PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 95, Number 4, December 1985

NUMERICAL RADIUS-ATTAINING OPERATORS ON C(KX)
CARMEN SILVIA CARDASSI'

ABSTRACT. Using a construction due to Johnson and Wolfe, we show that the
numerical radius-attaining operators from C(K) into itself are dense in the space of
all operators, where K is a compact Hausdorff space.

Let X be a Banach space, L( X) the Banach space of bounded linear operators
from X into X, and NRA(X) the subset of L(X) consisting of the numerical
radius-attaining operators.

Berg and Sims [1] have proved the “Bishop-Phelps type” result that NRA(X) is
dense in L( X)) when X is uniformly convex. Elsewhere we have shown the same to
be so for X being c,, /;, L,(p) or a uniformly smooth space.

In this note we consider the case of X = C(K), the space of continuous real-val-
ued functions on the compact Hausdorff space K. Following the lead of Johnson
and Wolfe [3], we again show that NRA(C(K)) is dense in L(C(K)).

We still do not know of any X for which NRA(X) is not dense in L(X). It may
be that Lindenstrauss’s example, using a renorming of ¢,, for which the norm-attain-
ing operators are not dense in L( X) [4] also serves in the present setup, but we have
not yet found that to be so.

We introduce initially some definitions and notations.

We define the numerical radius of a bounded linear operator 7: X — X, denoted
by v(T), by

o(T) = sup{|x*(Tx)|: (x,x*) e II(X)},
where II(X) = {(x, x*) € X X X*:|lx*|| = ||x|| = x*(x) = 1}.

We say that T attains its numerical radius if there is (x,, x}) € II(X) such that
v(T) = |x§(Tx,)|, and we denote the set of numerical radius-attaining operators by
NRA(X).

If K is a compact Hausdorff space and X is a Banach space, we denote by
C,+(K, X*) the Banach space of continuous functions F: K — X*, where X* is
equipped with its w*-topology, with the norm || F|| = sup{||F(¢)|: t € K }.

It is a well-known result that C,.(K, X*) can be identified, isomorphically and
isometrically, with the space L(X, C(K)) of all bounded linear operators from X
into C(K), the identification being given by

(Tx)(t) = F(t)(x), VieK,Vx € X,
where T € L(X, C(K))[2, p. 490].
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M(K') denotes the space of regular Borel measures on K, with the norm of the
variation, and is identified with C(K)*.

In our case we will use the identification of L(C(K)) with C,«(K, M(K)).

For the proof of the result announced in the abstract we need several lemmas.

LEMMA 1. Given F € C,.(K, M(K)), e > 0, f€ C(K), t, € K and an open set
V C K, there is U, an open neighborhood of t,, such that

DIFOV) > |[F(t)(V) —e. Vi € U;

W) FQ)f)= F(,)(f)—¢eVere U

PROOF. First we show that the function » € M(K) — |¢|(V) € R is lower semi-
continuous, where M(K) has its w*-topology.

In fact, if v, € M(K), by Hahn decomposition and regularity of », we can choose
disjoint compact sets K* and K-, contained in V, such that |p,[(K™) = vo(K™),
oK) = —o(K™) and [o(V\ K*U K) < ¢/3.

Since K is compact Hausdorff, we can choose f, € C(K) with |f,(?)| <1,
Vi€ K, folg=1folx-= —Tand fy|x\, = 0.

Let A = {v € M(K): [v(fy) — vo(fy)| < &/3}. Then A4 is a w*-neighborhood of
vy, and if ¥ € 4 we have

(V) > [ fodl>

ffod" =l"(f0)|>|”0(fo)|_§
v

€ €
—lfvfod"o -3 >_/Vfod”o )
= [ dvo— [ du+ fodyo—g
+ K VAKTUK"
_ € € € & €
> vo(K*) —vo(K7) - 373 > yl(V) - 37373 =rol(V) —e.

Since F € C,«(K, M(K)), the composite function ¢t € K — |F(¢)|(V) is also
lower semicontinuous. Thus there is an open neighborhood U, of ¢, such that for
t € Uy wehave |F(t)|(V) > |F(t (V) — &

Also, given B = {v € M(K): |v(f) — F(t;,Xf)| < &}, which is a w*-neighbor-
hood of F(t,) € M(K), there is U,, an open neighborhood of ¢ such that fort € U,
we have F(t) € B, since F € C,.(K, M(K)). Then if ¢t € U, we have F(¢t)(f) >
F(to)(f) — &

Letting U = U; N U, we have that U is an open neighborhood of ¢, and, for
t € U, (1) and (ii) hold.

