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COMPACTNESS IN L? AND THE FOURIER TRANSFORM
ROBERT L. PEGO

ABSTRACT. The Riesz-Tamarkin compactness theorem in L”(R") employs notions of
L?-equicontinuity and uniform L?-decay at oo. When 1 < p < 2, we show that these
notions correspond under the Fourier transform, and establish new necessary and
sufficient criteria for compactness in L?(R").

An oft-quoted classical result characterizing compact sets in L”(R”") is due to
M. Riesz and J. D. Tamarkin (see [1, 2, 4]):

THEOREM. A bounded subset K of L?(R"), 1 < p < oo, is conditionally compact if
and only if

() [p |f(x +y) = f(x)|?dx = 0asy — O uniformly for f in K, and

(D fy> & 1f(x)|?7 dx = 0 as R > oo uniformly for fin K.

Property (I) is a uniform smoothness property. By analogy with the terminology of
Arzela-Ascoli, we say the functions in K are L ?-equicontinuous if (I) holds. Property
(IT) is a uniform decay property. The connection between smoothness and decay
through the Fourier transform has been well explored [6]. Yet the following nice
equivalence seems to be new:

THEOREM 1. Let K be a bounded subset of L*(R") and let K be the Fourier transform
of K, K = { f |f € K. The functions of K are L*-equicontinuous if and only if the
functions of K decay uniformly in L?, and vice versa. That is, K satisfies (1) in L* if and
only if K satisfies (1) in L?, and vice versa.

Combining this result with the Riesz-Tamarkin theorem, we obtain two alternative
characterizations of compact sets in L>(R"):

THEOREM 2. A bounded subset K of L*(R") is conditionally compact if and only if
[1f(x +y) = f(x)*dx > 0 as y > 0, and [|f(§ + @) = f(§)I?dE > 0 as © = 0,
both uniformly for f in K.

THEOREM 3. A bounded subset K of L*(R") is conditionally compact if and only if
Jia= v 1f(X)|? dx = 0 and [ & |f(£)|>dt = 0as R — oo, both uniformly for f in K.
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Theorem 1 is an easy consequence of the theorem below, which offers some results
mL?,1<p<2.

THEOREM 4. Let K be a bounded subset of L?, 1 < p < 2. If K satisfies (1) (resp.
(I1)) in L%, then K satisfies (I11) (resp. (1)) in L9, where 1/p + 1/q=1. (If g =

conditions (1) and (1) are to be stated in the obvious way using the sup norm.)

Let us set our notation and recall some basic results. For f € L}(R"),

7(8) = [ f(x)e ax.

Recall [3]:

(1) The Fourier transform above extends to a bounded linear map f — f from L?
toLforl<p<2andl/p+1/q=1, so||f||q < GIf|l, for fin L?.

(2) For fin L?, w in R”, we have [e "“*f(x)] (¢) = f(¢£ + w)in LY.

(3) For fin L?, ¢ in the Schwartz class &, (f * ¥) (£) =f(§)xi/(£) in L9, where
[*¥(x)= [ f(x = y)¥(y) dy.

PrOOF OF THEOREM 4. First, we assume K satisfies (II) in L”. Let M be a bound
for Kin L”. For fin K,

f(g+ @) = f(8) = [(e7 = D) f(x)]"(9),

whence

I (& + @) =F()lly < Gll(e™ > = DS (x),
/p
G Celbyo)” e +2f  iora]

[x|<R

Let ¢ > 0. Because of (II) we may choose R so large that the second term here is less
than 2(e/C )? 1ndependent of fin K. Then since f|x|<R(|x| [f(x))? dx < (RM)?*
for f in K, we have ||f(¢+ w)— f(§)|| < ¢ if w is sufficiently small, |w|?

< ie/ C,RM)?, independent of f in K. So K satisfies (I) in L7

Now assume K satisfies (I) in L?. We seek to show that functions in K decay
uniformly in L. Let ¢(x) = 2w) "% /2 Y (x) = ¢(Rx)R", so that y and
Va(§) = $(&/R) are in &, with §(£) = e /%, Jp(0) = [p(y) dy = 1. Now for
61> 2R, § <1~ yp(é),s0forf K,

N

1 . q 1/q A .
z(f,w ()] dé) <IF (&)1 = Fx(©))ll,

< Glf(x) = f*yr(X)l,

=cp[j

[ (#(x) = F(x = »)¥aly) dy

4 1/p
dx] .

By Jensen’s inequality and Fubini’s theorem, this is

Cp[f [f }f(x)—f(x— %)!pdx]alz(y)dy]

1/p
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Now define a uniform L” modulus of continuity for K,
P
H(y) = sup [ If(x) = f(x ~»)[ dx.
feK

By (I), H(y) » 0asy — 0,and H(y) < 2M)? for all y. From above, we have

[/'5'“’* lf(g)lng]l/q < 2Cp[f H(% )4 dy]l/p -0

as R — oo uniformly for fin K. Hence, K satisfies (II).

We conclude with a small application, which illustrates a principle known in
information theory (see [5]) that an operator in L? that is “band limited and time
limited” is compact.

Fix any ¢,(x), ¢,(x) bounded functions on R" which satisfy lim, _, ,, ¢,(x) = 0,
i=1,2, and let ¢, denote the multiplication operator on L? given by u(x) —
¢,(x)u(x), i =1,2. Let F denote the Fourier transform operator u — Fu = iI.
Define an operator T on L? by T = ¢, F¢,. Assume ¢,(x) is continuous.

PROPOSITION. T is a compact operator on L*.

PROOF. Let K be a bounded set in L% Clearly, the set ¢, K has the uniform decay
property (II) in L2 From Theorem 1, the set F¢,K is L>-equicontinuous (has
property (I)). The set TK = ¢, F¢, is also L*equicontinuous, and also has the
uniform decay property (II). By Riesz-Tamarkin, it follows that 7K is precompact.
Q.E.D.

ACKNOWLEDGEMENT. The author thanks Jonathan Goodman for pointing out this
application.
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