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A TOOL IN ESTABLISHING TOTAL VARIATION CONVERGENCE!'
K. R. PARTHASARATHY AND TON STEERNEMAN

ABSTRACT. Let X, X}, X,,... and Y, ¥}, V;,... be sequences of random variables
where X, and Y, are independent, Z X, — £ X, in total variation and £Y, = £Y,
in distribution. For certain mappings T sufficient conditions are given in order that
PLT(X,.Y,) > £T(X,.Y,) in total variation. For example, if (R, %) is the
outcome space of the X, and Y,, and if £ X, is absolutely continuous (with respect
to Lebesgue measure), then £( X, + Y,) » L(X, + Y;) in total variation.

1. Introduction. The set of finite signed measures on the measurable space (Z', %)
is a Banach space with the total variation norm || - ||, also called the L,-norm, which
is defined by ||7|| = |7|(Z), where |7| denotes the variation measure of 7. In the
sequel we shall be interested in the subspace of probability measures. For probabil-
ity measures P and Q,

(1.1) IP - Q= 2sup{|P(B) — Q(B)|; Be ) =fg|f—gld>\,

where f and g are density functions of P and Q, resp., with respect to a o-finite
measure A dominating P and Q (e.g. 3(P + Q)).

Let X,, X;, X,,... be a sequence of random vartivables with values in (%, %).
Define P, = #X, for n =0,1,2,.... We write X, = X, if ||P, — Py|| = 0. In the
following 2 will be a metric space and % the ¢-algebra generated by the open sets.
We write X, = X, if P, > P,.

The total variation norm can be used for a number of reasons. We shall present
some examples. Note that convergence in total variation is stronger than weak
convergence, see (1.1). Sometimes Scheffé’s theorem (see Theorem 3.3) is used in
order to establish weak convergence, but in fact total variation convergence is
shown. The total variation norm plays an important part in the derivations of
so-called zero-one laws or equivalence—orthogonality dichotomies of products of
probability measures. We refer to e.g. Kakutani (1948), Blum and Pathak (1972),
Nemetz (1975), Sendler (1975), Hillion (1976) and Steerneman (1983).

Suppose (%, F) = (R, 8, ), where %, denotes the o-algebra of Borel-measurable
subsets. The following results on weak convergence are well known. Let X, and Y, be

2
independently distributed k-dimensional random vectors, n = 0,1,2,.... If X, — X

2 2
and Y, - Yy, then X, + Y, - X, + Y. If c, € R,n=0,1,2,..., with¢, = ¢, then
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c, X, 2 coXo. If X 5 X,and Y, 5 Y,, then it follows from the Proposmons 3.1 and
3.2 that X, + Y, 5 X, + Y,. The question arises: What happens if X, 3 X,, and

2 v
Y, - YO instead of 7Y, 3 Y;? Can we conclude that X, + Y, 5 X, + Y, and
e, X, > coXo?

n n

In §2 we present a theorem which implies the desired results. §3 gives some
preliminary and useful results. The proof of the theorem in §2 is given in §4.

2. The main results. Let X, and Y, be independently dlstnbuted random varlables
with outcomes in (R, &,) forn = 0,1,2,.... Assume that X, 5 X,and Y, 5 Y, In

the Introduction we asked ourselves whether X, + Y, 5 X, + Y,. This question can
affirmatively be answered in case that £ X, is absolutely continuous (with respect to
Lebesgue measure). Under this additional condition we also have ¢, X, 5 co Xy if
¢, € Rforn=20,1,2,... and ¢, = ¢, # 0.

In the first case we are interested in T( »Y,) =X, + Y,. In the second situation
we are concerned with T(X,, c¢,) = ¢, X,. So, we become interested in the following
more general problem. Let X, and Y,, for n =0,1,2,... be independent random
variables with values in the respective mettvric spaces & a‘lvld Y. LetT: X ¥ — Zbea
measurable mapping. Suppose that X, » X, and Y, —» Y,. Can we give sufficient

conditions for T(X,, Y,) 5 T(X,, Y,)? The next theorem presents an answer to this

n’ n
question. The two results mentioned in the first paragraph of this section follow
from this theorem, but they can also be obtained as immediate consequences of two

corollaries given at the end of this section.

THEOREM 2.1. Let ¥ be a complete and separable metric space and let % be a metric
space with respective Borel o-algebras ¥, 9. Suppose p is a o-finite measure on
(Z,F)and {T,: > Z|y € ¥} is a family of bijections. Let the following conditions
be satisfied:

(i) the mapping T: Z X % — % defined by T(x, y) = T, (x) is measurable;
(i) the mapping T: X ¥ — X defined by T(x, y) = T, Y(x) is measurable, and
T(x, y) is continuous in y for each x € & ; ’

(ili) pT; ! is dominated by p for any y € ¥
@iv) there exists a measurable function h: & X ¥ — [0, 00) such that

(1) h(x, y) = (dpT; ' /dp)(x) a.e. x[u), forany y € ¥,

(2) h(x, y) is continuous in y for any x € ¥, and

(3) sup{h(x, y)ly € ¥, T, '(x) € K} < oo for each fixed x € ¥, K C %, di-

ameter K < 0. '

If (P}, {Q,}, n=0,1,2,..., are sequences of probabzlzty measures on (%, %),

(%, 9), respectively, Py < p,||P, — Py|| = 0,and Q, 5 Qoasn — oo, then

(P, x Q)T' =(PyXx Q)T }| >0 asn— .

