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ALGEBRAIC NUMBERS AND TOPOLOGICALLY
EQUIVALENT MEASURES IN THE CANTOR SET

K. J. HUANG

ABSTRACT. It is known that the transcendental and rational numbers in the
unit interval are not binomial numbers. In this article we will show that the
algebraic integers of degree 2 are not binomial numbers either. Therefore two
shift invariant measures u(s), u(r) with r being an algebraic integer of degree 2
in the unit interval are topologically equivalent if and only if s =rors =1-—r.
We also show that for each positive integer n > 2, there are algebraic integers
and fractionals of degree n in the unit interval that are binomial numbers.

Let X be a topological space. Two Borel measures u and v are said to be topo-
logically equivalent whenever u = vh for some homeomorphism h of X onto itself.
This notion sets up an equivalence relation which partitions the family of Borel
measures into disjoint classes. By restricting attention, if necessary, to a suitably
defined subfamily of measures, one can ask for the number of equivalence classes.
One can also try to uncover necessary conditions which intrinsically characterize
measures which belong to the same class.

Topologically equivalent measures in the n-dimensional unit cube, the space of
irrational numbers in the unit interval, and the Hilbert cube have been studied,
respectively, by Oxtoby and Ulam [1], Oxtoby (2], and by Oxtoby and Prasad [3].
In [4] F. J. Navarro-Bermudez studied the topologically equivalent measures in the
Cantor space.

Let X be the Cantor space of infinite product of X,, where n = 1,2,... and
Xn» ={0,1} with discrete topology. Set

(01,72, ..y tm] = {(z;): zj =14, for j =1,...,m,and (z;) in X}.

These sets form a base for the topology of X. Two of these sets [i1,...,%x,] and
[71,---,Jm] are equal or disjoint, depending on whether the m-tuples (71,...,%mn)
and (71,...,Jm) are identical or not.

We restrict our attention to the family F' of probability measures in X which
consists of product measures u(r) = [[22; u(n) subject to the condition

r=u(n)(1) =u(n+1)(1) >0 for all n,

where r is in the unit interval [0,1]. Among the probability measures on X, these
are precisely those which are invariant under the Bernoulli shift transformation T
on X. A Borel measure u on X is invariant under T if u(T~!(U)) = u(U) for every
Borel set U of X.

Two numbers r and s in the unit interval [0, 1] are said to be binomially related
whenever (1), (2) hold: for some positive integers m,n and nonnegative integers
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a;,b; with 0 < a; < (T) and 0 < b; < (;?),wherez'=0,...,m and j =0,1,...,n
and we have

(1)

aGr™ (1 — 1),

(2)

m
=2
n
=Y b1 sp

0

In (4] F. J. Navarro-Bermiidez proved that if u(r) is topologically equivalent to
u(s), then r is binomially related to s. He also proved that for each transcendental
or rational 7 in the unit interval, if u(s) is topologically equivalent to u(r) then either
s=rors=1—r. It can be proved that the binomial relation is an equivalence
relation. Some amount of calculation is needed to check that it is transitive. (For
a proof, please refer to [5].)

DEFINITION. A number r in the unit interval is said to be a binomial number
provided that there exists s in the unit interval such that s is binomially related
to r and the number s,7,1 — r are distinct. A binomial number is said to have of
order n if its equivalence class has exactly n distinct elements.

A Selmer’s number r € [—1,1] is an algebraic integer of degree n > 2 so that
r™—7r—1=20. In this article we show that if a Selmer’s number z has even degree,
then —z is a binomial number. Selmer proved, via continued fraction expressions,
the irreducibility over @ of the polynomials (x) z* — z — 1 in [7].

THEOREM 1. For n > 2, there are algebraic integers of degree n that are bino-
mial numbers.

PROOF. Case 1. n is even, say n = 2m, m > 1. Consider Selmer’s algebraic
integer a of degree n such that a® —a—1=0and —1 < a < 0. Let r = —a and

s = r2. Then we have
m
_ m —k k
T—E (k)sm (1-s)".

1
Therefore r is a binomial number of degree n.
Case 2. nisodd, say n = 2m+1, m > 0. According to the irreducible polynomial
2™+l 4 2™ _ 1 using () and replacing = by 1/z, there is an algebraic integer r
in the unit interval of degree n so that if we set s = 72, then

k=0
k£1L

Furthermore r, 1 — r, and s are distinct. Therefore r is a binomial number.

THEOREM 2. For each n > 2, there are algebraic fractionals of degree n, that
are binomial numbers.

PROOF. Case 1. n = 2m. The irreducibility of 2z2™ + 2z?m~1 - 22—z -1
implies that there are algebraic fractionals of degree n which are binomial numbers
for each even integer n > 2.
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I would like to thank Helge Tverberg in Bergen Norway for pointing out these
irreducible polynomials.
Case 2. n = 2m + 1. By using the irreducibility of

2r?m+l _ 9g?m 4 2™ — 1.
For details of the proof of Case 1 and Case 2, please refer to [5].

THEOREM 3. The equivalence class of u(r) has two elements for each algebraic
integer r of degree 2 in the unit interval.

PROOF. It suffices to show that r is a non-binomial number. Let [z] be the
largest integer less than or equal to z and (z) = = —[z]. Then we have the following
lemma.

LEMMA. Let s be an irrational number and m an integer with |m| > 1. If
r = (ms), then s can never be (kr) for any integer k.

Let r be an algebraic integer of degree 2 and s be binomially related to r. Then
r, s satisfy (1) and (2). Therefore s is an algebraic integer of degree 2 and s = (pr)
and r = (gs) for some integers p,q. Applying the preceding Lemma, we obtain
s=rors=1-r.

There is another proof for Theorem 3 in [5].

REMARK. In a preliminary report of this abstract [6], it was asserted that there
exist 7, s with s # r, s # 1 —r such that u(s) and u(r) are topologically equivalent.
This abstract has subsequently been quoted by V. Prasad in [8]. The long and
complicated proof of this assertion has been found to contain an error. I apologize
here for this error. A generalization of this article had been studied in [5]. I wish
to thank the referee for his helpful corrections of this article’s earlier version. I am
grateful to Dr. R. D. Mauldin for his suggestion of the style and the corrections of
this revision.
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