LEMMA 2. Given F € C,+(K, M(K)) and ¢ > 0, there are f, € C(K), || foll. = 1
and t, € K such that F(1,)(fy) > ||F|| — e and | fy(2,)| = 1.

PROOF. Let ¢, € K be such that |F(¢y)|(K) > ||F|| — &/3.
For simplicity let us set u, = F(t,). Then |u(K) > || F|| — ¢/3.
Using Hahn decomposition and regularity of u,, we can choose disjoint compact
sets K* and K~ such that |uo|(K*) = po( K, [tol(K7) = —p(K7) and
mol(K\K*U K7) < /3.
Then po(K*) = po(K7) > oK) = €/3.
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Casel.ty€ K*U K.
Since K is compact Hausdorff, we can choose f, € C(K), |fo(1)| <1, Vi € K,

folk==1, and fy| x-= —1.
Then

F(1,)(f) =foodl-‘o =/;(+ dpo — /K_ dpo + fK fodpo

\K UK~
= po(K*) = po(K7) + [ _Jodp,.
K\K*UK
Since

fodpo <|wol(K\NK*U K7) < ¢/3,

fk\K*uK
we get
F(16)(fo) > mo(K*) —po(K™) — /3 >[pol(K) —e/3 — ¢/3
>||F|l—e/3—¢/3 —¢/3 =|F||—e.

Obviously in this case we have | fo(1o)| = 1,sincet, € K*U K~ and | fo| | g, x-= 1.

Casell.ty & KU K™

Since K*U{t,} and K~ are again disjoint compact sets, let f, € C(K) be such
that | fo(£)| < 1,V € K, folg+usy = 1 and fo| g-= — 1.

As in Case I we have F(¢,)(f,) > || F|| — € and f,(¢,) = 1, by definition of f,.
As an easy consequence we have

CoROLLARY 3. 0(T) = ||T|,VT € C(K).
The next lemma is a modification of a result of Johnson and Wolfe [3].

LEMMA 4. Given F € C,.(K, M(K)) and € > 0, there are open subsets V| and V, of
K, with ViV, = @, V, #* @, and there are f, € C(K), ||fill, =1, and F, €
C,+«(K, M(K)) such that

OIAMI=1,Vie K\,

() |[Fi((V) =0,V e Vy;

(i) F(1)(f) > 1Rl — & Ve E Py,

(V) [IF - Fjll <e.

PROOF. Let ¢, € K be such that |F(¢y)(K) > ||F|| — &/4.

Using (B*, B™) a Hahn decomposition of X for p, = F(¢,) and the regularity of
o, choose K*C B* and K~ C B~ compact sets such that

Ro(K*) = 1o(K™) >|uol(K) — e/4 > ||F| - /2.
As in the proof of Lemma 2, let f, € C(K), || fyllo = 1, be such that fy|-=1,
folk-= —1and|fo| | g+, KUy = 1
Foreacha €]0,1[,let 4, = {t € K: |fy(?)| < a}.
Casel. A, = @,Va€]0,1].
In this case, |f,(2)| =1, Vt € K. Define f; = f;, V;, = & and F, = F. Then (i)
and (ii) hold for ¢ € K and (iv) also is satisfied.
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Moreover,

Fi(t6)(f1) = F(20)(fo) > po(K™) — po(K™) — /4 > |[F|| = 3e/4.

By Lemma 1, using ¢/4, there is ¥, C K, an open neighborhood of ¢, such that
Fi(1)(f)) = Fi(1)(f1) —e/4 VL EV,.

Then F(¢)(f1) = ||F|l — € = ||Fy|| — & V¢t € V, and (iii) holds.

Obviously, V, # @ and ¥, N ¥, = @, and we are done.

Case 11. There is a, €]0,1[ with 4, # 2.

In this case let 8, be such that «y < 8, < 1.

Define V|, = {1 € V: |fo(1)| < @y} = 4, and W = {1 € K: |fo(¢)| > By }. Then
V, and W are open sets, V, N W = @ and {t,} UK*U K~ C W.

