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UNIFORM DISTRIBUTION OF SECOND-ORDER LINEAR
RECURRING SEQUENCES

G. TURNWALD

ABSTRACT. A complete classification is obtained for all second-order linear recurring
sequences uniformly distributed modulo an ideal of a Dedekind domain.

1. Introduction. A sequence of rational integers is said to be uniformly distributed
modulo m (u.d. mod m) if every residue class appears with the same asymptotic
frequency. Uniform distribution of second-order linear recurring sequences was first
investigated in special cases [4, 5, 9]; then several authors obtained (partial) results
concerning u.d. modulo prime powers [2, 6, 8, 16]. Finally, R. T. Bumby provided a
complete solution [1]; cf. [7, Chapter III]. The corresponding problem for order three
was solved by Knight and Webb under the additional hypothesis that m is relatively
prime to 2,3,5 [3]. Bumby remarks that his methods could possibly lead to a
solution of the corresponding problem with algebraic integers. This is indeed the
case (and was carried out by the author; unpublished), but the approach presented
here leads to considerably more general results. Specializing to rational integers, our
method yields an elementary proof of Bumby’s result, totally avoiding algebraic
number theory. It is also possible to obtain a characterization of u.d. third-order
linear recurring sequences in a similar way; the result, however, becomes very
complicated [15]. The special case of rational integers (formulated in [13]) completes
the investigations of Knight and Webb. The method presented here also leads to
partial results concerning u.d. modulo prime powers for linear recurring sequences
of arbitrary order [13, 15]. Uniform distribution modulo a prime ideal (of finite
norm) in a Dedekind domain amounts to u.d. in a finite field, which was investi-
gated by Niederreiter and Shiue for linear recurring sequences up to order four [10,
11].

This paper is distilled from my thesis [14], written under the supervision of Dozent
R. F. Tichy. The case of order two that is treated here was excluded in [15], where
the larger part of the thesis is published. (The results of §§2 and 3 essentially appear
in [15] too, but mostly without (complete) proof.)

2. Linear recurring sequences. Let R be a commutative ring with unit element; let
(u,) be a sequence of elements of R. A polynomial Ya, x* with coefficients in R is
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called a characteristic polynomial of (u,) if Ya,u,., = 0 for all n > 0. If a(x) =
Ya,x* is a characteristic polynomial and b(x) = £b,x* is an arbitrary polynomial,
then a(x)b(x) again is a characteristic polynomial of (u,), since

Zaibjun+i+j = ij(zaiun+i+j) =0.

ij J i

If (u,) admits a monic characteristic polynomial ¢(x), we call (u,) a linear

recurring sequence with characteristic polynomial ¢(x). We do not require that c¢(x)
has minimal degree. Even a restriction to monic characteristic polynomials of
minimal degree would not guarantee uniqueness: In a ring of characteristic 4 the
sequence (2,2,0,2,2,0,...) admits the different monic characteristic polynomials
x?—x—1and x*+ x + 1 of degree two, but none of degree one. In a unique
factorization domain, however, uniqueness can be proven [14, Proposition 1.1.4]. By
an rth-order linear recurring sequence we mean a sequence that admits a monic
characteristic polynomial of degree r; again, no minimality condition is assumed.
Such a sequence (u,) is uniquely determined by a characteristic polynomial of
degree r and the initial terms u,, ..., u,_;.

LEMMA 1. Let I be an ideal of R and let (u,) be a linear recurring sequence with
characteristic polynomial ¢(x). If La,x* = 0 (c(x), I) then Ya,u, ., = 0 (I) for all
n = 0.

PROOF. By assumption there exists a polynomial b, x* with coefficients in I such
that Y(a, — b,)x* is a multiple of ¢(x). Hence, ¥(a, — b,)u, ., = 0 and La,u, .
=3(a, — b )u,,., =0().

For the following calculations it is useful to observe that the congruences
f(x)=0(c(x),I)and g(x) = 0(c(x),J)imply f(x)g(x) = 0 (c(x), I]).

