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SMALL COMMUTATORS AND INVARIANT SUBSPACES

HUAXIN LIN

ABSTRACT. Let A be an operator on a Banach space, and let T be a nonzero

compact (polynomial compact) operator. We prove that if TA — AT is "small",

then A has a nontrivial (hyper)invariant subspace.

Let A be a nonscalar operator in 3(E), where E is a Banach space, let T be a

nonzero compact operator and let Ct = TA — AT. V. I. Lomonosov, J. Daughtry,

and H. W. Kim, Carl Pearcy and A. L. Shields [1-3] proved that when Ct is very

"small" (namely, has rank one or zero), A has a nontrivial hyperinvariant subspace.

We show here that for some other classes of operators T, when Ct is very "small",

A has a nontrivial hyperinvariant subspace.

We need the following lemma.

LEMMA 1. Let A G 8(E). If X G o-(A), then P(A) is compact, where P(t) is a

polynomial, and if P(X) ^ 0, then X G o-p(A).

PROOF. Clearly A is on the boundary of a(A), hence there is {/„} G E, \\fn\\ = 1,

with ||A/„ - fn\\ ~* 0. Hence ||P(A)/n - P(A)/n|| —► 0. Since P(A) is compact, we

may assume that \\P(A)fn — /oil —► 0 for some /n G E. Let /« = fo/P(X). Then

||P(A)/„ - P(A)/.|| < ||P(A)/„ - P(A)/n|| + \\P(A)fn - P(X)ft\\ - 0.

Hence

||P(A)/n - P(A)/.|| - 0.

Since P(A) / 0, we have ||/„ — /n|| —> 0 and ||/«|| = 1. Hence

IIA/, -/.|| < ||A/. - AU|| + ||A/„ - fn\\ + ||/„ - /.|| - 0.

That is A/„ = A/,. So A G ap(A).

THEOREM 1. Let A G B(E) be nonscalar. If there is T G 8(E) with P(T)
compact (for some polynomial), but cr(P(T)) ^ {0} such that Ct = TA — AT has

rank one, then A has a nontrivial hyperinvariant subspace.

PROOF. There is a ^ 0, a G trp(P(T')). Hence there is p G <rp(T) such that

P(p) = a. Moreover, ker(T - p) C ker(P(T) - P(p)). Hence 0 < dimker(T - p) <

oo.

Let ran(T - u)° be the annihilator of ran(T - p) in E*. Then ran(T - u)° =

ker(T*-/x). By Lemma l,p€ vp(T*). Moreover, ker(T*-/x) C ker(P(T*)-P(/l)).

Since P(p) = 0, we have

0 < dimker(T* - p) < oo.
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Since dim E/c\ ran(T - p) = dim(ran(T - p)°),

0 < dimP/clran(T-/z).

But (T - p)A - A(T - p) — Ct, so it follows from Theorem 1 in [3] that A has a

nontrivial hyperinvariant subspace.

PROPOSITION 1. Let A jt X be in 8(E). IfT is a nonscalar algebraic operator

in 8(E) such that Ct = TA — AT has rank one or less, then A has a nontrivial

invariant subspace.

PROOF. Let A G ap(T) and (T - X)A - A(T - A) = CT- If ker(T - A) G Lat A,

there is /0 G ker(T - A), /0 £ 0, such that CTfo = [T - X)Af0 / 0. This
implies that ran(CT) C ran(T - A). Then A(T - X) = (T - X)A - CT- Hence,

clran(T — A) G Lat A. Since A is nonscalar algebraic, clran(T — A) is a nontrivial

subspace.

Let A ^ X be in 8(H) and let T be a nonzero compact operator. If Ct = TA—AT

commutes with T, then the spectrum of Ct becomes {0} [4]. Under this condition,

do we have the conclusion that A has a nontrivial hyperinvariant subspace?

The following proposition shows that this condition is too weak to give a result.

PROPOSITION 2. If dimE > 2, then for every A G 8(E) there is a nonzero

compact operator T such that Ct = TA — AT commutes with T.

PROOF. If h G E, then since dim E > 2, there is g G E, g G span{/i, Ah}. Hence

we have a functional F, with kerP D span{h, Ah}, ||P(ff)|| = 1. Let Tf = F(f)h
for all / G E. Then T is compact and T2 = 0.

Now TCT - CTT = T(TA - AT) - (TA - AT)T = -2TAT. But

TATf = F(f)TAh = F(f)F(Ah)h = 0.

Hence TCT - CTT = 0.

