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ABSTRACT. Let M be a o-finite, finite von Neumann algebra with a faithful,
normalized, normal trace Tr and a positive linear map p of M into itself. If
p is approximately inner with respect to the norm || - ||2 induced by Tr, then
p is closely related to a *-homomorphism. In particular, if p is unital and
approximately inner, then p is a *-homomorphism of M into itself.

1. Introduction. We examine the fact that positive linear maps with an ap-
proximate innerness are close to *-homomorphisms. Let M be a factor of type II;,
and let Aut(M) (resp. Int(M)) be the automorphism group (resp. inner automor-
phism group) of M. As a result of the u-topology (see Haagerup [2] and Sakai
[4]), Aut(M) is a topological group. Now, since M is a finite factor, the u-topology
on Aut(M) coincides with the topology of strong pointwise convergence. Further-
more, by Sakai [4], if M is a hyperfinite factor of type II;, the closure of Int(M)
is Aut(M). Completely positive maps are closely related to automorphisms in the
field of C*-algebras and von Neumann algebras. Thus, we consider the approximate
innerness of positive linear maps of von Neumann algebras. In this paper we deal
with finite von Neumann algebras.

Throughout this paper let M be a o-finite von Neumann algebra with a faithful,
normalized, normal trace Tr. We use a norm || - ||2 on M defined by |z|2 =
Tr(z*z)'/2.

Let A and B be C*-algebras. A linear map p from A to B is said to be n-positive
if the multiplicity map p, from the matrix algebra M, (A) over A to the algebra
M, (B) over B, defined by pn([a;;]) = [p(ai;)], is positive. If p is n-positive for every
n, we call p completely positive. Many authors (for example, [1, 5, 6, Chapter IV,
§3, 7]) have studied the completely positive maps of C*-algebras. In particular, we
have Stinespring’s theorem [5]: Let A be a C*-algebra and p a completely positive
map of A to B(H), where B(H) is the von Neumann algebra of all bounded operators
on a Hilbert space H. Then there exists a representation m of A to a Hilbert space
K and a bounded operator v of H to K such that p(z) = v*m(z)v for every z € A.

In particular, if p is unital (i.e., p(1) = 1), then v is an isometry. Furthermore,
if A is a von Neumann algebra and p is normal, then 7 is a normal representation.
In general, we cannot take the above operator v in A. For this problem we have
the following result by Haagerup (3, Proposition 2.1]: Let N be a properly infinite
von Neumann algebra, and let F be a finite-dimensional subfactor. Let p be a
completely positive map from F to N. Then there exists an element a € N such

Received by the editors August 12, 1984.

1980 Mathematics Subject Classification. Primary 46110, 46L30, 46L40.

Key words and phrases. Approximate innerness, trace, completely positive map, finite von Neu-
mann algebra.

(©1985 American Mathematical Society
0002-9939/85 $1.00 + $.25 per page

463



464 HIDEO TAKEMOTO

that p(z) = a*za for every x € F. In this paper we consider the problem for finite
von Neumann algebras by using approximate innerness.

2. Results. In this section we show that a certain positive linear map of a finite
von Neumann algebra M into itself is closely related to a *-homomorphism of M
into itself. Before we present the main theorem we mention the following lemma
by Choi [1] (see also [7]).

LEMMA 1. Let A and B be unital C*-algebras, and let p be a unital completely
positive map from A to B. If p is a C*-homomorphism (i.e., p(a?) = p(a)? for
every selfadjoint element a of A), then p is a x-homomorphism of A to B.

In this paper we consider the positive linear maps with approximate innerness.
Thus, we introduce the notation of approximate innerness.

DEFINITION 2. Let M be a o-finite, finite von Neumann algebra with a fixed,
faithful, normalized, normal trace Tr. A positive linear map p from M into M
is approximately inner if there exists a net {a)} (not necessarily bounded) in M
satisfying lim ||p(x) — a5 zax||2 = 0 for every z € M.

Under the above definition, if p is a positive linear map and approximately inner,
then p is a completely positive map from M to M. To show this we must show by
(6, Chapter IV, Corollary 3.4] that for every natural number n,

n
> uip(eiz)y; >0

ig=1
for every z1,...,z, and y1,...,y, in M. Since Tr is a faithful normal trace,

n n
Y yip(aiz)y; >0 T [ | N wrp(aiz,)y; | R) 20

7,)=1 3,5=1

for every h > 0 in M. Now, since the map z — ajza) on M is completely positive
for every X € A,

n
Tr Z yrayzizjany; | h| >0.
i,5=1
Furthermore, by the assumption of approximate innerness for p,

n n
im |Tr | | D wiaszizjany; | h| =T | | D uio(ziz,)y; | h

i,5=1 B,y=1

=lim| Y Tr((a}z}z;an — p(e;z;)) y;hyi)| = 0.

