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SLLN AND CONVERGENCE RATES
FOR NEARLY ORTHOGONAL SEQUENCES
OF RANDOM VARIABLES!

FERENC MORICZ

ABSTRACT. Let { X;: k > 1} be a sequence of random variables with finite second
moments EX? = o} < oo for which |EX, X,| < o,0,p(|k — []), where {p(;): j > 0}
is a sequence of nonnegative numbers with 25 ;p(j) < co. In particular, in the case
of orthogonality, p(j) = 0 for j > 1. We prove strong laws for the first arithmetic

means {, = n"'L} _, X; and the Cesaro means
n
n,=n'Y (1-(k-1)n")xX,.
k=1
The convergence rates are studied in the form P{sup,.,» |{,| > ¢} and

P{sup,.,»|7,| > €}, where ¢ > 0 is fixed and p tends to co. At the end, the case
where £5% op( ) = oo is also treated.

1. Introduction. Let { X,: k > 1} be an orthogonal sequence of random variables
(rv’s), i.e.

(1.1) EX X, =0 (k#1Lk,1>1)
with finite second moments
(1.2) EX}? = o} (k>1).

We will consider the first arithmetic means §, = (1/n)X]_, X, as well as the
Cesaro means (of order 1)

1 o k-1
fn-;k)i(l ———;—)Xk (n>1).

A consequence of the Rademacher-Menshov theorem, well known in the theory of
orthogonal series, is the following (see e.g. [3, pp. 86, 87]).

THEOREM A. If { X, } is an orthogonal sequence of rv’s with (1.2) and

%) 02

(1.3) Y £ [log(k + 1)]* < oo,
k=1 k?

then

(1.4) lim {,=0 a.s.

n— o0
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In this paper the logarithms are to the base 2.

It is also pointed out that the sufficient condition (1.3) is the best possible (see
Tandori [4]).

The next theorem is due to the author [2].

THEOREM B. If { X, } is an orthogonal sequence of rv’s with (1.2) and

o
(1.5) kgl ;"2- < o0,
then

(1.6) lim7,=0 a.s.

2. Main results. The orthogonality condition (1.1) can be weakened in Theorems A
and B maintaining conclusions (1.4) and (1.6), respectively.

To be more precise, we say that the sequence { X, } of rv’s satisfying condition
(1.2) is quasi-orthogonal (or nearly orthogonal) if there exists a sequence {p(j):
J = 0} of nonnegative numbers such that

(2.1) |EX, X| < a,0,0(1k — 1) (k,1>1)
and
(2.2) 2 o(j) < co.

j=0

If EX, = 0 (k > 1), then (2.1) is equivalent to
|Corr( X,., X)) < p(lk—1) (k. I>1).

Also, we may assume that p(0) = 1and 0 < p(j)<1(j = 1).
Now, the generalizations of Theorems A and B are the following:

THEOREM 1. If { X, } is a quasi-orthogonal sequence of rv’s, then (1.3) implies (1.4).
THEOREM 2. If { X, } is a quasi-orthogonal sequence of rv’s, then (1.5) implies (1.6).

Both theorems will be obtained as corollaries of the next two theorems stating
convergence rates.

THEOREM 3. If { X, } is a quasi-orthogonal sequence of rv’s, then (1.3) implies, for

every ¢ > 0,
(2.3)
o2
P{ sup [5,]> ¢} = 0f = Zop+ > Zllogk+ ) (p>0).
n>2° 2° k=2P+1 k

THEOREM 4. If { X, } is a quasi-orthogonal sequence of rv’s, then (1.5) implies, for
every € > 0,

) 02
e  Plsphid-o[ L Tas £ Al (>0
n>2r k=27+1

We note two other consequences of Theorems 3 and 4.
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COROLLARY 1. Assume { X, } is a quasi-orthogonal sequence of rv’s and
o0 2
(2.5) Z —"z[log(k + 1)]*A(k) < o0,

where {A(k): k = 1} is a nondecreasing sequence of positive numbers such that the
sequence {k*/\(k): k > 1} is also nondecreasing and tends to oo. Then, for every
>0,

(2.6) Jim )\(2”)P{ sup [¢,|> e} 0.

n>2°

COROLLARY 2. Assume { X, } is a quasi-orthogonal sequence of rv’s and

0 2

T -

£\ (k) < oo,
k-1 k?

where {A(k)} is the same as in Corollary 1. Then, for every € > 0,

lim A(2P)P{ sup |7.| > e} -o.

n>2°

We briefly indicate, e.g., how Corollary 1 can be deduced from Theorem 3.
It follows from (2.5) that (even dropping the factor [log(k + 1)]?), via the
Kronecker lemma (see e.g. [3, p. 35]),

*‘“z

P‘*w

On the other hand, again by (2.5),

2
llm >\(2") Z ok2 [log(k + 1)]?
k=2P+1 k
[-3) 2
<lm Y %[log(k + 1D]°A(k) =0

PO p=2r+1
That is, (2.3) implies (2.6).
3. Auxiliary results.

