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SMALL COMMUTATORS AND INVARIANT SUBSPACES
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ABSTRACT. Let A be an operator on a Banach space, and let T be a nonzero
compact (polynomial compact) operator. We prove that if TA— AT is “small”,
then A has a nontrivial (hyper)invariant subspace.

Let A be a nonscalar operator in B(E), where E is a Banach space, let T be a
nonzero compact operator and let Cr = TA — AT. V. I. Lomonosov, J. Daughtry,
and H. W. Kim, Carl Pearcy and A. L. Shields [1-3] proved that when Cr is very
“small” (namely, has rank one or zero), A has a nontrivial hyperinvariant subspace.
We show here that for some other classes of operators T, when Cr is very “small”,
A has a nontrivial hyperinvariant subspace.

We need the following lemma.

LEMMA 1. Let A€ B(E). If A € 0(A), then P(A) is compact, where P(t) is a
polynomial, and if P(\) # 0, then A € o,(A).

PROOF. Clearly A is on the boundary of 0(A), hence thereis {f,} € E, || o] = 1,
with ||Afn — fall = 0. Hence ||P(A)fn, — P(X)fal| — 0. Since P(A) is compact, we
may assume that ||P(A)f, — fol| — 0 for some fy € E. Let f. = fo/P()). Then

IP(A)fn — P full S [I1P(A)fn — P(A) full + [|P(A) fa — P(A)full = 0.
Hence
[P(A) frn = P(A)fu]| = 0.
Since P(A) # 0, we have || fn, — fu| — 0 and ||f.|| = 1. Hence
lAfe = full SNAfe = Afll +I|Afn = fall + 1fn = full = O.
That is Af. = Af.. So A € 0,(A).

THEOREM 1. Let A € B(E) be nonscalar. If there s T € B(E) with P(T)
compact (for some polynomial), but o(P(T)) # {0} such that Ctr = TA — AT has
rank one, then A has a nontrivial hyperinvariant subspace.

PROOF. There is a # 0, a € 0,(P(T)). Hence there is p € o,(T) such that
P(u) = a. Moreover, ker(T — u) C ker(P(T') — P(u)). Hence 0 < dimker(T — u) <
00.
Let ran(T — u)° be the annihilator of ran(T — p) in E*. Then ran(T — u)° =
ker(T* —7). By Lemma 1, i € o,(T*). Moreover, ker(T* — 1) C ker(P(T*)—P(g)).
Since P(fz) = 0, we have

0 < dimker(T* — 1) < oo.
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Since dim E /clran(T — ) = dim(ran(T — p)°),
0 < dim E/clran(T — u).

But (T — u)A — A(T — u) = Cr, so it follows from Theorem 1 in [3] that A has a
nontrivial hyperinvariant subspace.

PROPOSITION 1. Let A# X be in B(E). If T 1is a nonscalar algebraic operator
m B(E) such that Cr = TA — AT has rank one or less, then A has a nontrivial
mnvariant subspace.

PROOF. Let A € 6,(T) and (T — M)A — A(T — A) = Cr. If ker(T — A) € Lat A,
there is fo € ker(T — A), fo # 0, such that Crfo = (T — A\)Afo # 0. This
implies that ran(Cr) C ran(T — A). Then A(T — )\) = (T — A)A — Cr. Hence,
clran(T — X) € Lat A. Since A is nonscalar algebraic, clran(T — ) is a nontrivial
subspace.

Let A # A bein B(H) and let T be a nonzero compact operator. If Cr = TA— AT
commutes with 7', then the spectrum of Cr becomes {0} [4]. Under this condition,
do we have the conclusion that A has a nontrivial hyperinvariant subspace?

The following proposition shows that this condition is too weak to give a result.

PROPOSITION 2. If dimE > 2, then for every A € B(E) there is a nonzero
compact operator T such that Cr = TA — AT commutes with T'.

PROOF. If h € E, then since dim E > 2, there is g € E, g € span{h, Ah}. Hence
we have a functional F, with ker F' O span{h, Ah}, ||F(9)|| = 1. Let Tf = F(f)h
for all f € E. Then T is compact and T? = 0.

Now TCr — CrT = T(TA — AT) — (TA — AT)T = —2T AT. But

TATf = F(f)TAh = F(f)F(Ah)h = 0.
Hence TCt — CrT = 0.

The point is that when T is very “small”, Ct must be very “small”. So we need
T “larger” than Cr.

