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ON THE EXISTENCE OF UNIFORMLY CONSISTENT ESTIMATES'
YANNIS G. YATRACOS

ABSTRACT. Let A be a family of probability measures on (£, &) and U the uniform
structure defined by vicinities of the form

{(P.0): sup 1P7(40) = Q" (4,1 < e).
I<igK

where P” is the product measure on (2", &"), 4
¥ (M, U)— (¢*(MA), d), where

d(¢*(P).4*(Q)) =P - Qll., = 2 ASUI;/lP(A) - Q(A)l.

e e>0,nAK>1. Let

iwn

We consider the case where the space of measures M is L, separable and relate the
existence of uniformly consistent estimates for ¢*( P) with uniform continuity of ¢*
and L,-total boundedness of M.

1. Introduction, notation and definitions. Let (2, &/) be a space with a o-field, let
A be a family of probability measures on &7, (Z ", &") the nth product space and
o-field, and let X,..., X, be independent identically distributed observations accord-
ing to some measure P € #, P" being the nth product measure. Let ® be a
topological space which is homeomorphic to a subset of [0,1]®, & being the
homeomorphism, and let p be a metric on [0, 1]* of the form

o0
p(x,¥)= X 27", = yul,
m=1

where x,,, y,, are coordinates of x, y respectively. Let ¢*: P — ¢*(P) be a function
defined on . with values in ©, and ¢ = h o ¢*, ¢: A& — ([0,1]%, p).

LeCam and Schwartz [1960] gave necessary and sufficient conditions for the
existence of uniformly consistent estimates of ¢(P) in terms of the uniform
continuity of ¢ with respect to a uniform structure U = U, U,, where each U, consists
of vicinities of the form {(P,Q): sup, ;|[f;dP" — [f,dQ"| <1 for fi,....f,
bounded measurable functions on the product space (£ ", &")}. The same uniform
structure has been used by Pfanzagl [1968] and Moché [1977]. Under the above

set-up we will explain why it is natural to consider the uniform structure U and we
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will offer a theorem on the existence of estimates. Relaxing the condition of
homeomorphism of © with a subset of [0, 1]* and assuming only that (¢*( &), d) is
separable when metrized with the total variation (L,) norm between the measures,
ie. d(¢*(P), ¢*(Q)) =P — Qll, = 2sup{|P(4) — Q(A4)|; 4 €}, we offer a
theorem of the same type in the form of equivalent propositions.

DEFINITION. We shall say ¢ is uniformly consistently estimable if there is a sequence
T, of measurable functions from (Z", & ") to ([0, 1], p) such that for every ¢ > 0,
sup{ P"[p(T,, $(P)) > ¢|; P € A} — 0 as n tends to infinity.

REMARK. One can easily see that since p is bounded, the above definition is
equivalent to sup{ E.p(T,, ¢(P)): P € # } — 0 as n tends to infinity.

Recall from topology the following

DEFINITION. Let (Y, d) be a metric space with a metric d. We say Y is d-totally
bounded if for every e > 0 there are y,,...,y, ., elements of Y such that

n(e)
Y=U {y:d(y. 5) <e}.
i=1
In our effort to relax the hypothesis of homeomorphism of ® with [0,1]* our
estimator will take values in an abstract space. Terminology and results under this
set-up concerning measurability (strong and weak), convergence (almost sure and
almost uniform) and Bochner integration can be found in Hille and Phillips [1957,
§83.5 and 3.7]. For the notion of uniform structure the reader is referred to Choquet
[1969, Chapter 2, §5]. For a deep insight on consistency questions, we suggest the
remarkable paper of Kraft [1955].

2. A note on the LeCam-Schwartz set-up.

LEMMA 1. Assume ¢ is uniformly consistently estimable by T,. Then for every € > 0
there exist positive integers n = n(e), K = K(¢) and | = I(¢), and measurable sets
B{....,B] of the nth product o-field /" such that

p(6(P),$(0)) <&+ K - sup{|P"(B") — 0"(B)]; 1 <j < I(e)}.
PrROOF. We will use the triangular inequality and then Jensen’s inequality,

(1) p((P),9(Q)) < p(¢(P), EpT,) + p(EpT,, EgeT,) + p(EgiT,, $(Q))
< Epip(9(P), T,) + p(EpT,, EguT,) + Egup(T,, $(Q))

€
S 2 * '4— + p(EPu]-;,, EQ"TH)
for every n > n(¢) by uniform convergence of T, to ¢(P). For the rest of the proof
let n = n(e).
Consider

oC
(2) p(EP”T;N EQ”'I:;) = Z 2-m|EP"(T;z)m - EQ"(Tn)m

m=1

0
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where (T,,),, are the coordinates of T,, 1 < m < oo. By assumption |E,.(T},),,
E,u(T,),| < 2, so thereis m; = my(e) > 0 such that