LEMMA 2. Assume that x"(x' — 1) = 0 (c(x), I). Then
x2(x* = 1) = x>k (x' = 1) (c(x), I?)
and
X3 (xk —1) = x3"k(x' = 1) + x3"(]2()(x’ - 1)2 (c(x),1?)
for k > 0.

PrROOF. From
k Kk i
xK=1=(1+(x"'-1)) -1= ) ( .)(x’— 1)’
j=1\J
and x2"(x' — 1)%2 = 0 (c(x), I*) we deduce

x(xk-1) = xz”(llc)(x’ -1)(c(x), 1?).

Analogously, the second assertion follows from x3"(x/ — 1) = 0 (¢(x), I3).
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THEOREM 1. Let I be an ideal of R and assume that a = 0 (I) for a positive integer
a. If x"(x' — 1) =0 (c(x),I") (ny > 0;1, hy > 0) then for every linear recurring
sequence (u, ) with characteristic polynomial c(x) we have

(@) U,y gy = u, (1" forh > 0, n > 2"n,,

(b) U hy =, + k(uyyy — u,) (I2%0) forn > 2n,,

©) Upypury = U, + ka" Yu,, , — u,)(I**") forh >0, n>3-2""1n,,

d) U, gy =u, + ka"(u,.,— u,)(I**") forh >0, n>3-2""n,, aodd.

PrROOF. By Lemma 1 it suffices to show that

(@) x"0(x" = 1) = 0 (e(x), "),

(t') x>"o(x* = 1) = x?k(x' = 1) (e(x), I*"),

() x3‘2"“'n(,(xku"l -1 = x3~2"“'n(,kah—1(xu/ — 1) (e(x), 12h(,+h)’

(d/) x3~2”“n(,(xku"l -1)= x3‘2""nokah(xl - 1) (e(x), IZh(,+h)-

To simplify the notation we write n instead of n, in the sequel.

From x2'"(x4"! = 1) = 0 (¢(x), I"**") we conclude that

xz"“n(xa"“/ _ 1) = Xz"“na(xa"/ _ 1) (c(x)’12h0+2h)

by Lemma 2. Since x*"a(x“"! — 1) = 0 (c(x), I"***1) and hy+ h + 1 < 2h, +
2h, this proves (a’) by induction, the case & = 0 being trivial. Lemma 2, again,
proves (b').

Since 2k, + 1 < 3h,, Lemma 2 shows that

x3n(xkal _ 1) = x3nk(xal _ 1) + x3n(12()(xa/ _ 1)2 (c(x), 12h0+1).

From x"(x* — 1) =0 (¢(x), I") and x*"(x% — 1) =0 (c(x), I"°*!) (case h =1
of (a’)) we conclude

x3n(xal _ 1)2 =0 (C(x)’12h0+1).

This gives case & = 1 of (¢’). By (a’) we have x2'"(x*"/ — 1) = 0 (c(x), I"***) so
that, by Lemma 2,

x342"n(xaka"1 _ 1) = x3~2"na(xka"l _ 1) + x3~2"n(‘21)(xka"l _ 1)2 (C(X), 13(h°+h))-

Since x22'7(xka" —1)2 =0 (c(x), [X"*M) and 2k, + h + 1 < 2(hy + h), the
second term vanishes mod 72#*#+1 and we obtain

L] h+1 .9h h
x32 n(xka 1 _ 1) = x32 na(xka | _ 1) (c(x),12h0+h+1)'

The proof of (c’) now follows by induction since a = 0 (I).
If a is odd, then (§) = a(a — 1)/2 = 0 (I). Hence

n a 2 —
o (2)(x1 —1)> = 0 (1%40*1),
and Lemma 2 gives

x3(x4 —1)=x*a(x'-1) + x3”(g)(x’ - 1)2 = x*a(x' = 1) (e(x), [*ho*1).
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Since a"~! = 0 (J*71), this implies
x3~2"-'nah—1(xa/ _ 1) = x3-2"-1nah(x/ _ 1) (c(x),]2h0+h)‘

Now (d’) follows from (c¢’).

