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A NOTE ON A LEMMA OF ZO
R. FEFFERMAN

ABSTRACT. In this article we prove that a general class of singular integrals on
product spaces maps L log L boundedly to weak L!. We use this to prove a theorem
about maximal functions which generalize the strong maximal function.

Introduction. In [1] Zo proved the following result:

LEMMA. Suppose that { K (x)}, e . is a collection of kernels on R" satisfying

(1) [ K (x)|dx<C forallacst
R"
and
(2) [ sup |K(x + h) — K (x)|dx < C forallh # 0.
|x|>2|h acw

Then for T *f(x) = sup,c o |f * K, (x)|, we have
m{T"‘f(x) > A} < (SN fllerny  forall X > 0.

The idea behind the proof of this result is the Calderén-Zygmund decomposition
[2, 3] of an L' function. Our purpose here is to extend the lemma of Zo to product
spaces, and the machinery used in doing this is given in [4 and 5]—namely, Journé’s
geometric lemma, together with an atomic decomposition for Llog™ L functions
which closely resembles the atomic decomposition for H! functions in the “product
setting”. In order to carry out the extension we desire, we shall first prove (as is
needed in the classical case) a kind of Calderon-Zygmund theorem for product
spaces. This is announced in [5], and we shall indicate here the ideas which must be
added to those in [5] in order to prove such a theorem. After this is done, we shall
proceed to state and prove Zo’s Lemma for product spaces.

A Calderén-Zygmund theorem. We shall begin with some notation. Suppose that T
is an integral operator with kernel K on R". This means that Tf(x)=
Jrn K(x, y)f(y)dy for x € R". Suppose that T is bounded on L*(R") with opera-
tor norm ||T'|| ;2 ;> and that K satisfies

(*) f |K(x,y) - K(x,y")|dx < Cy"® for some & > 0,

Ix=yI>vly=y'|
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242 R. FEFFERMAN

and every y > 2. Then we define the Calderén-Zygmund norm of T, ||T||z, by
ITllcz =|IT ||z, 22 + inf{C > O|* holds}.

Now suppose that K(x,, y;, X5, y,) is a kernel defined for x;, y, € R" and x,,
y, € R™. For each fixed x, and y, we define the integral K'(x,, y,) which acts on
functions on R™ as the operator whose kernel (which we also denote
kl(xu »1)(x3, y2)) is given by Kl(xp y(x2, ¥) = K(xy, yy, X3, y,). We define
K %(x,, y,) similarly. Then we have the following result [5]:

THEOREM. Let K(x,, y,, X5, y,) be defined for x,, y, € R" and x,, y, € R", and
let

Tf(xl’xz) = /f K(xp V1> X2 yz)f()"p )’2) dy, dy,
R"X R™

or (x,,x,) € R" X R™. Assume that
1 X2
(1) T is bounded on L*(R" X R™).

@ [

xXp=nl>vln —nl

) - Kl(xl’ y{) ”czdxl <Cy™? forally>2,

(3) f ||I€'2(x2,y2) - K*(x,, ;) ||Czdx2 < Cy % forally>2.
[x2=wl>vly, =¥l
Then for functions f(x,, x,) supported in the set {(x,,x,)| |x;| <1, i=1,2} we
have the estimate

m{ (x1, x)|1x 1< 1, x| < 1, |Tf (1, x,) | > )\} < (/M) fleiog* 2

PROOF. Given f(x,, x,) supported in {|x;] < 1} X {|x,| < 1} = §, we may write
f (in S) as f(xy,x,)=f; + f,(x)) + f5(x;) + fu(x;, x,), where f, is constant,
Jip<1 fa(x)dxy = 0, [l <1 fi(x2)dxy = 0, [ <1 fa(xy, X5)dxy = 0 for all x,,
Jixa<1 fa(x1, x2)dxy = 0 for all x,, and || fill L1og . < CllfllL10g 1 for i < 4. To han-
dle f,, of course, we may use the L?> boundedness of 7. To handle f, and f;, we
proceed as follows: Identify f,(x,) with a function of x; with values in L?(dx,)
which happen to be constant on |x,| < 1: fo(x;)(X3) = fo(X1)X)x, <1(X,)- Then
f, is a function in H' of the x, variable with values in L2. By the vector
valued classical Calderon-Zygmund theory it follows that for Tf(x,) =
| KY(xy, 1) f2(»1) dyy, we have Tf, € L with values in L% Restricting our attention
to {|x,| < 1}, we see that 7f, belongs to L' with values in L'(|x,| < 1; dx,), and
this implies that Tf, belongs to L!(S).

We now handle the main term, which is T( f;). We assume || fy| 105 . = 1. We first
obtain an atomic decomposition of f,, proceeding as in the H” theory in [5]. Here,
because the area integral of f, (with respect to a function §), S,(f,) is in Weak LI,
applying the same argument as in [5] we obtain a decomposition f, = X¥__ a,
where the a, are atoms with the following properties: There exists a constant
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C > 10'° 5o that

1. a, is supported in an open set €, with m(Q,) < 1/C¥,

2. each a, can be further decomposed as ¥ e, , where a,  is supported in the
double of the maximal dyadic subrectangle R C ,, has mean value 0 in each of the
x, and x, variables separately, and

2 2
Yl ez < €5 laels: < C*
R

Now given a > 0, we wish to prove that

m{ (x1,x2) € S||T(£)|> 0‘} < (C/a)”fa.”uogL(S)-
To do this, suppose that « satisfies C¥ < a < CV*1. Then, since

N+1 N+1
Y oaf < X lald,<ACM? < AdV?,

k=-00 2 k=-00

Cl
>a) s —

a

for some constants 4, 4’, we have

f [ % o

k=-00
To handle T(X?_y.,a,), we consider the atom a,, k > N + 1, along with its fine
structure. a, is supported in £,, whose measure is at most 1/C* and can be written
as a, = Xza, g, Where R is a maximal subrectangle of ,. In [5] (see also [4]) it is
shown how to construct rectangles R 2 R with the properties

(*) m(UR) < am(@,) and L[ |T(a z)dx <

R "“»ry

N+1 2

Zak

k=-00

C/I
a .

