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THE ALGEBRAIC INDEPENDENCE OF CERTAIN
LIOUVILLE CONTINUED FRACTIONS
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ABSTRACT. This work uses some simple Liouville type arguments to extend some
recent work of Bundschuh and of Laohakosol and Ubolsri on algebraic indepen-
dence. The results are stronger and are not restricted to just two numbers. We then
use the results to give a new and simple proof of Bundschuh’s result concerning the
algebraic independence of certain numbers whose g-adic and continued fraction
expansions are both known.

1. Introduction. In this paper we generalize and strengthen the results of Laohakosol
and Ubolsri [11]. In that paper they prove by the method of [1, 9, 14] the algebraic
independence of certain pairs of “Liouville” continued fractions. Here a similar
result is given for any number of such numbers. Also, the hypothesis is weakened
allowing a restriction in their application to be removed. The work here also
generalizes some of the work of Bundschuh in [S] from two numbers to an arbitrary
number of numbers. The application given in [11] was first proved by Bundschuh in
[4] in more generality by a complicated method following Durand [8)]. The full result
can be proved here by the current simpler method.

We fix the following notation. Let a,,...,a, be n real numbers with continued
fraction expansions

a,=[ag; ay,a,,...]

(See [10], for example, for facts concerning continued fractions.) Denote the conver-
gentsof a; by py,/qy;(n=0,1,2,...,1 <j < n).

THEOREM 1. Suppose we have an r > 1 and a function f(i) for i = 1,2,... with
f(i) > oo (i = o0) and a subsequence of the positive integers Ny < N, < --- such
that, foralli = 1,2,...,

(1) ay 2 ahy  (J=12,....n),

(2) g1 =2 r"qy,  (j=2,3,...,n,N=N_, N, +1).

Then ay,...,a, are algebraically independent.
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To see that this result generalizes the results of [S, 11] we note

COROLLARY 2. Suppose there are constants 7, r > 1 and a function g(i) for
i=1,2,... with g(i) > o (i > ) and a subsequence of the positive integers
N, < N, < --- such that, forall N = 1,2,... andj = 2,...,n, we have

(3) i1y 2 Aps
(4) ay j—1 2 ray;,
(5) ay .1, 2 a?\/(,li)-

Then ay,...,a, are algebraically independent.
As an application we prove a result which first appeared in [4].

COROLLARY 3. For any integer g > 2 and irrational number B set
(o]
S((B)=(g-1) X g
v=1
Then, if B has unbounded partial quotients and g,,...,g, are distinct integers > 2, we

have that S, ( B),....S 2. ( B) are algebraically independent.

2. A general Liouville type algebraic independence criteria. In this section we
axiomatize the proofs given in [9, 11, 14].

THEOREM 4. Let a,. .., a, be n real numbers. Assume that we are given integers p .,
gn; (N=1,2,... and 1 <j < n) with qy; > o0 (N - o©). Assume that, for j =

2,3,...,n,
/|«

J

Pn.j-1 _ Py

(6) lim =0.

N—>oo

a_g —

qn.j-1 qan;

Further assume that for each j = 1,2,...,n and all positive integers D there is an
Ny = No(D) such that, for all N > N,,

D
(M 0< |aj - pNj/qu| <1/(qn; -+- qu) .
Then a,,. .. ,a, are algebraically independent.

PrOOF. We show by induction on j = 1,2,...,n that a,,...,a, are algebraically
independent. For j = 1 we note that (7) implies that «, is a Liouville number (see
[12]) and thus is transcendental. So we assume j > 1. If the result were false, then
there would be a nonzero polynomial f(x,,...,x;) with integer coefficients of
minimal total degree such that f(ay,...,a;) = 0. Expand f in a Taylor series about
o,

f(xp,0x) = Yy (xy —a)" - (x;,—a,)",
where (v) = (vy,...,v). For i=1,...,j, set C; = c(,, where v has a 1 in the ith
coordinate and a zero everywhere else. We have

G = (a/axj)f(al,...,aj).
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Then C, = 0 implies (3/9x,)f(x;,...,x;) = 0 or else there would be a nonzero
polynomial of smaller degree than f vanishing at ay,...,a;. But then x; did not occur
in the polynomial f and we obtain that a;,...,a;_; are algebraically dependent,
violating our induction assumption. Thus C; # 0. Setting

