and cio are identified with cn; and cixn respectively. Define the N x N
circulant matrices A, B and C, as follows:

_ (A =pymi)/1 = pj—kl®  for j #k,
(5a) kg = {0 for j =k,
(5b) bk; = pj—k;

(5¢) Co=A+aB

where py is given by (2) and a € C. That A, B and C, are circulant is obvious
since the subscript (j —1) — (k—1) =7 — k and po = pn-
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The proof hinges on showing that certain eigenvalues of the circulant matrix
C, with @ = 4/N and ~ defined by (4) are nonzero. This is accomplished using
the general formulas for the eigenvalues A and the eigenvectors v of a circulant
matrix C = [ck; ],

(6) M=) cipll
7
(7) I;k= (pk—lap%—lv"'apllcv—l)ry

given for example in [3, p. 66]. It is interesting to note that the appearance of the
ok in formulas (6) and (7) is a result of only the circulant property of C and is not
dependent upon the pi occurring in equations (5) defining Cj,.

The proofs of Theorems 1 and 2 are carried out in a sequence of lemmas which
are stated in more generality than is necessary in that the m; and w are allowed
to be complex in some instances.

LEMMA 1. Form= (my,...,mn)T € CN andw € C, the functions zx(t) given
by (3) are solutions of the N-body problem (1) if and only if

(8) (A+ (w?/M)B) m=w? 1
where A and B are defined by (5) and 1= ...,)T ecCV.
PROOF. Direct substitution into the differential equation (1) shows that the
2k (t) are a solution of (1) if and only if
Pk —Pj  iwt
(o — 20)w’e™t =} m; g e
T ek =il
or if and only if
2
Pk—pP; W 2
ij — 3 —ijpj =W Pk
S ksl M S

Multiplying both sides by py_x and noting that |px — p;| = |pk| - [1 — pj—k| =
|1 — pj—k|, and then using equation (2) shows that this last set of equations is
equivalent to equation (8).

LEMMA 2. For any a € C, the eigenvalue A\ of C, s independent of o and
satisfies )
EDD 1— p.J|3;
sEN 1T TP
furthermore, A\; = v where ~ i3 the positive number defined by (4) and 51=T

COROLLARY. If m; = mg = --- = mn > 0, then 29 = 0 and the functions
2c(t) = pre™t with w? = my~y are a solution of the N-body problem (1).

The corollary follows since, by Lemma 2, A; = 4, which is independent of a, and
v1=1. In particular, for a = /N,

—_

(A+ (y/N)B) 1=~1.
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Multiplying both sides by m; > 0 shows that m= (my,my,...,m;)T € RN is a
solution to equation (8) with w? = myy. If my = my = --- = my then 29 = 0,
since ). p; = 0. The corollary is now proved by Lemma 1.

This corollary establishes the well-known part of Theorem 2 stated in the intro-
duction.

PROOF. From equations (5) and (6) and elementary properties of the Nth roots

of unity,
_ 1-p;
E -y —Fa- 1|3”(1> +°‘ZPJ = |1_;?|3
5#1 Pi-1 J#N I
which is independent of . Since the (N — g)th term in this last sum is the complex
conjugate of the jth term, /\1 is real, so

. 1 — cos(27j/N)
A= Z Z —2 cos(2mj/N)?72 ~ 14 E ese(m/N)-

2 T
Thus A; = ~ defined by equation (4). That —171= 1 follows immediately from (7).

LEMMA 3. If m= (my,mq,...,myn)T € CN is a solution of equation (8) then
w? = M~/N.

PROOF. Since by equation (6), A1 = 3_ c1j, it follows from Lemma 2 that
the sum of any row, and hence the sum of any column, of the circulant matrix
+ (w?/M)B is given by A\; = 5. Adding the N equations in (8) then leads to

M(my+mg+ - +my) =w?N.

This proves the lemma.
Lemmas 1 and 3 then establish Theorem 1 stated in the introduction.

LEMMA 4. The eigenvalue Ay of A+ (7/N)B defined by (5) with ~ defined by
(4) and AN given by (6) satisfies Ay =0

PROOF. It follows from equations (5) and (6) and elementary properties of the
Nth roots of unity that

— Pj-1
Z |1_ JJ_ |3pJN 1+NZPJ lp]N 1

J#1
= 5 Py +IN
— 3"
j#N |1 Ji N

since gy !, = Pl = pj—1 and pj'ﬁj = |p;|? = 1. Thus by Lemma 2,
= —X = —A = 0.
AN = Z |1‘PJ|3 1+ 1+7=0

LEMMA 5. For a € R, C,, defined by (5), is Hermitian.