0
Z 2-m|EP"(T;I)m - EQ"(T;t)mI < Z 2—m+1 < %,

m=ngy+1 m=mgy+1

So now (2) becomes

ngy

(3) p(EP' n? EQ" ) §+ Z 2" mlEP”(T)m EQ"(Tn)m|‘

m=1

Consider now (T,,),, for some m € {1,...,m}. Since 0 < (T,),, < 1 for /8 there
exists a simple function of the form £{~a, ,I,, such that

i=1
sup{

The mth term of the sum in (3) becomes

()
€
(T,(xp5--sx,)) 0 — 2 Ly (xl,...,x,,)ef{"} <3-

Ip (&)
IE,;::('T")”, - EQ"( )m| = + Z a;, m|P (A (A:l m)|

i=1

1 ()
< % +( Z |ai.m|) : Sup{|P (A:' m) - Q"(A:'m)|’ 1 < i < lm(e)}'

i=1
Letting K, (¢) = X|a, ,| and repeating the same argument for all m e
(1,....mg} in (3) we get

mg

p(EP' no EQ'T)\ + Z 2_’"'_

nmgy

+ ¥ 27" K, (e) - sup{|P"(4 ) — Q"(4],

m=1

<3 +( X 2_'"Km(€)) 'SUP{IP"(B,") - 0"(B)|; 1

m=1

1<i< lm(s)}

<j< X la(e)s
m=1

N

BnE {Al ms \m m0,1<i<1m(£)}}.
By letting K (&) = X772 ,2°"K , (¢), I(¢) = £7o ./, (¢) and replacing in (1) we get

p(6(P),$(Q)) < e+ K- sup{|P"(B) - 0"(B)|; 1 <j <1}.

Q.E.D.

The above lemma shows that giving .# the uniform structure consisting of
vicinities of the form {(P, Q): sup{|P"(A}) — Q"(A)|; 1 <i<l}<e}forl€ N,
n € N* ¢ > 0, is the natural way for associating uniform convergence in probability
of T, with the uniform continuity of ¢: # — ([0,1]%, p).

It is now easy to see that these vicinities give rise to the same uniform structure U
as those in the introduction.
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We offer the following

LEMMA 2. Let ¢: (A, U) — ([0,1]%, p). The following are equivalent:

(1) ¢ is uniformly continuous.

(2) For every & > 0 there exists K(¢&), m(¢), n(¢) all positive, and B{"®,... BJ(5)
elements of the m(e)-product o-field o/ ™ ® such that

p(6(P).d(Q)) < e+ K(e)- Sup{|Pm(e)(Bim(e)) _ Qm(e)(Bim(s))|: 1<i< n(e)}.

PROOF. (2) = (1). Obvious.
(1) = (2). Since ¢ is uniformly continuous, for every &€ > 0 there is 8(¢) > 0,
m = m(e) > 0,n = n(e) > 0 and sets B{",..., B in.&/ " such that if

sup{|P"(B") — Q"(B")|;1<i<n} <8(e),

then p(¢(P), $(Q)) < .
From this, for every P,Q such that p(¢(P), (Q)) > € it is necessary that

sup{|P™(B™) — Q™(B™)|; 1 <i<n}>8(e).
Going to the statement it is required to prove: Note that for every ¢ > O either
p(d(P), dp(Q)) < eor p(¢(P), p(Q)) > & For the second case we have then

p(6(P),6(Q)) < p(¢(P),8(0)) - [inf{sup{|P"(B") — Q"(BM)|; 1 <i<n);
P,0:p(¢(P),6(Q)) > ¢}]™

;1<i<n)

-sup{|P"(B/") — Q"(B")
< 2[8(e)] 'sup{[P™(B") — Q™(B")|; 1 < i< n}.
Let 2[8(¢)] ' = K(¢). So finally for all P, Q
p(¢(P),9(Q)) <&+ K(e) - sup{[P"(B") — Q"(B")
We offer

THEOREM 1. Let ¢: (M, U) — ([0,1]%, p) with U defined as above. The following
Statements are equivalent:

(1) ¢ is uniformly continuous.

(2) There exists a uniformly consistent estimator of ¢(P).

PROOF. (1) = (2). Given in LeCam and Schwartz [1960, Theorem 1].
(2) = (1). Corollary of Lemmas 1 and 2.

;1<i<n}.

3. The main result. Consider now the case ¢*: (A, U) = (¢*(A), | - || 1) asin
the introduction, with ¢*(.#) separable when metrized with the L,-distance between
measures. We will give our result in a series of lemmas.