The point is that when T is very "small", Ct must be very "small". So we need

T "larger" than CT-

THEOREM 2. Let A ^ A be in 8(E). If there is a nonzero compact T such that

Ct = TA — AT commutes with T and

Lim     ||Tfc||1/fe/0,
fc—>rank Ct

then A has a nontrivial hyperinvariant subspace.

PROOF. If Limíc^00||Tfc||1/fc t¿ 0, i.e., r(T) > 0, there is a ¿ 0, a G ap(T).

Hence a G <7P(T*). It is well known that

oo

dim \J ker(T* - a)n < oo.

»=l

Hence there is an integer fc > 0 such that ker(T* - a)k~l — ker(T* - a)k since

ker(T* — a)n C ker(T* — a)n+1 for all n. In other words,

cl[ran(T - a)*"1] = cl[ran(T - a)k}.

Since (T - a)A - A(T - a) — Ct and T — a commutes with Ct, by induction we

have
(T - a)kA - A(T - a)k = k(T - a)k^lCT.



SMALL COMMUTATORS AND INVARIANT SUBSPACES 445

Hence
A(T - a)k =(T- a)kA - k(T - a)k-lCT-

This implies A(T - a)kf G ran[(T - a)k\ for all / G H. Hence

clran[(T-cv)fc]GLatA.

Hence ker[(T*-o)fc] G Lat A*. But 0 < dim[(T* -a)k\ < oo. Hence A*| ker(T._ä)t

has an eigenvalue A. But A* ^ A. Hence {0} ^ ker(A* — X) ^ E. This implies that

cl[ran(A — A)] is a nontrivial hyperinvariant subspace of A.

If Limfc^oo||T"*||1/fc = 0, the condition implies that dim(ran Cr) = fc, with Tk ^

0 for some fc > 0. Since TCT = CTT, cl[ranC7T] G Lat T. But dim(ranCT) = fc,

hence there is A G o-p(TrancT) C crp(T). Hence A = 0, i.e., there is /o ^ 0,

/o G ran CT with Tf0 = 0. Hence dim[ran(TCT)] < fc - 1.

By induction, since T^Ct) = (TlCT)T, we have

dim[ran(rfc-1C,T)] < 1.

On the other hand, TkA - ATk = kTk~lCT, Tk ¿ 0 is compact. It follows from

[3] that A has a nontrivial hyperinvariant subspace.

THEOREM 3. Let A be a subalgebra of 8(E), where E is a Banach space. Then

Lat A = {0, E} if and only if for all subalgebras A' of 8(E) with A' D A, radA' fl
C(E) = 0.

PROOF. If Lut A = {0,P}, then Lat A' = {0,E} for every A' D A. If radyT n
C(E) f 0 for some A' D A, let A G radA' n C(E), A ¿ 0. Then for every
B G A', 1 — BA is invertible. By Lomonosov's lemma, there is a B G A' such that

1 G o-p(BA). Thus we have a contradiction.

Conversely, suppose Pn £ Lat .4, 0 ^ Po ^ E. There is P G P* such that

||P|| = 1, kerP D P0. Let /0 G P0, /o í 0, and define Af = F(f)f0 for every
/ G P. Then A is a compact operator and Po G Lat A. Let A' be the algebra

generated by A and A. Let / — {B: B\ E = 0, B G A'}. Clearly / is a two

sided ideal of A' and A E I. Let J be a maximal right ideal of A'. Consider the

homomorphism ir : A' —> A'¡I = A~. Then ir( J) is a right ideal of A~. Let J' be
7T_1(J). Then J' D J U I and J' is a right ideal. Hence I G J, which implies

A C J, or J' — A'. If J' — A', then 7r(l) is the indentity of ~A which is in n(J).

Let i G J such that ir(i) = 7r(l). Then ¿A G J. But ¿A = A, since 7r(z') is the

identity of A~. This implies A G J. Hence every maximal right ideal J contains A.

So A G rad(^'). and rad(^') n C(E) ^ 0. This proves the theorem.

COROLLARY. Let A ^ A be in 8(E), where E is a Banach space, and let T be

a nonzero compact operator. Let A be generated by 1, A and T (or by {A}' and T).

Then if Ct = TA — AT is so "small" that Ct G raàA, then A has a nontrivial

invariant (hyperinvariant) subspace.

PROOF. This is obvious by Theorem 3 and Lomonosov's lemma [1].

Let A be quasinilpotent. Let A be the subalgebra generated by A and 1, or by

{A}'. Thenradiî^{0}.

Question. Is there any nonzero compact operator T such that the subalgebra Z

generated by A and T has rad(£) ^ 0?
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