3. Uniform distribution. From now on we assume that R is a Dedekind domain,
i.e., an integral domain in which every nonzero ideal admits a (unique) representa-
tion as a product of prime ideals. Equivalently, a Dedekind domain may be defined
to be a Noetherian integrally closed domain where every nonzero prime ideal is
maximal. The examples we have in mind are p-adic integers or the ring of integers in
an algebraic number field (of finite degree). We define the norm of an ideal I by
N(I)=|R/I|. If I and J are ideals with finite norm, then N(IJ) = N(I)N(J) (cf.
{12, Chapter 8, A]). By the corresponding (rational) prime p of a nonzero prime
ideal P, we mean the characteristic of the field R/P. If N(P) is finite, it is a power
of p.

A sequence (u,,) of elements of R is called uniformly distributed (u.d.) mod I if /
is an 1deal of finite norm and

lim nY{k|0 <k <n,u,=x(I)}|=1/N(I)

for every element x of R. If (u,) is u.d.mod I and [ is contained in J, then (u,) is
u.d. mod J, since every residue class mod J consists of N(I)/N(J) residue classes
mod I. If (u,) is periodic mod I and u.d. mod I, then every period must be divisible
by N(I).

Let (u,) be a linear recurring sequence with characteristic polynomial c¢(x). We
assume that c¢(x) splits into linear factors modulo P and that all factors incongruent
to x occur with multiplicity at most two; P denotes a fixed prime ideal of R.

LemMa 3. (a) If (u,,) is u.d.mod P, then N(P) = p,
Ujpnp-1n=U; + n(uj+p—1 - uj) (P), Ujpoy —u; =0 (P) forj=jo

and u;, p,_1 = u;(P") forj > jo(h) and h > 1.

() IfN(P)=pandp > 2, thenu;, ,p,—1y = u; + np" " Nu;, o1y = 4,) (P"*)
forj = jo(h) andh > 1.

() IfN(P)=pandp > 5, thenu,, ,, ,= u; + p(u;,,_ — u;) (P?) forj > jo.

PROOF. By definition of u.d. mod P, N(P) is finite. Let n, be the multiplicity of x
in the factorization of ¢(x) modulo P. Then setting ¢ = N(P) we have

x"(x771 = 1)> = 0 (c(x), P),
since every linear factor incongruent to x is a divisor of x7°!' — 1 and the
multiplicity is assumed to be at most 2. Hence,
x"o(xP@™D — 1) = x"(x97! = 1) =0 (c(x), P).

By Lemma 1 this implies that (u,) has period p(q — 1) modulo P. If (u,) is
u.d. mod P every period length must be divisible by ¢ = N(P); hence, we conclude
q = p. From

x"0(x"P7D — 1) = x"((1 +(x?71 = 1))" = 1) = x"0 él(’;)(xp" -1)’
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and
x"o(x?71 = 1)" = 0 (e(x), P),
we deduce
x"(x"®P~D —1) = x"on(x?" ! = 1) (c(x), P).

Again, by Lemma 1 this implies u;, ,,_1y = %, = n(u;,,_y — u;) (P) for j > j, =
ny. We now apply Theorem 1 (with I = P, a =p, hy =1, | = p(p — 1)) to obtain

(after a change of notation)

Upsphp-y=; (P") forh>1, j>jy(h)

and
Ujswphp—ty = U + " Ny ppmny —u;) (PP*Y) forh > 1, j = jo(h), p>2.

If u,,,  —u;=0(P)forsome j > jo, from u; ., 1y —u;=n(u;,, ; — u;)(P)
we see that the residue u; mod P appears at least p times (forn = 0,...,p —1)ina
period of length p(p — 1); but if (u,) is u.d.mod P every residue must appear
p — 1 times, since the number of residues is p = N(P). This concludes the proof of
(a) and (b). To prove (c) we first remark that

p

X2 (xP(P=D _ 1) = x2m0 3 (?)(xp_l Y
J

x?(p(xP = 1) +(x*7! = 1)") (c(x), P?),

since (/)=0(P)forl1<j<p—1and x"(x?"1 -~ 1)2=0(c(x),P). For p > 5
we have x2"(x?~! — 1)? = 0 (c¢(x), P?); hence,

x20(xPP~D — 1) = x2"0p(x?~1 = 1) (c(x), P?),

which implies u;, ,(,_1) = #; = p(u;,,_ — u;) (P*) for j > 2n,.
REMARK. If ¢(0) # 0 (P), then we may take n, = 0; hence the conditions given in

the lemma hold for j > 0.