Since 4, # &, fix t; € V| and choose f;, g € C(K), [f1(1)| <1, 0<g(r) < 1,
V¥t € K, such that

1 ifte (K\V;)NB*,

A ifr € W,
filt)=4{ -1 ifre (K\V)nB", and g(t)={(l) 1fle71
0 ift=1
Then (i) holds and since
[(A-9)fl()=1 ifrek’, [Q-gAl()=-1 ifrek"
and
[ =)A< ifre (BNKY) U(B\K),
we have

F(to)(1 = g)fi) = [ (1= g)frdio
=[ Q=g fidu+ [ (1-8)fidn
K K

+f (1= g)fidu,
(B"™\K"U(B\K")

= MO(K+) - I"'O(K—) "‘F‘-ol((B+\K+) U(B_\K—))
>pol(K) —e/4 — e/4 > ||Fl| — 3e/4.

By Lemma 1, using ¢/4, there is U C K an open neighborhood of ¢, such that for
eachr € U,

F(e)(1 = g)fy) = F(1o)((1 — g)f,) —e/4>||Fl - ¢
and
[F(OI(W) > |F(1,)|(W) — e/4 > |[F|l - e.
We can take U N ¥V, = @, since 1, € V,. Let ¥, C U be an open set such that
ty € Vy,and V, € U. Inparticular, V, # g and VN V, = &.
Choose h € C(K), ||hll, =1, h(t)=1if t € V, and h(t)=0if r € K\ U and
define F;: K — M(K) by F,(¢t) = [1 — h(t)g]F(t),Vt € K, which means

Fi(t)(p) = F()([1 - h(1)glp), VpeC(K).
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Since g € C(K), F,(t) € M(K), Vt&€ K and since h € C(K) and
Fe C,.(K, M(K)), F, € C,.(K, M(K)). Also |F,(t)|(K) < |F(t)|(K), since
Il — h(t)gll, <1,V? € K, and then || F)|| < || F|.

If t€V,, h(t)=1 and F(¢) = (1 — g)F(?). Since g|y = 1, |Fi(¢)[(V;) = 0 and
(i1) holds. Also

F()(f) = F() (A - g)fi) > IFl—e>|Fll -«

and (iii) holds. For (iv), note that
|F(t) = F(1)|(K) =|h(1)gF(1)|(K) =0 ifre K\U,
since h| g\, = 0 and
|F(1) = F()|(K) <|gF()l(K) ifre U
But g| = 0 and then

gF()I(K) =[gF()|(K\ W) <|F(1)|(K\ W)
=|F(1)I(K) = |F()|(W) <||F| = |[F(£)|(W)
<||Fll=(|Fl-€e)=¢ ifte U.
Then
IF = Fll= sup{|F(s) - F(1)|(K): 1 €K} <.
The proof of the next lemma can be found in [3, Lemma 2.4].

LEMMA 5. Let F € C,.(K, M(K)), V,V, C K open sets, t, € V,, f, € C(K),
I follo = 1, be such that

@ |F()(V) =0,Vie V;

(b) F(2o)(fo) = |IF|l — &

@ fo()=1,Vre K\V,.

Then for every r > 2/3, there is F| € C,.(K, M(K)), and there is t; € V, such that

O |F(DIV) =0, VeV,
(i) Fy(1)(fo) = 1Bl — re;
(i) ||F — Fj|| < re.

THEOREM 6. NRA(C(K )) = L(C(K)).

PROOF. Let T € L(C(K)) and € > 0 be given, and let F € C,.(K, M(K)) be the
representative of 7.

Take 2/3 <r <1 and apply Lemma 4 to get F;, € C,.(K, M(K)), V;,V, C K
opensets, V, NV, = @, V,#* @, f, € C(K), || follo = 1, such that

@I|F)IV) =0,Vee V,;

(d) (1) fo) > 1Fll — e(1 = 7), VL € V33

©If() =1,V 1€ K\ Vy;

(DIIF = Fll < el —r).

Choose t, € V, such that

(') Fo(to)(fo) > 1Fyll — e(1 = r), and let X = || Fyl| — Fy(to)(f,). Then 0 < A <
el —r).
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Case .\ = 0.

In this case, | Fyll = Fo(20)(fo) = 8,(Tofy), where T, € L(C(K)) corresponds to
F,.

