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RIEMANN STEP FUNCTION APPROXIMATION
OF BOCHNER INTEGRABLE FUNCTIONS!

M. A. FREEDMAN

ABSTRACT. Let L1(0,T;X) denote the space of all Bochner integrable func-
tions f which map the interval [0, T) into the Banach space X. Then we show
that f is the uniform limit in the L!-norm of its Riemann step function ap-
proximations along nearly every sequence of partitions of [0, T] with mesh size
approaching zero.

1. Convergence of the Bochner integral. As every student of calculus
knows, given a function f(-) continuous on the interval [0,T], the integral of f
exists and is given by the limit of Riemann sum approzimations:

(1.1) /OT f(t)dt = nlingo zn: f(kT/n)%
k=1

In fact, let {P™}22, be any sequence of partitions of [0,T]. Say each P™ is given
by

P*0=tg <ty <--- <ty =T,
with mesh size

1Pl =, max, (& — k),

and suppose that ||P"|| — 0 as n — oo. Then for any choice of intermediate points
§ k (t,c 1, t}], the integral of f satisfies

Ny ty
/f dt- 3 FER)E -t y) <lglg°E/ fep)lde =
k=1

Hence the Riemann step functions for f, given by

lim
n—oo

T

Nn
(13)  wnlt) = 3 S(@) i api©) satisy iy [ 1) - un(0)] e =
k=1

Here I4(t) denotes the indicator function of the set A. When f is not continuous
everywhere on [0,7], then in general we do not get convergence of the Riemann
sum approximations in (1.1) (or the left-most sum in (1.2)) much less convergence
of the Riemann step functions in (1.3).

Given a Banach space (X, | - ||), consider now the space L!(0,T;X) of all X-
valued, Bochner integable functions f defined a.e. on the interval [0, T}, and having
norm

T
I £l 0,1;) =/0 If @) dt.
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Extend each such f to a Bochner integrable function on all of R by defining f =0
outside of [0,7]. If f belongs to L!(0,T;X) and is continuous, then the Banach
space analogue of (1.3) holds. That is, for any sequence of partitions with mesh
size approaching zero and any choice of intermediate points, the functions w, as
formed in (1.3) satisfy

Jim JJwn — fllL101ix) = 0.

If f is an arbitrary element of L!(0,T; X), it is well known that f can be approx-
imated in the L!(0,T; X) norm by step functions of the form ) -, zx/a,, where
z € X and the A are disjoint intervals (e.g. see Brézis [1, p. 138]). In Lemma
A.1 of [7], Kato refines this result by showing that we can choose zx = f(x) for
some point ¢ in Ag. Specifically, given f € L!(0,T; X), Lemma A.1 states that
there exists a sequence of partitions of [0,T]:0 = t§ <t} < --- <t} = T, with
mesh size going to zero as n — oo, and there exist points £ € (t2_;,t2] N Dom(f)
such that the sequence of Riemann step functions

Nn,
wn(t) = E FERN ey _ em(t)
k=1

satisfies
lim |Jwp = fllz1(0,;x) = 0.
n—oo

Evans, in Lemma 4.1 of [3], achieves a more structured approximation by requiring
the step functions to take values f(£f) at the right end points &} = t7. However,
since f may not be defined at T, Evans has t}; < T and has t}_ approaching T
as n — 0o. We emphasize that Brézis, Kato and Evans are not free to choose their
sequence of partitions; instead they show the existence of some suitable sequence
of partitions.

In the next result, we show that almost any sequence of partitions can be used,
so that Bochner integrability is almost as good as continuity for the purpose of
approximation by Riemann step functions. More precisely:

THEOREM 1.1. Let P = {t{}=, (n=1,2,...) be any sequence of partitions
of [0,T] satisfying
(M.1) ||P*|| < Bu(P™) for some constant B and all n, where
p(P") = min (tf —tF_1),

1<k<N,
(M.2) ||P*|| = 0 as n — oo.
Then given f € L1(0,T; X), there exists a sequence of sets Sp C (t7_;,t%] having
positive measure such that f is defined at all points t} — é,, k = 1,...,N,, and
such that the Riemann step functions for f

Nn
(1.4) wa(t) = Y f(EM ey em(t),  &F €SP,
k=1

satisfy
Jdim 1f = wnllzs o =0.

We mention that condition (M.1) above is a mild one. For example, it is satisfied
with B = 1 along any sequence of equally spaced partitions. The proof of Theorem
1.1 rests on the following elementary lemma.
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LEMMA 1.1. Let f belong to L*(0,T;X). Then

(1) lime—o fy [f(r) = f(r —c)l|dr = 0 and

(i) imeo 2 f5' [TS1£(8) - F(r) dedr = 0.