For the proof of this theorem we refer to §4. The theorem has two simple
consequences.
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COROLLARY 2.2. Let & be a locally compact group satisfying the second axiom of
countability with Borel o-algebra %, and let {1,}, n = 0,1,2,..., be a sequence of
bimeasurable automorphisms of & such that 7, = 1, as n = oo, uniformly on compacta.
If {P,},n=0,1,2,..., is a sequence of probability measures on (Z, ¥ ), |P, — P||
— 0 asn — oo, and P, is dominated by a left invariant Haar measure on (X, &), then
I1Pr, ' — Porg | = 0.

PROOF. Note that Z'is a complete, separable and metrizable topological group. Let
% be the compact space defined by the image of the sequence {7,}, n = 0,1,2,...,
and Q, the Dirac measure at r,. O

COROLLARY 2.3. Let & be a locally compact group satisfying the second axiom of

countability with Borel c-algebra %, and let { P}, {Q,}, n = 0,1,2,..., be sequences
w

of probability measures on (%, % ) such that ||P, — Py|| = 0 and Q, = Q,as n — co.
If P, is dominated by a right invariant (resp. left invariant) Haar measure on (%, F),
then |[P, x Q, = Po* Qqll = 0 (resp. [|Q, * P, — Qo * Poll = 0) as n — co.

PROOF. Let & = Z'and define 7,(x) = xy. O

3. Preliminaries. From (1.1) we have the following result:

PROPOSITION 3.1. Let (%, ¥ ) and (¥, 9) be measurable spaces and T- & — % be a
measurable mapping. Let P and Q be probability measures on (%, %) and let PT™!
and QT ! denote the induced probability measures on (¥, %), then |PT™' — QT ||
<|IP-Ql

Sendler (1975) established the following result:

PROPOSITION 3.2. For i = 1,...,n let (%, #,) be measurable spaces and let P; and
Q, be probability measures on (Z,, %), then || X/_ P, — XL ,0,/| < LI I|1P; — Q,ll-
A very useful tool in establishing total variation convergence is Scheffé’s theorem

(see e.g. Billingsley (1968), pp. 223-224).

THEOREM 3.3. Let (¥, F) be a measurable space. Let P,, P,, P,,... be a sequence
of probability measures on (%, F) being dominated by the o-finite measure . For
n=20,1,2,... let p, € dP,/dp be a density function of P, with respect to p. If p, = p,
a.e.[pu], then ||P, — Py|| — 0.

4. Proof of Theorem 2.1. In (%, %, p), bounded, continuous functions with
support of finite diameter are dense. If f; is a version of the Radon-Nikodym
derivative of P, with respect to u, then choose for any ¢ > 0 a nonnegative, bounded,
continuous function f, with support of finite diameter such that [ f,dp = 1 and

(4.1) [V, = foldn <ce.

Define

P‘(E)=f£fsdp, EeZ.
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Now we have according to Propositions 3.1 and 3.2

||(Pn X Q)T ' =(Pyx QO)T_IH
<[P, x Q)T =(Pox Q)T +[(Py x Q)T' = (Pt x 0,)T7!|
+[[(Px Q)T = (Pt x Q)T [+ [(P* X Qo) T~ = (Py x Q)T
<||P, = Pyl +P, — P|
+[[(Px Q)T = (P*x Q)T | +|P* = P
By (1.1) and (4.1) we obtain
(4.2) limsup (P, X Q,)T™" = (Py X Qo) T

n— o0

< 2e+ limsup |[(P* % Q,)T™' — (P x Qo)T7|.

h— o0

Forany E € #,n=0,1,2,..., and ¢ > 0, we derive

(Pex Q,)T" l(E)—f f (T,(x)) dP*(x) dQ,(»)
= [ [ 1:(T,(0)) £.(x) du(x) dO,(»)
= [ [ 1GL(T71 () A(x, p) dQ, () dp(x)

= [ 8i(x) du(x),

E

where I is the indicator function of E and

(4.3) gi(x) = [ (T () A(x, ¥) dQ,(»),

So g¢ is a probability density function (with respect to p) of (P¢Xx Q)T '. On
account of the conditions (i) and (iv) we have that f,(T, (x))h(x, y) is bounded
and continuous in y for any x € . Since Q,, — @, it now follows from (4.3) that

lim gf(x) =g§(x) foranyx e Z.
nh— o0

By Scheffé¢’s theorem
lim ||(P*%x Q,)T ' =(P*x Qy)T | =0.
n—co

The proof is completed by using (4.2). O
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