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A NOTE ON THE STRONG SUMMABILITY
OF THE RIESZ MEANS OF MULTIPLE FOURIER SERIES

SHIGEHIKO KURATSUBO

ABSTRACT. Let S7(x, f) be the Riesz means of order a of an integrable function
f(x) on N-dimensional torus TV (N > 2), that s,

a |m|2 < 2mimx

S (x.f)= X L==" j(m)emm.
Imi2<1

E. M. Stein has shown thatif 1 < p < 2and a > a, where

N~l(£_l) 1 N-1 N

p

then for any function f(x) € L?(T") S*(x, f) is strong summable to f(x), that is,

tim 4 [Is ()~ dr = 0

a, =——

4 2

for almost every x. In this paper we shall show thatif 1 < p <2and-1<a<a,,
then there exists a function f(x) € L?(T") such that

1 T a 2 a, —a -2r
?/(;lS,(x.f)| dt=Q(T% *log™?"T) asT — o
for every x and every 7 > 1/p, in particular,
— 1 /T a« 2
lim 7,](; |S*(x,f)| dt = 0

T— o

for every x, where we can take for f(x), f,,(x) such that f,_(m)=1/|m|°log"|m|,
|m| > 1.

1. Introduction. Let R" denote the N-dimensional Euclidean space, TV the
N-dimensional torus (identified with the cube Q¥ = {x = (x,...,xy) € RV: -}
<x;<3%, j=1,...,N})and Z" the integral lattice of R". Throughout this paper
assume N > 2and1 <p < 2.

For any f(x) € LYT"), define the Riesz means of order a of f(x) by

s )= E (1= L) fmyereim

t
|m)? <t

with f(m) = [~ f(x)e 2" dx, m € Z".
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The problem of the strong summability of the Riesz means of multiple Fourier
series is one of dealing with the validity of the following:

Jim 7 [7157Gef) = f(x) P = 0.

E. M. Stein [6] has shown that if f € L”(T") and « > a, where
N—-1(2 1 N-1 N
vt )t o
then lim,_, (1/T)/]|S*(x, f) — f(x)|*dt = 0 for almost every x. On the other
hand, it seems to us as if the case a < a, is unknown except the case p = 1 and
a = a,. (In[6] Stein has stated the affirmative result without the proof.)

The purpose of this paper is to prove a negative result for the case a < a,. The
method consists of joining multiple Fourier series and the Lattice Point Problem in
analytic number theory by means of a special function f, (x) whose Fourier

coefficient is given by £, (m) = 1/|m|°log"|m|. Our main result is the following
theorem.

THEOREM. Suppose 1 <p <2 and -1 < a < a,. Then there exists a function
f(x) € LP(T") such that

= [T 185(x 1) [ de = (T %log™>'T) asT > o
TJ) "™
for every x and every v > 1/p, in particular,
— 1 (7T ., 2
Thm ?fo |S(x, f)| dt = oo
— 0
for every x, where we can take f,_(x) for such a function f(x).

In the above statement, g(7) = Q(h(T)) implies g(T) # o(h(T)).
From this theorem we have directly the following corollary.

COROLLARY. Suppose 1 < p <2 and 0 < a < a,. Then there exists a function
f(x) € LP(TV) such that

SH(x, f) = Q1 V%" DNog="t) ast > oo

for every x and every T > 1/p, in particular,

Lim [S*(x,f)] = oo

T— o0
for every x, where we can take f,,(x) for such a function f(x).

ReMARK. The existence of f(x)€ LP(T") such that lim,_, _|S*(x, f)] = oo for

almost every x and the fact we can take f, = f, for such a function f have been
shown for a = 0 by Stein and Weiss [7] and for 0 < a < (N — 1)/2 by Babenko [3]

(see also Alimov, II'in and Nikishin [2]). Using our method, it is easy to show that
their exceptional sets are empty (see also Kuratsubo [4]).
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2. Lemmas. The proof of the theorem depends on several results from [1, 5]. These
are stated here for convenience of the description. The next lemma was proved in [1,
Lemma 2.2] for the case s > 0 and 7 = (.