THEOREM 2. Let A # X be in B(E). If there is a nonzero compact T such that
Cr =TA — AT commutes with T and

Lim | T*||'/* # 0,

k—rank Cr
then A has a nontrivial hyperinvariant subspace.

PROOF. If Limy_,oo||T*||}/* # 0, i.e., #(T) > 0, there is a # 0, a € o,(T).
Hence & € 0,(T*). It is well known that

[ee]
dim v ker(T* — a)™ < oo.
n=1
Hence there is an integer k > 0 such that ker(T* — @)*~! = ker(T* — &)* since
ker(T* — &)™ C ker(T* — a)**! for all n. In other words,
clfran(T — a)*~!] = cl[ran(T — a)*].

Since (T — a)A — A(T — @) = Cr and T — a commutes with Cr, by induction we

have
(T — a)*A — A(T — o)* = k(T — a)*~1Cr.
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Hence
AT - o)k = (T - a)*A - k(T - a)*~1Cr.

This implies A(T — a)*f € ran[(T — a)¥] for all f € H. Hence
clran|[(T — a)*] € Lat A.

Hence ker[(T* — @)*] € Lat A*. But 0 < dim[(T* — &)¥] < co. Hence A*|yer(1+ —a)
has an eigenvalue A. But A* # X. Hence {0} # ker(A* — ) # E. This implies that
cl[ran(A — ))| is a nontrivial hyperinvariant subspace of A.

If Limy_ o ||T*||*/* = 0, the condition implies that dim(ran Cr) = k, with T* #
0 for some k > 0. Since TCr = CrT, cl[ranCr] € LatT. But dim(ranCr) = k,
hence there is A € 0p(Trancy) C 0p(T). Hence A = 0, i.e., there is fo # 0,
fo € ran Cr with T fo = 0. Hence dim([ran(TCr)] < k — 1.

By induction, since T(T*Cr) = (T*Cr)T, we have

dim[ran(T*~!Cr)] < 1.

On the other hand, T*A — AT* = kT*~1Cr, T* # 0 is compact. It follows from
(3] that A has a nontrivial hyperinvariant subspace.

THEOREM 3. Let A be a subalgebra of B(E), where E 1s a Banach space. Then
Lat A = {0, E} if and only if for all subalgebras A’ of B(E) with A’ D A, rad A' N
C(E) =0.

PROOF. If Lat 4 = {0, E}, then Lat 4’ = {0, E} for every 4’ D A. If rad A'N
C(E) # 0 for some A" D A, let A € radA’' N C(E), A # 0. Then for every
B e A', 1 — BA is invertible. By Lomonosov’s lemma, there is a B € 4’ such that
1 € 0p(BA). Thus we have a contradiction.

Conversely, suppose Eg € Lat 4, 0 # Eg # E. There is F € E* such that
|F|l = 1, ker F D Ey. Let fo € Eo, fo # 0, and define Af = F(f)fo for every
f € E. Then A is a compact operator and Ey € Lat A. Let A’ be the algebra
generated by A and A. Let I = {B: B|g = 0, B € A’}. Clearly I is a two
sided ideal of A’ and A € I. Let J be a maximal right ideal of A’. Consider the
homomorphism 7: A’ — A’/I = A. Then =(J) is a right ideal of A. Let J' be
7~Y(J). Then J' D JUI and J’ is a right ideal. Hence I C J, which implies
AcC J,or J' = A'. If J' = A', then =(1) is the indentity of A which is in 7(J).
Let ¢ € J such that m(¢) = m(1). Then tA € J. But 1A = A, since n(7) is the
identity of 4. This implies A € J. Hence every maximal right ideal J contains A.
So A € rad(A’), and rad(A’) N C(E) # 0. This proves the theorem.

COROLLARY. Let A # X be in B(E), where E is a Banach space, and let T be
a nonzero compact operator. Let A be generated by 1,A and T (or by {A} and T).
Then of Ct = TA — AT 15 so “small” that Cr € rad 4, then A has a nontrivial
invariant (hyperinvariant) subspace.

PROOF. This is obvious by Theorem 3 and Lomonosov’s lemma (1].

Let A be quasinilpotent. Let 4 be the subalgebra generated by A and 1, or by
{A}. Then rad A # {0}.

Question. Is there any nonzero compact operator T such that the subalgebra R
generated by A and T has rad(R) # 07?
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