PROOF. Since C, is circulant, for C, = [ck;] it suffices to show that ¢;; =
¢1,N—j+2- From equations (5), for a € R,
1-7;_4 _ 1-pN_jt1
T = pn P

C1j = + apN_j4+1 = C1,N—j+2-
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From this point on A will denote the N eigenvalues of the specific circulant
matrix C,/y = A+ (y/N)B with A and B defined by (5) and ~ defined by (4).
Then, by Lemma 4, Ay = 0.

The following two lemmas and their corollary form the basis for the proof of
Theorem 2.

LEMMA 6. If Ay # 0 for k # N then any solution me CN of equation (8) has

the form

m=(M/N) 1 +avn
where a € C and v N= (py,5%,...,07)T € CV; furthermore, if avny € RN then
either N =2 or a =0.

PROOF. If m € CV is any solution of (8), by Lemma 3, w?/M = ~/N, and
then equation (8) has the form (A + (y/N)B)m = w? 1. Since A + (y/N)B is
Hermitian by Lemma 5, its eigenvectors {v1,..., v 5}, given by (7), are a basis for
CV. Hence m= Y, cx vk. Thus if m is a solution of (8),

(A+ (y/N)B) m= Z Ck)\k;k =w? T .
k
By Lemma 4, Ay = 0, and by Lemmas 2 and 3, w? = My/N = M);/N and
v1=1; thus,
(1= M/N)\vi+ Y chevr=0.
1#£k#N
But because the eigenvectors are linearly independent, if Ay # 0 for k # N, ¢; —

M/N =c¢y = --- =¢n—1 = 0. Thus m= (M/N)1 + av x where a = ¢y € C.
To conclude the proof of the lemma note that, since p)¥ = 1, from equation (7) it
follows that av y = (ap;,ap?,...,ap. },a) which is in R" only if either a = 0 or
p1 €ER; that isonlyifa=00r N = 2.

Note that the real solutions of equation (8) for N = 2 correspond to the circular
solutions of the two body problem with arbitrary masses.

LEMMA 7. For odd N, if A(n41)/2 = 0 and Mg # O otherwise for k # N, then
any solution me CN of equation (8) has the form
m=(M/N)1 +av N +bv (n41)/2
where a,b € C, v y= (p;,5%,...,p+)T € CN and
v (N+1)/2= (B(N+1)/20PiNt1y/20 - - Piigny2) T € CNs
furthermore, if avnN + bE(N+1)/2 € RYN then either N=3 ora=b=0.

PROOF. The first part is proved in exactly the same way as the first part of
Lemma 6. To prove the second part, assume N > 3 and let ry = ap¥ + bﬁ’{N +1)/2"

Then from equation (7), av N+ b?)‘( N+1)/2 € RY only if 7, € R for all k. Since
p,IcV 1 =%, and Pl =1, it follows that
r1+ 781 =a(py + p1) +b(B(n+1)/2 + P(N+1)/2)5
rN =a+b.
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That a,b € R follows by applying Cramer’s rule to this system whose determinant
is nonzero. Using equation (2),

1 = a(cos 2 /N — i sin 27/N) + b[cos(N + 1)7/N — i sin(N + 1)z/N],
re = a(cos 47 /N — 1 sin 4w /N) + bcos 2(N + 1)n/N — i sin 2(N + 1)x/N].
Since r1,792,a,b € R, it follows that
a sin 27r/N + b sin(N + 1)n/N =0,
a sin 47/N + b sin 2(N + 1)n/N = 0.
This system has a nonzero solution (a,b) only if its determinant is zero; that is,

only if
0 = sin? 21/N + sin 7/N sin 4n/N
=2 sin 27/N sin 7/N(2 cos? /N + cos m/N —1).
This last quantity is zero only if cos 7/N = 1/2 or —1, which is impossible for
N > 3. Thus for odd N > 3, av n +b—5(N+1)/2 €RNonlyifa=b=0o0r N =3.
This completes the proof of Lemma 7.

Note that for N = 3 there are positive solutions of equation (8) which corre-
spond to Lagrange’s equilateral triangular solution of the three-body problem with
arbitrary masses.

The following corollary is an immediate consequence of Lemmas 6 and 7.

COROLLARY. Let N > 4. If Ay #0 for k # N, except that A(n41)/2 = 0 for

odd N, then m is a real solution of equation (8) only if m= (M/N )T, i.e., only if
mpy=mog=+-*=MN. »

In view of Lemma 1 and the corollary to Lemma 2, in order to prove Theorem
2, it only remains to prove that the hypotheses of the above corollary are satisfied.
The following technical lemma is necessary for this task.

%k [0  fork#N,
;”{k—{N ka:N.

PROOF. For k = N, p{N = 1 and the result follows. For k # N, the following
standard formulas are used:

LEMMA 8.