LEMMA 3. The uniform structure U is precompact (in the sense that for any vicinity of
the form {(P, Q): sup{|P™(A") — Q"(A")|; 1 <i < n} < ¢} there exist P,,...,P,
in M such that M = U _\{ P: sup{|P™(A™) — P/(A™); 1 < i< n) <e)).

PROOF. Given in LeCam and Schwartz [1960, p. 142].
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LEMMA 4. Let ¢*: (M, U) = (¢*(A), || - ||,)- The following propositions are
equivalent:

(A) ¢* is uniformly continuous.

(B) A is L,-totally bounded.

PROOF. (B) = (A). To prove ¢* is uniformly continuous, it suffices to prove that
for every £ > 0 there exist 8(¢) and B,,...,B, sets in &" such that for every
(P.Q) € Vi m.s,..8,= {(P, Q) sup{|P"(B)— O™(B)l; 1<i<n}<d(e)}
implies [|$*(P) — ¢*(Q)| = 1P — Qll,, <&

Consider ¢/5 > 0. By L;-total boundedness of the space .# there exist P;,..., P,
in . such that for every P € A, inf{||P — P/, ;1 < i < k} < & On the other hand

[P, — P, = P,-{x: Z—I:(x) > %(x)} - Pj{x: i—};(x) > %%(x)},

where the existence of the dominating measure p is secured by total boundedness.
Consider all sets of the form {{x: dP,(x)/dp > dP,(x)/dp} for1 <i<j <k} and
call them B,,...,B,.

Consider now V, s, 5, 5. = (P, 0): sup{|P(B) — Q(B)l; 1 <i<n)<e/S).
Let P,QE YV, 5,5, - We will prove |[P— 0|, <e Using the triangular
inequality we get

2
”P - Q"Ll < ”P - Pi”Ll + ”P,- - Pj"L, + ”P/ - Q” < ?8 + ”Pi - PJ‘”Ll

< S+ sp{IP(B) - 0(B): 1 < i<} <e.

(A) = (B). To prove now that .# is L,-totally bounded, it suffices to prove that for
every € > O there exist P,,...,P, in A such that inf{||P — PJ|; 1 <i< !} <e¢ for
every Pin /.

Fix ¢ > 0. Since ¢* is uniformly continuous for that ¢ there exist §(¢), m(¢) and
B,....,B,, ins/™ such that if (P, Q) € V;(,) n(e).5,. .5, then[[$*(P) — ¢*(Q)| =
1P — Qll,, <& By Lemma 3, U is precompact so for Vs, (e, 5,....5, there exist
P,....,P;such that# = U\ _,{ P: sup{|P™®(B,) — P"*)(B,))|; 1 <i < n} <8(e)}).
From this it follows that inf{||P — P}l ;1 <i</} <eforeveryP € 4.

LEMMA 5. Assume now that # is L,-separable, *: (M, U) > (¢*(A), || - |I.,), and
p is a dominating measure existing by L,-separability assumption. The following
propositions are equivalent:

(B) A is L-totally bounded.

(C) (a) There exists a uniformly consistent estimator for ¢*(P) with values in
¢*(A ), (b) for every € > 0 there exists a 8(€) > 0 such that if p(A) < 8(¢), then
sup{ P(A); PE M} <.

PRrOOF. (B) = (C). We will first prove (b). Fix ¢ > 0. For ¢/2 there exist P,,...,P,
in A such that inf{||P — P}, ; 1 <i<n)} <e/2 for every P in .#. By absolute
continuity of P,,..., P, with respect to u there is a 6(¢) > 0 such that if u(A4) < 8(e),
then sup{ P,(A4); 1 <i < n} <¢/2. Consider now P € #. Then

P(A)=P(A) —P(A)+ P(A)<|P— P, + P(A)<e/2+e/2=¢,
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where P, is the center of the L,-ball of radius ¢/2 containing P and this holds for
every A € &/such that p(A4) < 8(¢) and for every P in A.

We now prove (a) by constructing a uniformly consistent minimum distance
estimator.

Let a, be a sequence of numbers such that a, >a,> --- >4a,> --- 20
tending to 0. Since ./ is L,-totally bounded for every a,,, there is an a,-dense subset
of measures P,..., Py, ,in#. Let

: P,
&, = {{x: iii—i(x) > (:—;(x)}, 1<i<j< N(a,,)}.
By applying the triangular inequality, we have then that for every P,Q in /4,
IP = Qll,, < 4a, + 2sup(|P(4) - Q(A); 4 € F, }.