LEMMA 4. Assume that p = 2 and (u,) is u.d. mod P2. If p = 0 (P?), then (u,) is
not u.d. mod P3; if p # 0 (P?), (u,) is u.d. mod P" forallh > 1.

PROOF. As in the proof of the preceding lemma, we conclude that x"(x — 1) =0
(¢(x), P), since (u,) is u.d.mod P. We define r(x) = Lr,x* to be the residue of
x"(x2 — 1) modulo ¢(x). From x"(x2— 1) = x"(x — 1)2= 0 (c¢(x), P) we see
that r(x) =0 (c(x), P). Hence, r(x) is divisible by ¢(x)mod P, which implies
r, = 0 (P) for all k, since the degree of r(x)mod P is smaller than the degree of
c(x)mod P (= deg(c(x)) since the leading coefficient is 1). Observing that
x"0(x%k — 1) = 0 (c(x), P), we see that this implies

x"°r(x)2 = x"Y rix? =Y r2(x"(x* — 1) + x")

=x")ri= x"“(Zrk)z (e(x), P?).
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From x"°(x? — 1) = r(x) mod(c(x)) we deduce
x2m0(x2 — 1) = r(x)? mod(c(x)).
Hence,

x30(x4 = 1) = 2x30(x2 = 1) + x30(x2 — 1)> = 2x¥0(x2 — 1) + x"r(x)’

=2x3"(x?—-1) + x""(Zrk)2 (e(x), P?),
and, by Lemma 1,

Uit3ng+a — Ujtan, = 2(“_/+3n0+2 - uj+3n0) + uj+n0(zrk)2 (P3)-
From x"o(x? — 1) = 0 (¢(x), P) and

x2M0 (x4 = 1) = 2x20(x2 = 1) + x2(x2 = 1)° = 0 (e(x), P?),
we see that u; ., =u; (P) and u; ,=u; (P?) for j > j,=2n,. Since (u,) is
u.d. mod P2, each of the four residues mod P? must appear once in a period, which
implies u,,, # u; (P?)for j > j,, ie., u;,, — u; lies in the unique residue class mod
P? that belongs to P but not to P2. We conclude that u,,; — u;,, = u;,, — u;
(P?) for j > j,. Since u,,, — u; = 1 (P), we finally obtain

Z’k = Zrk(uj+1+k - uj+k) = (uj+n0+3 - uj+n0+l) _(uj+n0+2 - uj+n0) =0(P?)

(taking into account that x"(x* — 1) = Er,x* mod (¢(x)) implies u;,, ., — 4.,
= ¥ru,, ). Hence, (r,)* = 0 (P*) and

Uivsng+a — Ujrsn, = 2(uj+3n0+2 - uj+3n0) (P?).
If 2 = 0 (P?), this means that (u,) has period 4 mod P3; since 4 is not divisible by
N(P3?) =23 (u,)is not u.d. mod P3. Now let us assume 2 % 0 (P?); then the above
relation yields u;,, —u; # 0 (P?) for sufficiently large j. Theorem 1 now gives
(I=P,a=2hy=11=2,k=1)

Upgrer =ty + 27Ny g — uy) (PP2) forh >0, j>3-2" I,

Hence,

up o = u; (P*1) and  w e #u, (P"*?)  for j > jo(h), h > 0.
By assumption, (u,) is u.d.mod P2, i.e., every residue appears once in a period of
length 4. Since u;, , # u; (P?), this implies that every residue mod P* appears once
in a period of length 8. Inductively we conclude the analogous statement modulo P*
for all A, i.e., (u,)is u.d. mod P for all h.