LeMMA 1. If { X, } is a sequence of rv’s satisfying conditions (1.2) and (2.1), then

1+2"§p(1)) Y o (a

k=a+1

v

0,n>1).

(3.1) [ pok xk]

k=a+1
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PROOF. Squaring out, using (1.2) and (2.1), letting j = / — k and, finally, applying
the Cauchy inequality yields (3.1):

a+n 2 at+n at+n—1 a+n
) Xk:l = Y EX}+2 Y} Y EXX
k=a+1 k=a+1 k=a+1Il=k+1
a+tn a+n—=1 a+n
< X oi+t2 X X oop(l—k)
k=a+1 k=a+1/=k+1
a+n n-1 atn—j
= Z ok +2 Z e(J) Z 040y 4
k=a+1 k=a+1
n—1 a+n
<1+zzpuﬂ T o
Jj=1 k=a+1

since

a+n—j a+n—j at+tn—j 1/2
2 2
> 00,4 S { X ol X °k+,'}

k=a+1  k=a+1 k=a+1
1/2
a+tn—j a+n / a+n
={ X e X o) < X o
k=a+1 k=a+j+1 k=a+1
In the proof of Theorem 4 we need a slightly more general form of Lemma 1.

LEMMA 2. If { X, } is a sequence of rv’s satisfying conditions (1.2) and (2.1), and
{by: k = 1} is a sequence of numbers, then

(3.2) E[ i kak]2<

k=a+1

n—1 a+n
1+22p(j)) Y b2 (az0,n>1).

Jj=1 k=a+1

Indeed, applying Lemma 1 for {Y, = b, X, }, we get immediately Lemma 2.
The next lemma is a special case of the maximal inequality in [1, Theorem 3].

LeMMa 3. If { X } is a sequence of rv’s such that condition (3.1) is satisfied, then

a+m n—-1 atn
0 £ mos | T x| <towznr(1 2200 B o
Ism<n| o, j=1 k=a+1

(a=0,n>1).

4. Proofs of Theorems 3 and 4.
PROOF OF THEOREM 3. Obviously,

(4.1) P{ sup [§,| > s} < ‘EpP{ max [{,|> e}.

n>2° 29<ng29*!

A simple estimate shows

L Xy

k=29+1

1
max [{,|<|$»|+ = max
29<ng29%! 29 yacpgain
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On one hand, by (3.1) and (2.2),

o{1} &
(4.2) E{Z = 2} Y o}
2%
On the other hand, by (3.3) and (2.2),
n 2 2941
E| max Yy Xk] =0{1}[10g27"']* ¥ o}
29<n<29 ! | g=2d41 k=29+1
2q+l
=0{1} X o[log(k +1)]".
k=29+1

Thus, by the Chebyshev inequality,

n |
(4.3) P{ max |§,,| > e} {|§24| > } P{ max Y x|> 82‘7_1}
29<ng29” 29<ng29! k=29+1
0{1 1 29 l 2q+l
=€—2} o Lot L of [log(k + 1)]°
k=1 k=29+1
Keeping (4.1) in mind, simple calculations show
© 1 29 27 S | o 1
(4.4) Yo Xoai=Yoal oo+ X of L o
_, 2% [C _ _, 2% - 224
q=p k=1 k=1 q=p k=27+1 q:29>k
< i(L Sore 3 %
3\ 27 0 k=27+1k
and
© 9 2941 o0 iy
(4.5) Y 5 X ofloglk+1)]*<4 X “Allog(k + 1))
a=p 227 k=214 k=27+1 kK
Collecting (4.1) and (4.3)-(4.5) yields (2.3).
PROOF OF THEOREM 4. Similarly to (4.1),
oc
(4.6) P{ sup |r,| > e} <Y P{ max |t,|> e}.
n>2"r q=p 2q<"<2q+l

This time we avoid using the maximal inequality (3.3). Instead, we estimate as
follows:

max |7,/ < |8yl + 1m0 — $ool + max |7, — 7y,

n

29<ng29t! 29<png29*!
whence
€
(4.7) P{ max |r,|> s} < P{|§2q| > %} + P{l'rzq — &l > 5}
29<ng29*!