Let X,,...,X, be independent identically distributed observations from P € .#
and p,(A4) = % |1,(X,) the empirical measure indexed by 4 € &/. Define an
estimator

Pk,n: sup{l”‘k(A) - Pkn(A)I’ A€ Z,,}
= inf{sup{|n,(4) — Q(A); 4 € 7, }; 0 e}
(without loss of generality we can assume the infimum is achieved). For fixed a,, by

the law of large numbers, sup{|u,(A4) — IA’,(‘,,(A)|; A € Z, } < sup{|p(4) — P(A)];
A € Z, } — 0 as k tends to infinity. So there is a K(a,) such that

sup{ns(4) = B (A); A €%, ) <a, forK> K(a,).

Repeating the same construction for %, , there exists K(a,,,) such that
sup{|p(A) = P (D AE€F, |} <a,, forK>K(a,,,) LetK(a, a,,,)=

max{ K(a,), K(a, )} and define

. P, forK < K(a,,a,.,),
L Pk.n+l for K(an’ an+1) <K < K(an+1’ an+2)‘

We claim that ||P, — P|| 1, — 0 as k tends to infinity in P*-probability. By construc-
tion,

”Pl\ - P”L. < 4an + 2Sup{li)k(14) - P(A) ;A E%"}

< 4a,+2sup(|u,(4) - P (A);4 € Z, } < 5a,

for K > K(a,, a, ) with high probability. Q.E.D.

(C) = (B). By Lemma 4 it is enough to prove (C) = (A), i.e. we will prove that ¢*
is uniformly continuous.

By assumption there is a uniformly consistent estimator 7, of ¢*( P) taking values
in ¢*(A). So for every n, there is P,, in A such that T, = ¢*( P,,). By uniform
consistency we will then have

(4)  sup{ Ep||T, - ¢*(P)|; P € # ) = sup{ EpillP, = Pl Pe#} >0

as n tends to infinity.



THE EXISTENCE OF UNIFORMLY CONSISTENT ESTIMATES 485

Fix ¢ > 0 and consider

lo*(P) — ¢*(Q)|=IIP — Ol
<|\P = EpuB|ly, +|EpiP, = EguP||, +|Eg:P, = Qll,,

< Epl||P - Pn”l_. + “EP"Pn - EQ"i)n”Ll + EQ"“Pn - 0ll,
<2 +|EpP, - EQ”Pn”Ll

for all n > n(e) by (4). Let n = n(e¢) for the rest of the proof.

Observe now that P, takes values in the space # which is L,-separable. By
separability there exists a dominating measure p. Also strong measurability is
equivalent to weak measurability (so we do not have any measurability problems)
and there exist sets A7 in/”, i = 1,2,..., such that |P, — £2 I WPl <eae p”
with { P;}, 1 < i < n, being the countable dense subset of 4.

So we finally have

(5) lo*(P) — ¢*(Q)ll < 4e +

o oc
EP"ZI:'Pi_E ::ZIA:'PiI

i=1 i=1

As we know, X2, 1, P, = lim,_, Y} I.P in L,, p" as. and the convergence is
almost uniform p", so for §(e) > 0 there exists E, in.&/ " such that p"(E,) < 8(¢) and
for K = K(¢) big enough |[£%.,1,.P, = £¥_ 1. P, < eforallxin X" — E,.

We will try now to evaluate the right-hand side of (5):

oc k oc k
( Y I.P - % IA;.Pi)dP" + / ( Y I.P - % IA,,P,.)dP"
i=1 i=1 Z"-E \j=1 i=1

< k
EP"ZI :'Pi—EP"ZI :lPlv

i=1 i=1

L,

€

€

L,
<2P"(E)+¢e-P"(Z"—E,) < 3e.
Repeating the same type of calculation for E.22 1 ,» P; and replacing in (5), we get

k k
Ep ). 1P, — Egn )y L P;

i=1 i=1

l6*(P) — ¢*(Q)] < 10 +

L

=lOe+sup{ ;AEJ/}

£ (P7(47) - 0"(41) - £(4)

<10e + K - sup{|P"(4!) — 0"(4))|; 1 <i<k}. QED.
From Lemmas 4 and 5 we have the following
THEOREM 2. Let # be an L,-separable family of measures, ¢*: (M, U)—
(¢*(A), || - || ) and p a dominating measure. The following positions are equivalent.

(A) ¢* is uniformly continuous.
(B) A is L,-totally bounded.
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(C) (a) There exists a uniformly consistent estimator for ¢*(P) with values in
o*(A), (b) for every € > 0 there exists a 8(&) > 0 such that for every A in of:
p(A) < 8(e), sup{ P(A); PEMA} <&

REMARK. This theorem shows that in the case that ./ is uniformly dominated
every uniformly consistent estimator in L; can be achieved through minimum
distance. On the other hand the condition of uniform domination is not a necessary
condition for the existence of uniformly consistent estimates in L, as the example of
families of densities satisfying the Hoeffding-Wolfowitz [1958] condition shows.
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