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HOLOMORPHIC QUASIREGULAR MAPPINGS
E. A. POLETSKY

ABSTRACT. Holomorphic quasiregular mappings in bounded domains in C” are
studied. It is shown that the growth of the Jacobian of these mappings depends on
the behavior of the boundary of a domain. In particular, the Jacobian is bounded
when the boundary is smooth. Some applications to the theory of quasiregular
mappings between Hermitian manifolds are given.

Introduction. Quasiregular mappings generalize analytic functions on the complex
plane to spaces of higher dimension. The definition of quasiregular mappings is
related to the concept of conformality, while holomorphic mappings are defined via
the Cauchy-Riemann equations.

Both classes of mappings are rich and have a well-developed theory. But it was
noted in [1] and proved in [2] in a more general situation that if a mapping f:
C" — C” is simultaneously holomorphic and quasiregular then it is affine. Hence,
these notions generalize the concept of analytic functions in different directions. In
our paper we support this point of view, proving that the class of holomorphic
quasiregular mappings in domains of C", n > 2, is very rigid. In particular, these
mappings are Lipschitz in domains with a smooth boundary.

The author’s interest in this research was aroused after reading [3], where such
mappings were used to obtain sharper results in the theory of equidistributions of
values, and [4], where it was proposed to study these mappings for such purposes.
We show here that in some cases this class is trivial.

Definitions. Let D be a domain in C", n > 2, and let B(z, r) be the ball of radius
with center z, p(A, B) the Euclidean distance between sets 4 and B. If z =
(21, 23,-..,2,) is a point of C”, then 'z = (0, z,,...,2,), [|z|* = £|z,|* and e, =
(1,0,...,0). For any two real continuous nondecreasing functions ¢, and ¢, on R*
and a € R* we define a set 4,(¢,, a) of points z = te; +'z such that 0 < ¢ < gq,
II'z]] < @,(¢) and a domain A(g,, ¢,, a) consisting of all points w € C” such that
llw = z|| < @,(2) for some z € A,(¢,, a), z = te; +'z.

Let N be the complex hyperplane {z; = 0}.

We shall say that a mapping f: D — C"is K-quasiregular if f € C'(D) and

(1) I7(2)ll < Kldet £7(2)]"", K >1,

where f’(z) is the derivative of f at the point z. Let J(z) = det f'(z).
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Basic lemmas.

LEMMA 1. Let f: A(@,, ¢,, a) = C”" be a nonconstant holomorphic quasiregular
mapping. Then for any z € A,(@,, a) such that z = te, + 'z,

IIn J(z)| <[In J(ae, +"2) +C-/<p( X

where C depends only on K and n.

ProOOF. It is well known [2] that, for a holomorphic quasiregular mapping f,
J(z) = det f’(z) # 0. Since the domain 4 = A(gp,, ¢,, a) is simply connected we
can define a function g(z) = J'/"(z) in 4 and holomorphic functions

]
Wiy = a“]zrlj/g(z)

where f, is the k th coordinate of f.
By (1) and Hadamard’s inequality, it follows for the matrix £ = (w, ) that

(2) det2=1 and 1<|2|<K
Hence, |0, ;| < K'in 4.
We introduce the bounded holomorphic 1-forms w, = X7_; w,;dz;. Then df, =
gw, and dg A w, + gdw, = 0 or, equivalently
(3) ding A w, = —dw,.

If we take the values of both sides of (3) on constant vector fields x(z) = e, and
Y(z) = y € N, where || y|| = 1, then we obtain that

8lng _alng Bwk(X) 3 0w, (Y)
For a point w = re; +'w, ||’ w|| < @,(7) it follows that the ball B(w, ¢,(7)) C 4

and, since |w,(X)| and |w,(Y )| are less than or equal to K, by Cauchy’s inequality,
we have

awk(X)‘ ‘8wk(Y) ‘ K
B will < .
| ( ) P "') X ( ) (Pl("')
Therefore, at a point w,
dlng 81ng ’
(5) aX wk(Y) wk( ) (Pl( )

Since the vector u = (w,(Y),...,w,(Y)) is equal to Y and v = (& ,(X),...,0,(X))
is equal to Q X, then the inequality (5) yields

2 2
(6) HQ 81ngy_861)1;gx) <4f<n.
¢i(r)
Let A, <A, < -+ <A, be the eigenvalues of Q*Q. By (2), det Q*Q =[1A, =1,

and A, —||Q*Q|| K2 Hence

(8x, Qx) = (x, 2*Qx) > Ayf|x||? > x|)2/K >~ D
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and
(e -2 urmgy—“ngxnm" :
aY
lng 2An-1)
“ gl g,