PROOF. (i) See [6, p. 86]. (ii) Set he()) equal to fo ||f(r—[2\/T-1]e)—f(r)]| dr.

Then, by (i ) and the Dominated Convergence Theorem, we have lim, o fo he(X) dA
— 0. Now substitute ¢ = r — [2M\/T - 1]e.
PROOF OF THEOREM 1.1. Set u, = u(P") and define

Pn Nn th
Jp = / I£(t) = f(t} - 6)| dt dé.

Under the substitutions r = t}: - 6 , since
tho1 2tk —6=(tk —6) - (tk —th—1) 27— Bun and {f —pn 21} 4,

we have
(1.5)

I <Eﬂn/tt"/7%nf llasar =L [* [ 1510 - s avar

Therefore, there exist sets of positive measure S, C (0, ), for which 6, € S,

implies
Nn  rt?
> / 170) - st -sae< = [ [ jr - g aear.

For each k let Sp — Syp. Then with w,(t) as in (1.4) we obtain from (1.6) and
Lemma 1.1,
Jm [C150 = wmlar=0. 0

COROLLARY 1.1. If f € L'(0,T;X), then for every sequence of partitions
P = {2}~ satisfying conditions (M.1) and (M.2) above, there exists a sequence
of points £ € (t7_,,t7] of the form £ =t} — 6,, k=1,..., Ny, such that

T Nn
| rod= tm 3 senie - o).
k=1

While from the proof of Theorem 1.1 we see that the set of allowable ¢} has
positive measure, Corollary 1.1 does not hold true in general for almost every
¢ € (t7_,, 7). Consider

(17) f(t) = n2la,(t), where A, = (% %+ 7’;{; ]

Then along the sequence of partitions t} = kT /n, for all {7 € A,, we have

Zfek >f£1) =nT — oo.

However, the following does hold.
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THEOREM 1.2. Let P* = {tf}~, (n = 1,2,...) be any sequence of parti-
tions of [0, T) satisfying conditions (M.1) and (M.2) and let £} € (t7_,,t?] be any
sequence of intermediate points.

Giwven f € L1(0,T; X), define for a.e. 6 € (0,T) the Riemann step function

Nn
= E F(ER = 0)Ip_ _g.ep—0)(t).
Then there exists a subsequence n( ) of the positive integers such that
Jim |If - wéyllLior-6x) =0 for a.e. 6 €(0,T).

PROOF. Let f denote the periodic extension of f. Thus f(t + T) = f(¢) for
almost every t € [0, T]. Define

K= 3 "5 >/ 1 F) - Fep - )ldeas.

The substitution r = f,'c‘ 6 and condltlon (M 1) give

34 r+(th - .
/ f _ ()| d dr
(€k _t" 1)

7+Bun
S - Felatar
 k=1/6-T Jr—Bun

where pi, = p(P™). Next, we make use of the periodicity of f. In fact, after working
through a number of routine steps the reader may verify

Kn < Ef /r+ 1) - £l dedr

r—Bun

T
+Eun [/B If @Il dt+/:r_B,,,. I£ @l dt]
r+Bln
=N, / [ 1) - s avar

r—Bun

Bun T
+ BNopty [ [ e [ Ilf(t)lldt]
r+Bun
<L 00 - s avar

r—Bun

Bun T
+B [ L iones [ s dt} ,

which, by Lemma 1.1, approaches zero as n — oo. Using the fact that L! con-
vergence implies a.e. convergence along some subsequence, we conclude that there
exists a subsequence n(z) of the positive integers such that

Nagy pent_g
(18  lm Y / 1F6) = F(&D — )| dt =0 for ae. 8 € (0,T).

1—00 k=1 t:(') 9
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Given ¢ > 0 and 0 € (0,T) such that (1.8) holds, let 79 be such that for all ¢ > 7,

Nogy pept)_g

(19) E:fm 17@) - Fle® —o)lldt <,
k=1 tk-1_0
and for all r,
PO
(1.10) .[ If@)ldt <.

