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A SINGULAR INTEGRAL
JAVAD NAMAZI'

ABSTRACT. In this paper we show that if K(z) = Q(z)/|z|" is a Calderén-
Zygmund kernel, where Q € LI(S™~!) for some 1 < ¢ < 00, and b is a radial
bounded function, then b(z) K (z) is the kernel of a convolution operator which
is bounded on LP(R") for 1 < p < oo and n > 2.

This paper is related to boundedness properties of a variation of Calderén-
Zygmund operators.

Let H(z) = b(|z|)Q(x)/|z|™ be a kernel, where [q._, Q(z)do(z') = 0, Q(Az) =
Q(z) for z € R™, A > 0, and b is radial. Define

(1) f(z) = lim H(y)f(z—y)dy =P.V. H x f(z).

T yl>e
Ifb=1and Q € LIY(S™!) for some q > 1, then T is a Calderén-Zygmund operator
which is bounded on LP(R") for 1 < p < oo and n > 1; see [4].

In (1] R. Fefferman showed that if (2 satisfies a Lipschitz condition and b is
bounded, then T is bounded on LP(R™), 1 < p < oo, n > 2. This is not true
when n = 1; for instance, if H(z) = sin(|z|)/z, then its Fourier transform H(¢) is
unbounded, indicating that T' cannot be bounded on L2(R%). It turns out that the
smoothness condition on () can be relaxed a great deal.

THEOREM. If 2 € LI(S™1) for some 1 < q < 0o, and b(|z|) € L, then T is
bounded on LP(R™) for 1 <p < oo andn > 2.

PROOF. First we show that the Fourier transform of H is bounded; thereby T
is bounded on L%(R™). Using polar coordinates and letting z = pz’, p = |z|, we get

b(lzl) —1z-€
H(E) =1 Q0 d
(2) () = P lej>e 1ZI" (z)e T
=1 M < Q' 1oz’ -€ /)
_EIE‘% e<p<l/e P o /S"-l ()e do(z))

By a change of variable r = p|£|, (2) becomes

3) A (¢) = lim / S br/IgD) g, ( /S e da(a:'))

e—0 €| T
g e b(f/lﬁl)
—gl—»o/em g(r, &) dr
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where
o(r &) = / Q(z)e="" € do(z),  |€/| = 1.
Sn—-l
Now if
(4) Sup ||g(-, &)llLe(1,00) < A

1§']=1

for some 1 < p < 0o and a constant A, then we claim that H(¢) is bounded. To
prove the claim, first we observe that

o) = | [ 0@ do(a)
/ (') (e="€ — 1) do(z)
S’I—l

< 2T||Q”L1(Sn-1) =cr

by the mean value theorem. Using this and Holder’s inequality, we see that

oo =) /
0 T 0 r
Ler , 1
< |18l oo —dr+lg( €)llLe1,00 - || =
o7 T |l Ler(1,00)

< blloo(c + AllL/7l|Lr(1,00)) < €,

where 1/p’ = 1 — 1/p. Hence, by Lebesgue’s dominated convergence theorem, the
limit in (3) exists and |H(¢)| < c.

Now let us see when condition (4) may hold. Let p be a rotation such that
p(¢) =(1,0,0,...,0). In the integral of g(r, ¢’) make the change of variable ' —
p~17', and let 0°(z') = Q(p~'2’'). Then

0 €)= [ 0@ o) = [ 00 dota)
sn-1 s

n—-1
=/ Q”(x’)e'i”"'ﬂf’ =/ Qp(z/)e—ir:c'l da(g;’),
Sn—-1 Sn-1
where 2’ = (z,75,...,2}) = (z},2"”). Taking =} = cosf, we can write the last

integral as
9(r, &) = / e~treost 4o (/ 0°(cos6,z") dag(n:')) ,
0 Scos 6

where Scoss = {|z'| = 1: 2’ = (cos8,z"”)} and dog(z’) is its surface measure. By a
further change of variable s = cos 0, the last integral is reduced to

