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ON |V, p,|, SUMMABILITY FACTORS
HUSEYIN BOR

ABSTRACT. In this paper a theorem on |N, p,|, summability factors, which gener-
alizes the theorem of Singh [S], has been proved.

1. Introduction. Let ¥a, be a given infinite series with partial sums s,. By u? we
denote the nth Cesaro mean of order a (a > —1) of the sequence (s,). The series
2a, is said to be summable |C, a|, (k > 1), if

o0
Y ot ur —ue <o (Flett[3]).

n=1

If we take a = 1, then |C, a|, summability is the same as |C, 1|, summability. Let
( p,) be a sequence of positive real constants such that P, = L7_,p, — o0 asn — oo
(P_, = p_, = 0). The sequence-to-sequence transformation

1 &
n_‘i)—g vSo (Pn¢0)

defines the sequence (¢,) of (N, p,) mean of the sequence (s,), generated by the
sequence of coefficients ( p,). _
The series ¥a,, is said to be summable |N, p,|, (k > 1), if

Z(MYWu—%M<w (Bor [1]).

In the special case when p, =1 for all values of n (resp. k = 1), IIT/, Dl summability
is the same as |C, 1|, (resp. [N, p,|) summability. The series Xa, is said to be bounded
[R,logn, 1], (k = 1), if

Y v"|sl,|k = O(logn) asn — oo (Mishra [4]).

v=1

The series La,, is said to be bounded [N, p,], (k > 1), if

Y. s/ = 0(P,) asn— oo (Bor [2]).

v=1
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It should be noted that, if we take k = 1 (resp. p, = 1/n), then [N, p,], bounded-
ness is the same as [N, p,] (resp. [R, log n, 1], ) boundedness.

2. Singh [5] proved the following theorem.

THEOREM A. If Ya,, is bounded [N, p,] and the sequences (\,) and ( p,) satisfy the
following conditions:

(l) Zn lpnl}\n| = 0(1)’ _

(i) P,|AN | = O(p,,|A ., then the series Xa,P,\, is summable [N, p,,|.

3. The object of this paper is to prove the following theorem.

THEOREM. If Xa, is bounded [N, Pali and the sequences (X ,) and (p,) satisfy the
same conditions in Theorem A, then the series La, P,\, is summable N, p,|, (k = 1).

Note that, if we take k = 1 in our theorem, then we have Theorem A.
4. We shall require the following lemma for the proof of our theorem.

LEMMA. If the sequences (\,) and ( p,) satisfy the conditions in Theorem A, then
P\, =01)asm — co.

I‘"I

PROOF. By Abel’s partial summation formula, we have

m m—1 m m—1
anAn= ZPnAAn+PmAm=I m|=tz >‘n_ ZPnAAn
n=1 n=1 = n=1
m—1
= P,A,|< Zp,.|7\|+ Y. P,|An|
n=1 n=1
m—1

Z pA 1+ 0(1) X plA,l=0().

n=1 n=1

Hence P, |\, | = O(1) asm — oo.

5. Proof of the theorem. Without any loss of generality we may assume that
a,=s,=0. Let T, denote the (N, p,) mean of the series Xa,P,A,. Then, by
definition, we have

1 n v
" = F ; ZoarPrAr = Z (P U—l)aUPUAU’

'l v=0

n
7;1_7;1—1=# ZPU-—IPaLAU, n

ntn-1p=1

v
—
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Using Abel’s transformation, we get

n—1
T,-T,_,= ' DoSyA P AN, P,s,
! PnPn lugl ¢ PnPn IUZI
n—1

_Pn
P P Z P, pv+lsvxv+l +Pnsnkn

ntn—1 =1

=T, +T,,+T,,+T,,, say.

To prove the theorem, by Minkowsi’s inequality, it is sufficient to show that
> (P,/p) T, |¥ < oo, for r = 1,2,3,4. Now applying Hélder’s inequality, we
have

m+1 P k-1 B m+1 P n—1 X « k-1
N e LY AT o Y
n=2 Py n=2 "nin-1p=1 "lvl
Since
k-1
1 n—1 } { 1 }k—l
5 = P, = 0(1),
{1_)"_1 Uglp Pn—l 1 ( )
we have
m+1 P k— m+1 n—1 P «
> (—) L. = 0() T, 52— ¥ (PA) P
n=2 Pn n=2 " ” 1 p=1
m A P m+1 P,
=0() X (PAN) pls) X 55—
A 9 A
v=1 n=v+1 " n-n

m _ m k
=o() T (PN "o sl = 0(1) T pls. A

v=1 v=1

m—1
=0(1) X [aA] Z pls) + O, Z pls.|”
v=1 v=1
m—1
=0(1) X PJAN,|+ O(1)P, A,
v=1
m—1
=0(1) X pAJ+ O1)P,A,|=0(1) asm— oo,
v=1

by virture of the lemma and hypothesis. Since, P,|AA,| = O(p,|A,]), similarly we
have

m+1 P k-1 B m B
L (2] L - o L akd
n=2 n v=1

m—1
= 0(1) Z pvp\ul + O(I)Pmlxm! = 0(1) asm — 0,

v=1
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by virtue of the lemma and hypothesis. Again, similarly we have

m+1 P k—1 B m+1 p n—1 k
(2] 1t < S 2T ppheal ]
n=2 Py n=2 P,,(P,,_]) v=1

n=2 "n-n-1p=1

m+1 n—1 n—1
" k k 1
-o0)'E 72T (P plsl x{ 55 5

m+1 n—1

Pn k k
=0(1) ¥ 55— X (BA)) psi
n=2

n“n-1 p=1

m+1

m P X .,
=0 X (B psl T 5

v=1 n=v+1

“ 1
= o) X (PN pls) 5

v=1

e k= k
=o)X ()" pls. A

v=1

“ k
=0(1) X pls) I\,
=1

4

m-—1

=0(1) X pAJ+ O)P,,|=0(1) asm - co,

v=1

by virtue of the lemma and hypothesis. Finally, we have

m P k—1 « m Pn k-1 x
Z (_") |T;u4| = Z (;—) |pnsn}\n|

n=1 Pr n=1 n

k-1 k o K
(PN pNls, " = 0(1) X plsa A, l= 0(1) asm - co.

1 n=1

Il
™Mz

n

Therefore, we get

m p k-1

n=1

which completes the proof of the theorem.
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