For each i > 49, let k = k(z) be such that t"(’) <0< tz(i) —0. Let
tz(') -
W= [ o 176 - £ - o)l ds

tp -0

and

") _g
o |k n(i) _
m—[. 1F(t) - Flep® — o))l de.

n(i) _g

Suppose ¢ — 9 < 0. Then by (1.10), Wi < c. On the other hand, if &) —6 > 0,
then by (1.9) and (1.10)

We < W= Wi+ W< [ 1) - S0 de+
k-1
g0 i
< [, UFOI+ IO+ <3
k17
In either case, using (1.8) we obtain
T—60 n(c) "'(’) 9 )
/ lmﬂﬂ%olﬁ<§}ﬂmaw £& - 6) e
Nuy pn®_g
=Y [0 0= FEO -old+ W< de. 0
k=k Y te-1—0

COROLLARY 1.2. If f € LY(0,T;X), then for every sequence of partitions
P = {tp}N satisfying.(M.l) and (M.2) and every sequence of intermediate points
£p € (t7_,t}], there exists a subsequence n(i) of the positive integers such that

T-6 Nag) ‘
(1.11) /0 ft)d hm E FER® —9)(t2® — 2D for a.e. 8 € (0,T).

REMARKS. 1. The proof of the precedlng theorem shows that if the function f
is replaced by f in the formulation of wf(t), then the conclusion of Theorem 1.2
can be strengthened to

Jim ||f - wé i lLiorix) =0 forae 6€(0,T),
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and (1.11) can be changed to

n(z) . .
/ f(t)dt = lim E FErD —0)(tr® — 29 for ae. 6 € (0,T).

2. Theorems 1.1 and 1.2 and Corollaries 1.1 and 1.2 can be strengthened so that
the convergence is uniform on [0, 7). For example, the conclusion to Corollary 1.1
can be strengthened to

q(mn)
/ f(t)dt = lim Z FEM) (R —t7_1) uniformly for all 0,7 € [0,T],
k= q(o,n)

where q(ﬁ, n) is that index such that ¢ € " Z(e,n)]' The proofs follow
readily using the above techniques together w1t&1 tfxe absolute continuity property
of the Bochner integral.

3. It may be shown that all the above results hold equally true for arbitrary
functions in LP(0,T; X) for any 1 < p < oco.

2. Convergence of the product integral. This section is concerned with
the initial value problem
du
dt

where u takes values in an arbitrary Banach space X and for each ¢, A(t) is a
nonlinear, possibly multivalued operator. Consider the following theorem.

(IVP) B+ Al)ult) 30, 0<t<T, w(0)=z€X,

THEOREM 2.1 (CRANDALL AND PAZY [2]). Assume that for some real num-
ber w, the family of operators A(t), 0 <t < T, satisfies

(Q.1) D = Dom(A(t)) is independent of t,

(Q.2) Ran(I + MA(t)) 2D for 0<t < T and 0 < A < Ao, where wAg < 1, and

(Q.3) Each resolvent operator Ja(t) = [I + AA(t)]~! 1s a Lipschitz mapping on
D with (Ia(t ))Llp (1 w/\)
In addition, assume that A(t) is restricted by one of the following time-dependence
conditions:

(C.1) There exist a continuous function h: [0,T] — X and an increasing contin-
uous function L such that

[x@)z — Ix(r)zll < AllA() - A(r)]L(]|=])

for0< A< X, 0<t,7<T and z € D;
(C.2) There exist a continuous function h:[0,T] — X of bounded variation and
an increasing continuous function L such that

15 ()2 = Ja(r)zll < AllA() = A(DIL(l){1 + [|A(7)Ia (7=}

for0<A <X, 0<t,7<T andz € D.
If, given = € D, the initial value problem (IVP) has a strong solution u(t) on
[0, T, then for each t € (0,T], the product integral

(PI) lim I1 Je/n(kt/n)z
k=1

exists and equals u(t) uniformly on [0,T).
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By a strong solution of (IVP) on [0,7], Crandall and Pazy mean a function
u:[0,T] — X for which

(S.1) u is continuous on [0,7] and u(0) = z,

(S.2) u is absolutely continuous on compact subsets of (0,7,

(S.3) u is differentiable a.e. on (0,7) and satisfies the differential equation of
(IVP) a.e.

However, for our purposes, throughout the remainder of this section we shall replace
(S.2) with the stronger hypothesis

(S.2’) u is absolutely continuous on [0,7].

Note that the convergence in (PI) is along the sequence of equally spaced par-
titions of [0,¢]: 0 = t§ < 7 < --- < t* = t, where ¢} = kt/n. However, since the
modulus function A(t) in (C.1) and (C.2) is continuous, it can be shown that for ev-
ery sequence of partitions P":0 = t§ < t7 < --- < t}, =T with ||P"|| approaching
zero and every sequence of intermediate points {f € &L‘_I, t7], the product integral

q(t,n)

(PT) nango H Jt;—t,';_l(fl?)z,
k=1

exists and equals u(t) uniformly on [0, 7.
The next result, based on Evans [3, pp. 32, 33|, eliminates the need for time
dependence restrictions like (C.1) or (C.2).