1
ot €)= [ e 1=t ([ 0v(e,a)douta)) s
-1 s,
Set 2 = VI —3%'. Theny’ € $*~2 and
1
5) g9(r¢)= / €791 — §2)(n=3)/2 (/
-1

Sn-2

(s, VI~ 5% dan_z(y')) ,

where do,_2(y’) is the surface measure of S™~2.
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From (5) we observe that g(r, ¢') = (h(s)w(s)) (r), where
W) = [ 06 VT= 5 doaly) and w(s) = (1 - )" 2x 1)
Sn-2

Without loss of generality, we may assume that (2 € LI(S™!) for some 1 < ¢ <
0o. Let ¢’ be the conjugate of ¢; 1/¢’ + 1/q = 1. By Hoélder’s inequality,

[ VT donals)|

' - 1/q
<ol ([0 VIm3) P donatv))
Sn-2

h(s)| =

1/q
—c ( / 109(s, /1= s2y/)J9 dan_g(y’)) .
Wn—2 is the area of S”~2. Hence,

1 1
q _ g2)(n=3)/2
/—1 |h(s)|9w(s) ds < C/—1(1 s%) ds/

Sn

Q7 (s, V1 = s%y')|? dor—2(y')
-2

= C”Q”(},q(sn—l)-

Therefore, |h(s)|%w(s) € L}(-1,1).
Let 1 < p’ < q and r = q/p’. Using Holder’s inequality again,

1 1
/ |h(s)w(s)["" ds =/ |h(s)|P w(s) Y/ w(s)?' ~1/" ds

< ([ meosuis)as) . (] s "

1 1/
< QU gnsy ( / (1 s/ ds)

/ /2 L
= cl|QZe(sn-1) (/ p |sin g|(n =37 (P'=1/r)+1 dg)

This last integral is convergent if (n — 3)r/(p’ — 1/r) + 1 > —1. This inequality,
obviously, holds for all p’ when n > 3. In the case n = 2, it holds whenever
1 <p' <2/(1+1/q). Therefore, if 2 € LI(S™"1), 1 < g < 00, then there always
exists some p/, 1 < p’ < 2, such that h(s)w(s) € L?'(—1,1). By the Hausdorff-
Young inequality

1/r'

lg(, €1Le(1,00) < 9 (-5 &)l Lo (~00,00) = II(A(8)w(8)) | Lo (~00,00)
< [1A()w ()| Lr* (~o0,00)
= [h(8)w(s)l| 1o (1,1 < ellQUFa(sn-1) = 4
This proves that H(¢) is bounded, and thus T is bounded on L*(R™),n>2.

Using the technique of complex interpolation and an argument similar to the
one in [1], the L? boundedness can be established. We mention it briefly.
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Define H(z)
z —i:c-{d -z
€ T -
a0 €l

m4(€) = P.V. /R

and A

(T £) (&) = mo ()£ (8),
|Re(2)| < n for some n > 0. T, is an analytic family of operators in the sense of
Stein. Also Tp = T. Each T, is a principal-valued convolution operator, T, f =
P.V.H, x f, where H, = m;. As proved in [1], if 0 < Re(z) < 7 and 7 small
enough, then

(6 swp [ |H(e+9) - H(@)lds <,
ly[>0J|z|>2]y|

where the constant c, depends only on the real part of z. Also a similar argument

as in the L? case will show that [m,(¢)| < c for |Re(2)| < %, when 7 is small enough.

Therefore ||T_p4iyll2 < ¢ and || Ty4iyllr < ¢ for —oo < y < 0o and 1 < r < oo.

By complex interpolation, if 1/p = (1 —1/2)/2 + (1/2)/r then ||T||, = ||Toll, < c.

Hence, T is bounded on LP(R™), 1 <p < oo, n > 2.
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