+P{ max lq-,,—rzq|>-§}.

29<ng29t!
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According to this, we complete the proof in three steps:

(i) By (4.2) and (4.4),
=<} 9 0 0 02
@8 T P(ld>2) <2 ¥ Ep = U zoz+ y %)
a=r € gq=p e’ k=27+1
(i1) Taking into account the representation
Ty = $p0 = _ﬁ 2 (k- 1)X,,
via (3.2), (2.2) and (4.2),
' o{1 o
Bl 6P = 250 £ (6= 17701 = 9L ¥ o2 - oz,
k=2
By this and (4.8),
o0 € 9 (o]
(4.9) > P{|"’24 = $xl > g} S5 Y E[ne— lef]
q=p & g=p
o1 & ,, & o
= — Y o2+ 1.
e’ (221) kz=:l ‘ k=§+l k?
(iii) By the Cauchy inequality,
24+1 2q+1 172
(410) max lTn - TZ"I < Z |Tn - Tn—ll < { E n[Tn - Tn—llz}
W <ng2é! n=29+1 n=29+1
The representation
L l(k-1)(2n -1
Ty = Tpoy = Y - ( ) 1 X
k=1 (n—-1)° “n(n-1)
can be easily checked, whence, via (3.2) and (2.2),
o{1 !
E‘I:Trl_’,.rt—l]2 2 { } Z ok
(n=1)*s21
Thus, by (4.2),
29+1 29+1 1 n
Y nE[r,-n,)’=0(1) ¥ —— XY
n=29+1 nezi+1 n(n —1)* k21
oy ¥, 2
= 5 Lok = 0(1) £t
By this, (4.10) and (4.4),
o0 € o0
(411) Y P{ max |1, — T, > —-} =
g=p ‘29<ng24*! 3 g=
27+l o
o
2p+2 Z Ok Z _’<2
2% k=2r%141

Putting together (4.6)—(4.9) and (4.11) gives (2.4).
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5. The case when { X, } is not nearly orthogonal. In this concluding section we
assume that conditions (1.2) and (2.1) are satisfied, but (2.2) is not, i.e.

(5.1) Ye(j)=oo
j=0
We will require, for the sake of simplicity in calculations, that the sequence
n—1
(5.2) { Z p(j):n> } is nonincreasing from some n on.

It is easy to see that this reqmrement is equivalent to

n—1

p(n) < Z p(j)  (n=ng).

The following three theorems can be proved by using methods similar to those in
§4, and using Lemmas 4 and 5 below.

THEOREM 5. If { X, } is a sequence of rv’s satisfying (1.2), (2.1) and (5.2), then the
condition

(5.3) > 2( )y p(J))[log(k +)PP <0 (p(0)=1)

k=1 k*\ ;2o
implies (1.4).

If the divergence in (5.1) is “fast enough” in the sense that there exist a number
r > 1 and a positive integer p, such that

20 ()

(5.4) Eimo PU) >r  (p=pye(0)=1),
230w ())

then the factor [log(k + 1)]? in (5.3) becomes superfluous.

THEOREM 6. If { X, } is a sequence of rv’s satisfying (1.2), (2.1), (5.2) and (5.4), then
the condition

oo

(5.5) kZ k2( )y p(})) <o

implies (1.4).

THEOREM 7. If { X, } is a sequence of rv’s satisfying (1.2), (2.1) and (5.2), then
condition (5.5) implies (1.6).

Here we present only two lemmas, without entering into details. The first of them
is a special case of the maximal inequality [1, Theorem 4].

LEMMA 4. If { X,} is a sequence of rv’s such that conditions (3.1) and (5.4) are
satisfied, then

a+m n—1 a+n
E| max | Y, Xk} —O{Zp(j)} Y of (ax=0,n>1).
l<msn|peu+1 j=0 k=a+1
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This lemma is crucial in the proof of Theorem 6.
The second lemma is concerned with numerical series and can be easily checked.
LEMMA 5. If condition (5.2) is satisfied, then

1 27 -1 . 1 k—1 .
)y Y e(j)=0 > o) (a =1and2)
j=0

2a 2a
p:2P>k 2°ep k j=0

and

0 1 n—1 - 1 kl '
= X o(J))= 0{; > P(J)} (k>1).
kN =0 j=0

n=K
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