THEOREM 2.2 (EVANS). Assume (Q.1)-(Q.3) for almost every t,r € [0,T).
Let z € D be given. Suppose (IVP) has a strong solution u(t) on [0,T]. Then for
every 0 < T < T, there are partitions P™:0 = t§ < tf < --- <t} such that
T <t} <T, limp_o ||P"| = 0 and when &f = t2, the product integral (PT')
ezists and equals u(t) uniformly on [0, T).

In contrast to Theorem 2.1, in general in Theorem 2.2 we cannot expect to have
convergence of the product integral along every sequence of partitions with mesh
size approaching zero. For along every such sequence of partitions, the family of
resolvents operators which comprise the finite product aproximation to the product
integral in (PI') can be redefined without changing the hypotheses of the theorem.

In the next theorem, however, we are able to achieve convergence of the product
integral along every sequence of partitions satisfying (M.1) and (M.2), much as in
(PY'). The proof follows from Theorem 1.1 using the technique of Theorem 2.2 and
is left to the reader.

THEOREM 2.3. Gwen z € D, suppose (IVP) has a strong solution u(t) on
[0,T]. Further assume that the family of operators A(t) satisfies (Q.1)~(Q.3) almost
everywhere on [0,T). Let P" = {t}}1, be any sequence of partitions of [0, T)
satisfying (M.1) and (M.2). Then there ezist points ¢ € (t2_,,t}] of the form
[;: =] tf —0n, k=1,..., Ny, such that (PI') ezists and equals u(t) uniformly on
0. 7).
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Likewise, using Theorem 1.2 we may prove

THEOREM 2.4. Under the hypotheses of Theorem 2.3, for every sequence of
intermediate points EF € (t7_,,t7], there ezists a subsequence n(t) of the positive
integers such that

q(t,n(4)) @
u(t—0) = 11_1)1'20 ]':[1 Jt:(i)_t:(_iz (& —0)z

for a.e. 6 € (0,t) uniformly on (0,T).

REMARKS. 1. Observe that Theorem 2.3 generalizes Theorem 2.2.

2. Theorem 2.3 will not hold true, in general, for almost every &f € (t7_;,t%].
Cons1der A( )=1Ff ( ) as deﬁned by (1.7). Then the strong solution to (IVP) will be
= exp(— fo In particular, u(T) = exp(-T Y pr; 1/n%)u(0) #
for u( ) 76 0. However, along the sequence of equally spaced partltlons of [0, T]

namely ¢} = kT /n, we have

n

IT Iz /m(€R)ul0)| < 111+ (T/m) A(ED)]) [ 1u(0)] = 1+%Iu(ﬂ)l —0 asn— oo,
k=1
for all ¢p € (T/n,T/n+ T/nd).

3. In Theorem 2.1 of [2], it is shown that properties (Q.1)-(Q.3) and either (C.1)
or (C.2) imply existence of the product integral (PI). In fact, in their proof of the
above-stated Theorem 2.1, Crandall and Pazy make use of this existence. However,
as discussed below, (Q.1)-(Q.3) alone are not enough to ensure convergence in (PI).
An additional hypothesis, such as existence of strong solution to (IVP), is required.
Therefore, Theorems 2.2, 2.3 and 2.4 provide a new sufficient condition for existence
of the product integral. This condition is exploited in [5] in connection with proving
existence of strong solution to singular evolution equations.

4. As a special case of Theorem 2.3, consider when A(t) satisfies (Q.1)-(Q.3)
and nearly satisfies either (C.1) or (C.2). That is, in place of (C.1) or (C.2), A(t)
is restricted by either (C.1’) or (C.2') given by

(C.1"), (C.2'): the same as (C.1) and (C.2), respectively, on (0,T]. Att =0, h(t)
need not be continuous, but we require that the map (), s,z): [0, Ao] X [0, T] x D —
Jx(s)z be continuous.

The distinction between (C.1), (C.2) and (C.1’), (C.2’) may seem insignificant.
However, one point made in [4] is that there exist generators A(t) having all their
pathologies concentrated at t = 0, so that the distinction can be crucial with respect
to existence of the product integral. For, as shown in [4], properties (Q.1)-(Q.3)
and either (C.1’) or (C.2’) do not in themselves guarantee convergence of (PI) or
even of (PI’) for any sequence of partitions P™ with mesh size approaching zero.
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