Using the upper estimation (6) for the left side of the last inequality, we see that
n, 1/2 n,1/2
) ’81ng’<2Kn ’ 81ng‘<2Kn
: e1(7) Y o.(7)
We consider a segment [ = {w: w = 7e; +'z, 1 < 7 < a, ||Z|| < @,(¢)}. Since the

function ¢, is nondecreasing, then I C A4,(¢,, a) and inequalities (7) hold for any
point w € I. Therefore,

alng

lln J(z) — In J(ae, +’z)| = n

“|<

I

and

a dr
InJ(z)|<|InJ(ae, +'z)|+ C
i J(2)|<in J(ae, +72)[+ € [* =
Lemma 1 is proved.
The next lemma is trivial.

LEMMA 2. Suppose that h(t),j = 1,...,N, are smooth complex-valued functions on
an interval 1 = [0, 1] such that, at each point t, |h (t)| > a > O for some index j. Then
there is a piecewise-smooth function h, |h| > a, and h(t) = |h (t)| for some index j, and
|h| is a continuous function.

Now we can prove a basic

LEMMA 3. Let f: A(@,, ®,, a) = C”" be a holomorphic quasiregular mapping. Then
foranyz = te;,0 <t <a,

|ln|.l(z)| |< C, + |1n|J(ael)| |

+C2faMdT+C4fa dr Xf” ds

t ‘Pz("') : ‘Pz(") T ‘Pl(s) '
where C,,i = 1,...,4, depend only on a, ¢,(a), K and n.

PROOF. As in the proof of Lemma 1, we consider constant vector fields X and Y.
Letw = 7e; and

A = {z:z='re1 +§Y,0<T<a,|§|<%("')}~

T

The set A, is contained in 4,, and if z; = 7e; + {Y € A, then, by Lemma 1,

¢ d
in 5(21)] <[in glae, + ¥+ €[~ =4(87).
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Therefore, by Cauchy’s inequality and (7) it follows that

dlng ¥ (0, 1-) C s
‘ (w )‘ "Pz( ) ‘Pl(a) ()

and |dw,(X)/3Y| < K/@,(7).
The last inequalities, together with (4), imply that

‘alng Bwk(Y)}( )<

or, equivalently,

®) ‘3111 gwk(Y))‘ ¥5(r)

wi (V)|
if w,(Y)# 0.

Since ||QY]| > K!~", then at any point w = 7e,, for some k,
K>|w(Y)|> Cs=2"n"12K 7,

Hence, there is a function A, |h| > Cs, defined by Lemma 2, such that an inequality
|9 In(gh)/3X| < Y5(7)/Cs holds for 7 € [¢, a] except at a finite number of points.
But

‘alngh }81n|gh|

and, since |gh| is a continuous function,
d
[in[gh (ae,)| — Inlgh ()| | < € [~ 9s(r) dr.
t
Using the inequality |#] > C, and the expression for {5, we obtain

|In|g(z)| | <|In|g(ae,)|| + C{

a |In|g(ae,)|| + C5 a
+C; dr+ C,;
2‘[1 ‘Pz("’) 4‘/; ‘Pz( )'[ q’z(s

where C/ depend only on ¢,(a), a, K and n.
Lemma 3 is proved.

Holomorphic quasiregular mappings in C". Let % (¢, ¢,, a) be the set of all
domains which can be obtained from A(¢,, ¢,, a) by complex motions. If G is such
a domain, we shall denote by T a complex motion, transforming A(¢,, ¢,, a) onto
G. A domain D c C” has type (@, ¢,, b, N) if for any point z € D there are
domains G, € D, G, € (@, ¢,,a), 1 <k < M < N, and real numbers ¢,, 0 < ¢,
< a, such that

(1) T (te) =z

(2) T (1,e4) = T, (ae)),2 <k < M;

(3) p(T;, (ae,), 3D) > b.
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THEOREM 1. If a domain D C C" has type (¢;, @,, b, N) and f is a holomorphic
quasiregular mapping on D, then

0wl [ )

1

where P, is a polynomial with coefficients, depending only on K, n, N, p,(a) and
C = sup{|In|J(w)||: p(w,dD) = b}.

For a proof of Theorem 1 we apply Lemma 3 N.

COROLLARY 1. If a domain D C C" has type (ct*™, ct*?, b, N) where a, <1 and
a, + a, < 2, then for any holomorphic quasiregular mapping f on D, || f’|| is bounded.

Corollary 1 follows from the finiteness of all integrals in the right side of (9).

COROLLARY 2. If a domain D C C" has a boundary of class C?, then for any
holomorphic quasiregular mapping f on D, || f’|| is bounded.