THEOREM 2. Let I be a proper ideal of the Dedekind domain R and let (u,) be a
linear recurring sequence (of elements of R) with characteristic polynomial c(x).
Assume that for every prime divisor P of I, ¢(x) splits into linear factors modulo P and
that the factors incongruent to x appear with multiplicity at most two. Then (u,) is
u.d. mod I if and only if the following conditions hold:

(1) If P|I then (u,) is u.d.mod P; if P*|I and p =2 or p =3, then (u,) is
u.d.mod P2,

Q) If P{Iandp > S, thenp = 0 (P?); if P\l andp =2 orp =3, thenp 0
(P2).

(3) If P|I (i = 1,2) and P, # P,, then N(P)) # N(P,).
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PROOF. We assume first that (u,,) is u.d. mod /. Then (u,,) is u.d mod every divisor
of 1. This proves (1). For P2|I and p > 5 we deduce
Ujip(p-1 = U; T P(u,‘+p—1 - u,') (P?)
from Lemma 3(c). Assume p = 0 (P?); then u,, ,, ;) = u; (P?) (for sufficiently
large j), which is impossible since the period must be divisible by N(P?) = p2. If
P3|I and p = 2, the preceding lemma implies p # 0 (P?). For the remaining case
p = 3 we use Lemma 3(b) to obtain

Ujspr(p-n = Y, + p(uj+p(p—1) - “j) (P?)
so that

uj+p2(P_1)Euj(P3) iprO(Pz).

Since p%(p — 1) is not divisible by N(P3) = p>, (u,) cannot be u.d. mod P?; hence
P3 cannot divide 1. This concludes the proof of (2).

Assume P,|I (i =1,2) and P, # P,; then PP, divides I. Hence, the period of
(u,) modulo P, P, must be divisible by N( P, P,). By Lemma 3(a) we have N(P,) = p,
and (u,) has period p,( p; — 1)mod P,. From N(P,) = N(P,) we obtain p, = p, =
p, so that (u,) has period p(p — 1)mod P,P, = P, N P,. Since p(p — 1) is not
divisible by N(P,P,) = p?, we arrive at a contradiction. Hence, N(P,) # N(P,).

Now we assume (1)-(3). If P|I then, by (1), (u,) is u.d. mod P, so that Lemma
3(a) shows N(P)=p and u,, ., 1, =u,(P") for h > 1, j>j(h). By (3), a
rational prime p belongs only to one prime ideal. Hence, every divisor of I may be
written in the form [1P! - P* p, <p,< --- <p; [IP! may be the empty
product. In order to prove that (u,) is u.d.mod I, we may therefore proceed
inductively and show that (u,) is u.d.mod [TP/ - P**! provided (u,) is u.d. mod
[1p/ - P, P**!|1, and p, <p, < --- < p. The first step is given by the first part
of (1). If p = 2, the assertion follows from (1),(2), and Lemma 4. In the following
we assume p > 2. Define / = [1p!( p, — 1); then (u,) has period / modulo NP/ =
[P/, so that u,,,, — u; = n(u,,, — u;) ([1P/") for sufficiently large j. By Lemma
3 we have

u =n(u;

Ujrnp*(p—1) — Y j+p*(p—1)

—u;) (P**Y) fork >0, j > jy(k).
Hence,

Ui ik pory = ;= (g i, _qy — u;) (TP - Pk+1),

If we can prove u; ,«,_1)—u; %0 (P**1), then the last congruence means that

Ujsmipt(p—1y (n=10,...,p—1) runs through the p residues mod ITP/ - P¥*!

belonging to the residue u; mod [1P} - PX Since (u,) has period
Ip*(p — 1)mod TP/ - P, this implies that (u,) is u.d. mod [1P/: - P¥*! provided
(u,) is u.d. mod [TP/ - P*. From u,, ;,x,-1) = 4; = 1(u;, i p—1, — ;) (P¥*1) and