7,7=1

Thus, we can show that

|| D ulo(ziz,)y | h] >0

1,J=1

for every positive element h in M, so Y 7 _; y} p(x}x;)y; > 0. Therefore, p is a
completely positive map from M to M.
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Thus, we can show that such a positive map is closely related to a *-homomor-
phism.

THEOREM 3. Let M be a o-finite, finite von Neumann algebra. Let p be a
positive linear map from M to M and approzimately inner with respect to a net
{ax} such that ||ajax — €]l — O and ||axa} — f|l2 — O for some projections e and
f in M. Then p 13 a x-homomorphism from the von Neumann algebra fM f to the
von Neumann algebra eMe.

PROOF. By the assumption for the net {a)} and approximate innerness of p with
respect to {ax}, p(1) = e and p(1 — f) = 0. Thus we can assume that fare = a,
for every A € A. By the remark following Definition 2, p is a completely positive
map. So p is a unital, completely positive map from von Neumann algebra fM f
to von Neumann algebra eMe. To show that p is a *-homomorphism from fM f to
eMe, we must show by Lemma 1 that p(z?) = p(x)? for every selfadjoint element
z € fMf. Given an arbitrary selfadjoint element z € fM f, then

lo(z) — a3zaxll} = tr(p(2)?) — 2Tx(p(z)a3zax) + Tr(aizaraizay).
Now, since
|Tr(a}zaralzay — ajz?ay)| = |Tr(a}z(ara} — f)zay)|
= |Tr((ara} — f)zara}z)|
< Tr((ana} — £)*)/*Tx(zaraiz’araiz)'/?
< llaxa} = fllz - |zl Tr(zara%arasz)!/?
< Jlell? - laras = fll2 - Tr(araiaras)"/?
= |l2l|? - llaxasllz - laxax — fll2,
{llaxa}|l2} is bounded, and lim ||aya} — f|lz = 0, we have
lim{Tr(a}zara}zay) — Tr(a}z2ay)} = 0.
Thus, since lim Tr(a}z2a,) = Tr(p(z?)) by the assumption,
lim Tr(a}zaya}zay) = Tr(p(z?)).
Furthermore, since
ITr(p(z)ajzax) — Tr(p(z)?)] = |Tx(p(z)(aizax — p(2)))]
< lle(@)llz2 - llo(z) — a3zax|2,
lim Tr(p(z)a}zay) = Tr(p(z)?). By the above considerations and
lim [|p(z) — ajzax|]2 =0,

we get
Tr(p(2)?) — 2Tx(p(2)?) + Tx(p(z?)) = 0.
So, Tr(p(z?) — p(x)?) = 0. Now, since p is a completely positive map, p(z)? < p(z?).
Therefore, p(z?) = p(z)?, so, by Lemma 1, p is a +-homomorphism from fMf to
eME. O
REMARK 4. We assumed in Theorem 3 that |ajas —ell2 — 0 and ||axa} — f2
— 0. If p is approximately inner and p(1) = e is a projection, then the above
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condition is equivalent to p(1— f) = 0 and Tr(f) = Tr(e). In fact, we have p(1) = e
and p(1 — f) = 0 for both cases. Thus, we can assume that faye = ay for every
A € A. Then from the relation

laiax — ell3 = Tx((a3ax — €)%) = Tx((axa} — f)* + e~ f)
= [laxa — fl13 + Tr(e - f),

we can give the proof that the above conditions are equivalent.
From the last relation, if p(1) = e is a projection and p(1— f) = 0 for a projection
f satisfying Tr(f) < Tr(e), then p is not approximately inner.

COROLLARY 5. Let p be a unital, positive, linear map of a o-finite, finite von
Neumann algebra to itself. If p 1s approzimately inner, then p is a x-homomorphism.

PROOF. Since p(1) = 1, the relation lim ||p(z) — a}zay |2 = 0 for every z € M
induces |lajax —1||2 = |laxa} —1||2 — 0. Thus, p is a *-homomorphism by Theorem
3. O
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