- . sinfa(n + 1) cos an
0 3 con - Sl L e,
“~ . . sinfa(n+1)]sin an
Then
 N-1  N-1 N-1
Yot =>" s = cos(2mjk/N)+i ) sin(2mjk/N).
J 7=0 J=0 J=0

The substitution of N — 1 for n and of 7k/N for a in (9) and (10) shows that the
last two sums are zero for k # N.
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LEMMA 9. For any o € C and for 2 < k < N — 1, the eigenvalues A\, of C,
are independent of a; furthermore, they are real and A\, = —AN_k+1-

PROOF. From equations (5) and (6),
/\k=201]‘p’;’c Ell— = AE k1+azpj 1p;c
J J#1
By shifting the index j in the first sum and by using p9 = p'* in the second sum,
1
Z |3 /’fc 1to E o
J#N
Thus, by Lemma 8,
(11) E:
J#N

which is independent of a. But, by Lemma 5, A is real if o is real. Thus Ak is
real, independent of o being real. To complete the proof, note that (1—p;)ph_, =

(1- Pj)P];k+1—1 = (P]—l - 1)/’] k+1 = -(1 _ﬁj)/_’i 1 Then by (11),
AN—k+1 = E _pJ Pai = Z =X = —Ak.

3
i | w11 p |

COROLLARY. Fora€ C, N >3, and k # N, the eigenvalues Ay of C,, defined
by (5), are given by

|3p;cl

|1—PJ

(12) A = 1 E sm[ﬂ.'](22k - 1)/N].
N sin“(wj/N)
PROOF. That (12) holds for k = 1 follows from Lemma 2 and equation (4). For
2 <k <N —1,it follows from (2) and elementary trigonometric identities that

Re((1 - p)ph—,] _ sin[rj(2k — 1)/N]
11— pf 4sin’(nj/N)
Substituting this result into equation (11) and using the fact that Ay is real leads

to equation (12).
The next corollary follows by setting k = (N + 1)/2 in Lemma 9.

COROLLARY. For odd N, /\(N+1)/2 =0.
LEMMA 10. For even N > 4, An/2 > 0.
PROOF. By equation (12) and trigonometric identities,
sin[rj(N — 1)/N i .
4ANj2 = E [Siflg(ﬂ' /N))/ I _ Z(—]_)J Lese(my/N).
J#N J J#N

That this sum is positive is seen by noting that for 1 < j < N/2, the first summand
is positive, the summands alternate in sign and their absolute values are decreasing.
By symmetry about j = N/2, the remaining part of the sum is also positive.
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LEMMA 11. For N>5and2<k< (N—l)/2, Ak — Ak—1 > A1 — Ak-

PROOF. In equation (9), by substituting g for 7, mj/N for a and k — 1 for n,
and by using elementary trigonometry,

k-1 ) sin[rjk/N]cos[mj(k — 1)/N]
q};ﬂ cos(2mqj/N) = sin(7j/N)

_ sin[nj(2k — 1)/N] + sin(nj/N)
N 2 sin(nj/N)

Using this result with equation (12),

1 -1 2 = .
A =7 ];V {sin(ﬂj/N) + (/M) D cos(2mai/ N)} '

q=0

From this it follows that

(Me = Me—1) = Mkt1 — ) = % O cos[2mj(k — 1)/N] — cos(2n5k/N)

= sin(mj/N)
= E sin[rj(2k — 1)/N).
J#EN

Now applying equation (10), by substituting N — 1 for n and 7(2k — 1)/(2N) for

a, and using more trigonometry,
sin[r(2k — 1)/2] sin[r(2k — 1)(N — 1)/(2N)]
(/\k - /\k—-l) - (/\k+l - /\k) = sin[7r(2k _ 1)/(2N)]
= cot[n(2k — 1)/(2N)].

This last expression is positive because 0 < 7(2k — 1)/(2N) < w/2 for 2 < k <
(N —-1)/2.

LEMMA 12. For N > 4 and k # N, A\ # 0 except that A(n41)/2 = 0 for odd
N.

PROOF. To show Ax > 0 for 1 < k < N/2, suppose Ay < 0. Then by Lemma
11, Agy1 + Ag—1 < 2)k which means either Agy1 < Agor Ag—1 < Ak If A1 < Mg
then, again by Lemma 11, Ag_o — Ax_1 < Ax—1 — Ak < 0, which means \x_s <
Ak—1 < Ax < 0. Proceeding by induction, A\; < 0 which contradicts Lemma 2. If
Ak+1 < Ak a similar proof shows that, for odd N, A(n41)/2 < 0 which contradicts
the second corollary to Lemma 9, or for even N, An/2 < 0 which contradicts Lemma
10. So Ay >0 for 1 <k < N/2. That Ay <0 for N/2 < k < N — 1 follows from
Lemma 9.

Finally, Lemma 12 shows that the hypotheses of the corollary to Lemmas 6 and
7 are satisfied and the proof of Theorem 2 is thus complete.
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