(1, p) = 1 (since p; < p for all i), we see that it remains to prove u,, «,_1y — 4, =0
(P*k*1). If k = 0, this follows from Lemma 3(a). If kK > 1 and p > 5 we have, by

Lemma 3,

Upsprip1y = U = P (typpony = u) = P (U g — u) (PET1).
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Since, by (2), p # 0 (P?) and u i+p—1 — 4; # 0 (P), this proves the assertion in this
case. Now suppose p = 3. By (1), (u,) is u.d. mod P2. If Uispp-1y— ;=0 (P?)
for some j > j, then u;,,,,—1 = 4, = n(u,,,_1,— 4,) (P?) implies that the
residue u; appears p times (for n = 0,..., p — 1) in a period of length p*(p — 1).
Since there are p? residues mod P?, each of them must appear (p — 1) times.
Hence, u;, ,,-1y—u;#0 (P?) for all sufficiently large j. Consequently, the
assertion is equivalent to p¥~! # 0 (P*),ie., p # 0 (P?)if k > 1. To conclude the
proof we remark that k > 1 and P**!|I imply P>|I; hence, p # 0 (P?) follows
from (2).

REMARK. (1) Let (u,) be a linear recurring sequence with arbitrary characteristic
polynomial ¢(x), and let P be a prime ideal with finite norm. Assume that c¢(x) has
no multiple factors mod P except possibly the factor x, whose multiplicity we denote
by n,. If d is the degree of the splitting field of c(x) over R/P, c¢(x) divides
x™(xNMP=1 _ 1ymod P, i.e., x"o(x NP1 — 1) = 0 (¢(x), P). Then, by Lemma 1,
(u,,) has period N(P)¢ — 1 mod P. Since this number is not divisible by N(P), (u,,)
cannot be u.d. mod P. Hence, in order that (u,) be u.d.mod P, ¢(x) must have a
nontrivial multiple factor mod P.

(2) Conditions (2) and (3) of the theorem are satisfied trivially if R is the ring of

rational integers.

4. The case deg(c(x)) = 2. Apart from a substantial simplification of the proof of
Lemma 4, restriction to second-order linear recurring sequences would only have
entailed minor simplifications (mainly due to the fact that we could assume n, = 0)
in the preceding investigations. The restriction is essential for the following complete
classification, however.

THEOREM 3. Let I be a proper ideal of the Dedekind domain R and let (u,) be a
linear recurring sequence (of elements of R) with characteristic polynomial ¢(x) =
x? = ¢,x — ¢y Then (u,) is u.d.mod I if and only if the following conditions hold:

(1) If P|I, then N(P)=p, ¢} + 4cy=0 (P), ¢y =0 (P); 2u, £ cyuy (P) for
p>2,u Euy(P)forp=2 IfPIandp =2, thenc, = 0 (P?), co = 1 (P?); if
P2|Iandp = 3 thency + ¢} = 0 (P?).

Q) If P |[I andp > 5, thenp = 0 (P?); if P’{landp=2 orp=3, thenp =0
(P).

3) If P|I (i = 1,2) and P, # P,, then N(P,) # N(P,).

PROOF. By part (1) of the last remark we only have to show that (1) is equivalent
to condition (1) of Theorem 2. Let P be a prime ideal. If (u,) is u.d.mod P then
N(P) = p by Lemma 3(a). The conditions ¢, # 0 (P) and ¢} + 4¢c, = 0 (P) again
follow from the above-cited remark since they are equivalent to ¢(x) = (x — a)?
(P) for some a = 0 (P). From ¢(x) = (x — a)? we conclude

au, = ((u; — aug)n + aug)a” (P).
Since a?~! = @V -1 = 1 (P), we obtain

a(uj+n(p—1) - “j) =n(u - a“o)(P - Da’= -n(u, - auy)a’ (P).
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If u; — auy, = 0 (P), this means that (u,) has period p — 1mod P; hence (u,) is
not ud.mod P. If u; —au,# 0 (P), then the subsequences (¥, ,,-1)) (J =
0,..., p — 2) are u.d. mod P, being nontrivial arithmetic sequences mod P. Since
(u,,) is the union of these subsequences, we finally obtain that (u,) is u.d. mod P if
and only if u; — auy # 0 (P). For p = 2 this means u; — u, # 0 (P); for p > 2 the
condition is equivalent to 2u; # c,u, (P)since 2 = 0 (P) and 2a = ¢; (P).