<
2

If the reader examines the proof of (*), it will be clear that if we dilate each Rbya
factor of (C,/100)*~N/4+m 15 produce R, then
C 3(k—N)/4 B _ 1
(%*) m(UR) < (100) m(Q,) < ACTV/H 0~
and
2/ IT(a, g)|dx < AC¥*=™ for some 8’ > 0.
R "<k
(In (*) and (**) R runs through the maximal subrectangles of £,.)
Let us now sum the estimates of m(UR) over all k > N. This tells us that

m(Uk > NUR C QR maximalR) < A,/a‘
Summing the second estimate of (*x) over k > N produces

[z )

CE k>N

dx < A,

where E = U, , yUrcq,. r maxima,I:Q. Applying Chebychev’s estimate, we complete
the proof that m {|T(f,)| > a} < 4/a, since

m{'T( EN"*) > a} <m(E) + %f

e

dx.

L)
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A Zo lemma. Now we shall prove a product version of Zo’s lemma. To do this, we
require some notation. For a kernel K(x,, x,) on R" X R™ recall that we denote by
K'(x,) the operator which acts on functions of the x, variable by convolving with
K(x,,). K?*(x,) is defined similarly. Suppose that we are given a collection of
kernels { K}, <., on R" X R™. Then we denote by [ K'(x,)]* the operator given by

[Kl(xl)]*f(xz) = suglki(xl)f(xz) i
a€E.
Then we have the following

PrRODUCT ZO LEMMA. Let {K,},c o be kernels on R" X R™ satisfying the follow-
ing:
(i) The operator
T*f(x1,x;) = sup | f* K (x;,x,)]
aced

is bounded on L*(R" X R™).
(ii) There exists 8 > 0 so that

‘[x 1>yl "[Kl(xl +h) - kl(xl)]*”u'udxl <Cy?® Vh+0, Y22,
1

‘/l‘ 1> vlk| I[&>(Gep + k) = R2(@)]*| 2 pdrz < €Y7° VR #0,  y>2.
x>

(Here || || .2, ;2 denotes the norm of an operator on L%)
(iii)
sup |[Ko(x, + h,x; + k) = Ko(xy, x, + k)]

x>k «€L
121> v, 1kl

- [Ka(xl +h,x;) - Ka(xl’xz)] |dx1dx2

< Cyl'syz's ifh,k #0, v, v, > 2.
Then the operator T * satisfies
m{('xl’ x;) € R" X R"||x,|, |x;| < 1, T*(xy, x;) > a} < (C/a)| fllzog* &
whenever f is supportedin S = {|x,| < 1} X {|x,| <1}.

PRrOOF. The proof consists in repeating essentially word for word the proof of the
Calderdén-Zygmund theorem given above, only letting T * play the role that T plays
in that theorem. The only difference occurs in the proof of a lemma from [5] referred
to there as the “trivial lemma”. We prove an analogous lemma below. (This is used
to prove (*) and (**) above for T*.) .

LEMMA. Let a(x,, x,) be supported in the product of two cubes I X J = R. Suppose
that [,a(x,, x,)dx, = 0Vx, € Jand [;a(x,,x,)dx, = 0Vx, € L.
Then if I , denotes the cube concentric with I whose sides are y times as long as those

of 1,
J[ T*a(x,%,) dydx, < Clall , _ m(R)*y"".

. L*(R
x &1, R
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PROOF OF LEMMA. Assume R is centered at 0. We estimate

ff T*a(x,, x,) dx,dx,
x &I
x, €y
first as follows: Fix x; & I,. Then
12

/ T*a(xl,xz)dxzsc(f_ (T*a)*(x,, x,) dx,| m(J)
T, J

245

Now introduce the notation that axl(xz) =a(x,,x,) and T, f = f* K, We see

that
(Taa)x. = /; K.:(xl -»n): a, dy,
so that, since [;a,, dy, = 0, this equals
/; [K;(xl - n) - I?al(xl)]ayl dy,.
It follows that
(T*a), <_/; [kl('xl -n)- I?l(xl)] *ay, dy,

and

"(T*a)x. lle(R"') <j; "[kl(xl -n)- Izl(xl)]*lle.Lzllayl "Lz(Rm)d)’1

Therefore

[, Talxx2) des < [ IR Gy = 30) = RG] s ol D om(9) .
2

Integrating in x, & I,,

ff T*a(x,, x,) dx,dx,
x,il
xZEJz

ff I& ey = 31) = B )] | ol am (7) 2 dxy

lxl

< CY"f, lay llm (1), < Cy-*lalizam(R)”.
Now we estimate [/, ¢ ..,ej, T *adx, dx, Now let x, & I,x,¢J,.

Ta(x,,xz)—/fa(yl,yz)K (x1 = y1, x5 = ;) dyy dy,

//a(yl,yz){[K (1 =y %= y,) = K (%, %, - )’2)]

- [Ka(xl _ylax2) - Ka(xl’x2)]} dyldyZ'
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Denote the second difference in braces by AK, and sup,|AK | by A*K. Then

ff-T*adxldxz < /Z'a()’p)’z)l f_/ |A*K(x1,x2,)’1,}’2)|dx1dx2d)’1d)’2
x &1 x €1
X;@jz x;ej;

< Cy ¥ allery < Cy~ ¥ a)2mym(R)Y?,

and this proves the lemma.
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