Defining p, = (sgn f4(4,))8,, we have po(fy) = |fo(£)| = 1, since ¢, € V, and
ViNnV,= @&, and |u)(K) = 1. Then (f,, po) € II(C(K)).

Also we have T, € NRA(C(K)), for

|H0(T0f0)| =|8:0(Tofo)‘ ="F0|| =”T0”-

From (d), ||T — T,|| = ||F — Fy|| < (1 — r) < ¢, and we are done.

Case I1. A > 0.

By definition of A,

(b7) Fy(1)(fo) = I Foll — A.

Now (a), (b”) and (c) allow us to apply Lemma 5 and get F;, € C,.(K, M(K))
and ¢, € V, such that

@) IF()[() =0,¥ 1€ Vy;

(b)) Fyi(1))(fo) = | Fill — s

(A I1F = Fll < rA.

Again (a,), (b;) and (c) allow us to apply Lemma 5 and get F, € C,.(K, M(K))
and ¢, € V, such that

@) |EMIV) =0,V e V,;

(by) B (1) fo) = |1Bll — r2A;

() IFy = Bl < r2A.

Following in this way we get sequences { F,} in C,.(K, M(K)) and {(¢,} in V,
such that for each n € N,

(®,) F,(1,)(fo) > IEl = r"A;

@) IF,oy = FJl < rA. )

Since K is compact, {t,} has a subsequence convergent to some ¢ € K. But
t, € V,,V n € N and then f € V,. We still denote this subsequence by {7, }.

On the other hand, if m > n > 1, by (d,,) it follows that

I -rl< £ IR-Ral<| £ )
k=n+1 k=n+1
Since r < 1, this shows that { F,} is Cauchy in C,.(K, M(K)) and so is {7, } in
L(C(K)), where T, corresponds to F,, Vn € N.
Let T € L(C(K)) be the limit of {T,} and F its correspondent in C,.(K, M(K)).
We have

n
IT = Tl <IT = To] +1T - Tl < (1 = 1) +( 3 rk)x
k=1

r
1-r

<e(l1-r)+ e(l1-r)=¢, VneN.

From this it follows that ||T — T|| < «.
It remains to show that T € NRA(C(K)).
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From |F(1,)(fy) = F,(1,)X(fo)| < |F = F,|| and (b,) we get
E(1,)(fo) = F,(1,)(fo) = IlF = FJl > |FJl = r"x = |F = |
>|F| —r"\-2|F-FJ|, VneN,
and since

0 n+1
||I:"—F,,||<( ¥y r")>\= lr__r}\<r"+1, VneN,
k=n+1

we have

F(1,)(fo) > IFll = r"e(1 = r) = 2r"le = |F|| = r"e(3 = r).

Now, since F is w *-continuous and 7, — 7 and r” — 0, we have

F()(fo) =IFIl or 8(Tf) =171

Also | fy(7)| = lim, , | fo(2,)| = 1, since f, is continuous, 7, - fand |fy(1,) =1
becauses, € V,and V, NV, = &.

Defining i = (sgn fo(7))8;, we have i € M(K), [A(K) = 1, and j(f,) = |fo(})] =
1. Then (fo, i) € II(C(K)).

Since |&(Tf,)| = 18:(Tfy)| > ||| and |IT|| = v(T), by Corollary 3, we get |L(Tf,)]

> o(T). But o(T) > |i(Tf,)}, and then v(T') = |i(Tf,)| and T € NRA(C(K)).

ACKNOWLEDGEMENT. We are grateful to Professor Joseph Diestel for introducing
us to the subject of this work and for his help during the preparation of this paper.

REFERENCES
1. I. D. Berg and B. Sims, Denseness of numerical radius attaining operators, J. Austral. Math. Soc. Ser.
A 36 (1984), 130-133.
2. N. Dunford and J. T. Schwartz, Linear operators. 1, Interscience, New York, 1958.
3. J. Johnson and J. Wolfe, Norm attaining operators, Studia Math. 65 (1979), 7-19.
4. J. Lindenstrauss, On operators which attain their norm, Israel J. Math. 1 (1963), 139-148.

INSTITUTO DE MATEMATICA E ESTATiSTICA, UNIVERSIDADE DE SA0O PAaULO, C. P. 20.570 (AG. IGUATEMI),
01498-SX0 PauLo, SP-BRASIL