Let (u,) be ud.mod P. Assume p = 2 first. We have to show that (u,) is
u.d. mod P2 if and only if ¢, # 1 (P2) and ¢; = 0 (P?). Since (u,,) is u.d. mod P, we
have ¢, =1(P), ¢; =0(P),and u;,; = u; + 1 (P) for j > 0. By Lemma 3(a) and
the following remark, u,, , = u; (P?) for j > 0. Hence, (u,) is u.d. mod P? if and
only if u, # u, (P?) and u, # u; (P?). The second condition may be replaced by
U, — u; = u, — uy (P?). Since

(us = uy) = (uy —up) = (Cluz +(co = Duy) '(01“1 +(co = 1) ug)
= ¢ (uy —uy) +(co = 1)(u; — ug) = ¢; +(¢cg— 1) (P?)
and
Uy — ug = cyy +(co— Dug= ¢, (ug+ 1) + (¢ — Vu,
= (c; + ¢ — Dug + ¢, (P?),
we obtain the conditions ¢, + (¢, — 1) =0 (P?) and ¢; # 0 (P?), which are
equivalent to ¢, — 1 # 0 (P?)and ¢, = 0 (P?).

Now assume p = 3. We prove that (u,) is u.d. mod P2 if and only if ¢, + ¢ # 0
(P?). By Lemma 3 we have ui,e=u;(P)and u; ¢, =u; + n(u; ¢ — u;) (P?) for
J = 0.1f, for some j, u; . —u; =0 (P?), then u; appears three times (for n = 0,1,2)
in a period of length 18; hence, (u,) is not u.d. mod P? in this case. If uj,e—u 0
(P?), then u;,, (n = 0,1,2) runs through the three residues mod P belonging to
the residue class of u; mod P. Since (u,) is u.d.mod P and u; ¢ = u; (P), this
implies that (u,) is u.d. mod P2 provided u ive E U (P?) for all j. As in the first
part of the proof we have c(x) = (x — a)? (P), a £ 0 (P); hence ¢, = -a® (P),
¢, = 2a (P). From c¢(x) = c(a) + (2a — ¢;)(x — a) + (x — a)® we conclude that
c(a)(x —a)+ (x — a)® = 0 (c(x), P?), since 2a — ¢;) =0 (P), and (x —a)*=0
(¢(x), P). Observing that

x*—a*=(x-a) +3ax(x—a) and x(x—a)=a(x—a)(c(x),P),
we obtain

x*—a®= —c(a)(x — a) + 3a*(x — a) = (3a® — c(a))(x — a) (c(x), P?).
Since x> —a’*=(x-4a)>’=0 (c(x),P) and x>+ a®=x3—a®+ 2a*>=2d°
(c(x), P), this yields

x8—a® = (x% - a®)(x® + a®) = 24°(3a? - ¢(a))(x — a) (c(x), P?).

From a2 = a¥®~! = 1 (P) we obtain

a®=1+3(a*>—1)+3(a® - 1) +(a* - 1)’ = 1 (P?).
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Hence (by Lemma 1),
o — u; = 2a*(3a*> = c(a))(u;,, — au;) (P?).

Since u;,; —au;=a(u;—au;_ )= --- = a’(u; — auy) (P) and u; — auy =0
(P), u;, ¢ — u; % 0 (P?) is seen to be equivalent to 3a> — c(a) = 0 (P?). Taking
a = 2c¢, (a was only subject to the condition ¢; = 2a (P)), we finally conclude that
(u,) is u.d. mod P? if and only if

i+ co=3-4dc} —(4c} — 2¢f — ¢) = 0 (P?).
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