8i(N)=pNi/qu—ai (lgisj)

we obtain
Pm PN
f(qu’”"qu)
8,(N) & _1(N)
= 5(N) (cl S0 T Gs ey 6] ol

(18,(N)| is the largest by (6)). The expression inside the square bracket is not zero for
N large by (6) and the fact that C;, # 0. Thus §(N) # 0 implies
F(Pn1/Gnrs--->PN;/qn;) # O for N large. We then easily derive (see [1, Proposition
3]) that if D,,...,D; denotes the degree of f in x,... respectively, there is a
constant C = C(ay,...,«a s f) such that, for all N large,

1 <f(m...,£&)<Ca

D D =< b =< j
ant - 4y qm qn;

LA Al

_ PN

qn;

which violates (7). O
As was first pointed out to me by David Masser, this result gives a trivial proof of
the results in [1], and indeed proves

COROLLARY 5. Let k, (v = 1,2,...) be a strictly increasing sequence of positive
integers such that limsupy _,  ky,/ky = oo. Let g,,...,8, be distinct integers > 2

andset a; = L%, g7 % Then a, .. . ,a, are algebraically independent.

(This result occurs in [13].)
PROOF. We may assume g, > g, > -+ > g,. Setpy /gy, = L), g7*. We have
qy;=g/* and 1/gf <la, — py/qy| < 2/8/*.
Then (7) is implied by

2/gj/f~+1 < 1/(31"’“ gj/_‘N)D

which is clear for a subsequence if N tending to infinity. Moreover, (6) is clear since
the relevant expression is bounded above by (2 / gj'-‘ﬁ{‘) g /" ~+1 which tends to zero. O

3. Proof of the results on continued fractions. To prove Theorem 1 we verify the
hypothesis of Theorem 4 with the N of Theorem 4 replaced by the N, of Theorem 1.
To prove (6) we note that the usual estimates from continued fractions and (2) imply

/|a

J

P, 2‘11»',-+1.qu,,/

qn,;

_ Py < 22D

aj_l

=
qan,.j-1 qn,+1.j-19n,.j-1
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which tends to zero by hypothesis. To verify (7) we use

pNj
a - —

1/aN+1,qu%/j
qN_/

and see that it suffices to prove that, for i > i,(D),

D
(8) Ay i1, 2 (qu qN,j) .
From (2) we have
D .
(qN,l o qN,j) < ‘Irjvﬁ

and so (8) follows immediately from (1). O
Corollary 2 may be derived from Theorem 1 by showing that (3), (4) and (5)
implies (1) and (2). From Lemma 3 of [S] we have from (4) that g, ;_; > q - for
all N =1,2,... andj = 2,...,n. Thus (2) is valid for any f(i) < N,/2. To verlfy )
we will show that 3) implies there is a constant C > 0 such that, forall N = 1,2,...,
9) gm < Cay{™™h.
Assuming this and using (5) we see
. . (r=1)/1g(i)
ay 1. 2 afly > (C 1‘IN,1)
which implies (1) for, say, f(i) < 3((7 — 1)/7)g(i), and i large. We may take a new
sequence by starting with i large and f(i) < N,/2, 3((7 — 1)/7)g(i).
It remains to prove (9). We have from (3) that, for » = 0,1,2,....N — 1, ay, =
ay_, and thus
N

g < [1(ay i1y +1)

v=

< 1_[ (a}v/lfu + 1) = na}v/lfv—l(l n az_vll/fy“l)-

v= v=1

27—-

—

Now,

N

1/ev7 _  EN /7 a-1/sM-1/1) T/(1—1)
l_IlaNl = ayy! =ay S ay .
v

Also a;; > 2 (from (4)) and thus ay, > 27" (from (3)) and so
N

N
[T +ay"")<T+27"")<C

v=1 v=1

for some constant C. This proves (9). O

4. Proof of Corollary 3. Corollary 3 will be deduced from Theorem 1. We may
assume that g, > g, > -+ > g, Set a; = Sg,('B)' Let 87! have as its continued
fraction expansion

B_l = [bo; b19 bz,...]
and convergents Py/Qy (N = 0,1,2...). Then from [2] (see also 3, 4, 6]) we have
(10) ao; = bog;,  ay, = (89— g22) /(g2 - 1)
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and
(11) an, = (82 - 1)/(g, - 1).

It easily follows from (10) that @, ; > g{*¥+1~V9" and from (11) that g, < g&,
and thus (1) follows since 8 has unbounded partial quotients. To prove (2) we simply
note that (11) implies, for each j, g2 ~! < g,; < g2 and thus, for any N,

Q 1 a1 gj—l QN Q I gj—l QN
dn.j-1 = &2 = §j-1 &M =801 qnj-
&, &

Thus (2) is valid since g; < g;_, by assumption (the subsequence is unnecessary). O
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