LEMMA 1. Suppose s > -1 and s = r + k where r is an integer and « satisfies
0<k<1 For >0 and a nonnegative number T, define a function b(\) as
ABlog™ A\, 0 according to \ > e, A < e respectively. Further, for any numerical series
TP ay, let af, 05 be T (1 — k/A)a,, X, <1(1 — k/N)*b(k)a, respectively. Then
we have

7 = b0)a+ () [ oo () ) =50 - )]

and, for some positive constant C,
t" +1

f (r+ 1) ‘( d) +2[(b(t}‘) B

ProOOF. The first equality is proved in [1, Lemma 2.2]. On the other hand, the
second inequality follows from the next.

dr < Cb(A), A>=0.

'(%)Hz[(b(t)\) — (V)1 = 1)°]

r+2
< Cb(k){u S A1 -0)TT Y A - ,)}
Jj=1
and

/1 11 = tB)1 = 1) " dr < + oo,

0

fl t,+l+B—j(1 - t)-v—r+j—2dt < 400 (1 <j<r+ 2).

0

LEMMA 2. Under the same notation as Lemma 1, there exists a positive constant C
such that

1 /17— 2 2 (1 f 2 )
= (|| dx < cb(T)* sup (= [|os|"dr], T>o.
AN (1)? sup {7 [lax]

PROOF. From Lemma 1, it follows that

[1o51 an < 2{[{: b(A)’]o5]" dA
f l(ff,) “6() - b)) - 1) ] at

f (r+ 1)v oA

=2{I,+1,}.

2
dA}
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First, by monotone increasing of b(A) we have I, < b(T)?*/]|o5]>dA. Next, by
Schwarz’s inequality, Fubini’s theorem, Lemma 1 and its proof we have

e [T i) o) - oo - 7l
| [ Gl ) T s -]

< cforb(x)z(fol tr+1{(1 —8)1 - 1) 2

2

dt) dA

r+2 s 5
+ Y =) }|o,’;1| dt| da
j=1

< CTb(T)zfol ,rﬂ{(l A1

r+2

B=j(1 _ ,\S—r+j-2 L Tty 12
+j§lt i(1-1) }Tt.é lof 2| dAdt

< CTb(T)® sup (%f’|o{“|2d)\)
0

0<i<T
for a suitable constant C, not necessarily the same at each occurrence. On the other
hand, when r <s <r+ 1, let § be a positive number such that r +1 =5 + 4.
Then we have the following well-known relation

038 = B(8,s + 1)“]01 (1 = 1) ros

with the beta function B (e.g. [7, p. 269]). By the same calculation with I,-estima-
tion, we have

1 2 _ "y
Tfo' lo{*!| dA < B(8,s + 1) 1f0‘ 1-u)’ lu‘('/(;'|o,f>\|2d}\)du

1w, (2
< sup —f lox| dA ).
o<us<r\ ¥ Y0
These complete the proof of Lemma 2.
The next lemma is a metrical theorem of the Lattice Point Problem [5, Theorem 1]
in the case a > 0, but an examination of the proof shows that it applies without
significant change to the present situation.

LEMMA 3. Suppose a > —1. Then we have
2

dr = Q(TN-1/2w)

2\ @
Z (1 _ _I’_ntl_) e21rimx

|m|* <t

lr
TJy

for every x.
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Applying Lemma 2 to the case

a= X

Im]*=k

eZwimx

B =

N Q

Im|°log™|m|’

and s = a, we have the following lemma.

LEMMA 4. Suppose a > -1, 6 20, a + 06 < (N — 1)/2 and 7 is a nonnegative
number. Then we have

)
2\ a 2wimx
E (1 _ |m| ) e dt = Q(T(N—l)/Z—a—alog—Z-rT)

1 I
T Jo t ] |m|°log"|m|

1<|m|®<t
for every x.

3. Proof of theorem. Now let ¢ be equal to N/p’, 7 larger than 1/p and f,_ the
function such that

1

:" m)= —————, m|>1.
Then, from Wainger’s theorem [8, Theorem 7] the function f,, belongs to L?(T")

and from Lemma 4 we have

|z

1<|m]®<t

— Q(T(N—l)/Z—a—N/p’log—2‘rT)

)a eZﬂimx

1 (7T o 2
Tj(; |Sl (x’fa'r)| dt Imlalog‘rlml

for every x. This completes the proof of theorem.
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of Lemma 2 of the original manuscript.
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