It is easy to see that such a domain has type (ct, ct'/%, b,1) and, therefore, our
statement is a consequence of Corollary 1.

COROLLARY 3. Let U= {z € C" |z;| < 1} be a polydisk, E= {z € U:z,=0,i =
1,...,k}. Then any holomorphic quasiregular mapping, defined on U\ E, extends
holomorphically to U.

If U ={ze€ C"|z]<1-r}, then for any point z € U,, we can find a domain
G e A(t, r,r), G C U, such that z = T;(|z,]e;). Hence, by Lemma 3, it follows that
J(z) and ||f’|| are bounded in U,,\ E and f extends holomorphically on E N U,,.
Since it holds for all such r, we proved the corollary.

ExaMpLE 1. Let D = {x € C*: K™ <|z,|/|z,| < K, |z;] < 1} and f = (z{", z53").
It is easy to see that D has type (ct, ct, b,2), f is holomorphic and quasiregular, but
J(z) = n*(z, z,)""*D is unbounded. This example shows that our estimates in
Corollary 1 are best possible.

EXAMPLE 2. One might hope that there are nontrivial estimates for higher
derivatives of a holomorphic quasiregular mapping. The next example shows that
this hope is in vain.

Let D = B(0,1)c C?and f = (z; + (2, — 1)*/?/3, z,) . By a direct calculation it
is easy to check that J(z) > 0,25, || f’|| < 5. Hence, f is quasiregular but the second
derivative of f is unbounded.

Holomorphic quasiregular mappings between manifolds. A holomorphic mapping
f: (M, g) = (N, h) of two Hermitian manifolds M and N of the same dimension
with Hermitian metrics g and 4 is called quasiregular if its derivative f’ satisfies an
inequality (1) at any point w € M. In this case, we must calculate || f’|| and det f’
with respect to the metrics g and h. Two metrics g, and g, on M are quasiconfor-
mally equivalent if the identity mapping i: (M, g,) = (M, g,) is quasiregular. In
this case, if a mapping f: (M, g;) = (N, h) is quasiregular, then f: (M, g,) = (N, h)
is quasiregular too.
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THEOREM 2. Let A be a compact complex Hermitian manifold with metric g and let B
be its analytic subvariety. Then any quasiregular holomorphic mapping f: (A\ B, g) —
C" is constant.

PROOF. Let B, be the set of singular points of B. It is well known that
dim B, < dim B. We choose new coordinates z,,.. .,z, in some neighborhood V of a
point z € B\ B, suchthat BN V= {we V:w,=0,i=1,...,k}. The mapping f
is quasiregular with respect to the Euclidean metric on V and, hence, by Corollary 3,
extends holomorphically to B N V. Since z is any point of B\ B, f extends to
B\ B, and, therefore, can be defined on A\ B;,. Repeating this procedure if
necessary, we can extend f to A. But 4 is compact and, hence, fis constant.

THEOREM 3. Let B be a subvariety of C", n > 1. Then any quasiregular holomorphic
mapping f: C"\ B — C" is affine.

PROOF. As in the proof of Theorem 2, f extends to C” and our theorem follows by
a result in [1, 2] that any quasiregular holomorphic mapping f: C" — C" is affine.
The next theorem gives an answer to Problem 14 in [3].

THEOREM 4. Let CP" be the complex projective space with Fubini-Study metric.
Then any holomorphic quasiregular mapping f: C" — CP" is constant.

PROOF. Let g be a Fubini-Study metric, ¢ the fundamental 2-form and p its Ricci
form. In local coordinates, p = i90 log G where G is the determinant of the matrix,
corresponding to the quadratic form g. It can be checked by a straightforward
calculation that for any holomorphic vector field X the form

Q= (i/2)ddlog ¢( X, iX) — p/2n
is positive.
We shall denote by an asterisk the pull-back by f of a corresponding object (and
suppose that f is nonconstant). Then the form
Q, = (i/2)ddlog ¢*( X, iX) — idd log G*/2n
is positive too, and this means that the function

oo EH(X, iX)
hy(z) = log (G*)l/" (2)
is plurisubharmonic. By the quasiregularity of f, it follows that

KX -(6%)" < ¢7(X, ix) < K|IX[(6%)"".
Hence, for any constant vector field X on C”, the function 4  is constant, because
any bounded plurisubharmonic function in C” is constant, and this means that the
form ¢, = $*(G*)~1/" has constant coefficients. But g is a Kaehler metric. There-
fore, dp = do* = 0 and

dé, = ¢* A d(G*)" = 0.

Since ¢* is positive, dG* = 0 and G* = const which contradicts the positiveness of
the Ricci form.
The theorem is proved.
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