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A GAUSSIAN MEASURE FOR CERTAIN CONTINUED FRACTIONS
SOFIA KALPAZIDOU

ABSTRACT. We solve a variant of Gauss’ problem for grotesque continued fraction
using the approach of dependence with complete connections.

1. Introduction. For a very readable account of Gauss’ introduction of a measure
to study ordinary continued fraction expansions, see [3]. In [7] Rieger introduced the
grotesque continued fraction expansion for an irrational number y of the interval
Y =[G — 2,G], with G = (5 + 1)/2, as follows. Let &(y) = sign y. Then ¢y
can be written uniquely as &y = a;(y) + T(p) with a; > 1, a; =1 (mod?2).
Because T(y) € Y the above process can be inductively continued and as a
consequence we get

- a(y) — e(»)
- T+ w0)
1y az(y) + -

- I:EI(y), 62(.}))"-' ]
al(y)’ az(y)"“ '

where a, € N, a,, = 1(mod2), ¢, € {-1,1}, a, + ¢, > 1, n = 1,2,.... The expres-
sion (1.1) is called the grotesque continued fraction expansion of y. The iterated maps
of T are

Tny=l£n+l(y)""] n=1.2
%1 (¥)s-- [ B

with T% = y.
Let p be a nonatomic probability measure on the o-algebra of the Borel sets of Y
and define

V,,(w)=V,,(w,p)=p.(T"<w), n=12,...,

with V,(w) = p([G — 2,w)). Here, using the approach of dependence with complete
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connections, we find the limit

lim p(T"<w)=1
n— oo

and estimate the error (T" <w)—1 to be O(g"). Our result generalizes and
improves that which Rieger obtained using another method (see [8]) for p = (1/2)A,
where A is the Lebesgue measure, with convergence rate of O(g¥). Throughout we
need the notation
*=1{1,2,3,...},

N=1{01,2,...},

R = the set of real numbers,

[a] = the integral part of a € R,

G=(5+1)2

Y = the set of irrationals of [G — 2, G],

%, = the o-algebra of the Borel sets of Y,

P(X) = the power set of X,

L(Y) = the space of the real-valued and Lipschitz functions defined on Y.

2. The Gauss-type relation. In the following we require the definitions and
terminology of [2, 4 and 5]. Define

X={(x,e): xeN* x=1(mod2), |e|=1, x + &> 1}.
Then we have

PROPOSITION 2.1 (GAUSS-TYPE RELATION). For each n € N, V, satisfies the relation

V) = T e(W(s56=3)-¥lz5)) welo-20l

(x.e)EX x+w

PrROOF. We remark that

T" €+l

n+1"
an+1 + T

Therefore

1 . 1
) =k < T <)

+ _—1<T”<____1_
#an+1+G—2 a,.,+w

and the desired result follows.

We now assume that V; exists and is bounded (p has bounded density). By
induction we have that V,/, n € N *, exist and are bounded as well. By differentiat-
ing the above Gauss-type equation we obtain

(2.1) = L ——w(—2).

(xoex (x +w)’ "\xtw
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Let us introduce the functions f, in (2.1) where

A
f,,(W)— p(W) s €N,

with p(w) = 1/(w + 1), w € [G — 2,G]. Then (2.1) becomes
1
frn(w)= X 2t =)

xoex(WHx)(w+x+e) "\ x+w

PROPOSITION 2.2. The function

w+1
(w+x)(w+x+e)

P(w,(x,¢)) =

defines a transition probability function from (Y, 8 ) to (X, P(X)).
PROOF. We have to verify that

(2.2) Y P(w,(x,e))=1

(x,¢)

for all w € Y. To this end we write the left side of (2.2) as

1 1 1 1
(w+l)x=l§5‘m (w+x_w+x+l)+x=3zsm(w+x—l_w+x)

and the desired equality follows.
Proposition 2.2 allows us to consider the random system with complete connec-
tions (RSCC) (see [2])

(2.3) (Y, %9),(X,%),u, P}

where
€
x+w’

Y=a,, T=2(X), u(w(x¢e)=

w+ 1
(w+x)(w+x+e)

P(w,(x,¢)) =

Further, we denote by U the associated Markov operator of the RSCC (2.3) with the
transition probability function Q(-, -). Then Q"(-, -) will be the transition probabil-
ity function after n paths of the same Markov chain (see [4]).

3. The ergodicity of the random system. Let us consider the norm || - ||, defined on
L(Y) by

If(y,)—f(y”)l fE L(Y)

b
nl

[ fll.=sup|f(y)|+ sup
yevY

Vot | y' -

As is well known, (L(Y), || - || .) is a Banach algebra. The following proposition can
be proved in the same manner as in [5].

PROPOSITION 3.1. The RSCC (2.3) is uniformly ergodic.
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Moreover, Theorem 2.1.57 of losifescu-Theodorescu [2] implies that Q"(-, -)
converges uniformly to a probability Q* and that there exist two positive constants
q < 1 and c such that

(3.1) 1U"f = Ufll. < cq"

forall n € N* fe€ L(Y), where
(3.2) Uf() = [ 1), U= [ 1()07(d).

By virtue of Lemma 2.1.58 of losifescu-Theodorescu [2], U has no eigenvalues of
modulus 1 other than 1.

Let B(Y,%) be the Banach space of all real-valued bounded and % measurable
functions defined on Y with the uniform norm |¢| = sup, ¢ y|¢(y)| Then, taking
into account Proposition 2.1.6 of [2], the adjoint U* of the operator U (with the
transition probability function Q(-, -)) in B(Y, %) is

(U)() = [ 0(y, (),

where p belongs to the Banach space of all bounded additive set functions on %
with bounded variation with the norm given by the total variation.

By virtue of Proposition 3.1, Theorem 3.3.3 of [2] says that Q* is the only
eigenvector of U * and as a consequence

(33) [, 00y BY0=(4) = 0(B)

for all the Borel sets of Y.
Further, we determine the form of Q*.

PROPOSITION 3.2. The probability Q*° has the density

(3.4) p(w) = w-ll-l’ we|[G-2,G]

with the normalizing factor 1 /(31log G).

PROOF. We have

0(y,B)= X P(y.(x9),
(x,80)eX
s(x+y)'1€B

forall y € Y and B € %,. By virtue of uniqueness of Q% we have to show that the
measure with density p defined in (3.4) satisfies the equality (3.3). Because the
intervals [4,G), 0 < u < G, and [G — 2,v], G — 2 < v < 0, generate %, it suffices
to verify the equality (3.3) only for B = [4,G] and B = [G — 2,v].
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Let us consider B = [u,G], 0 < u < G. Suppose first that [#~!] is an even number.
Then

[¢ o lw6De(y)dy = [° T P (1) |e(r) dy
G-2 G-2 x=1(mod ?2)
us(x+y)'<G

G-2 x=1(mod2)
1<x<[u-G)

-[° ) P(y,(x,l)))p<'y)dy

[u1]-1

G
- Y PO (x1)|e(y)dy
u—[u]-1 x=1
x=1(mod?2)
PETRE [u']+1
+ [ Y PO(xD)|e(»)dy
’ xslx(TnLdZ)
G 1 1 1
= +oeee 4 - d
fu'—[u-'l I(Y+1 y+2 y+[u]-1 Y“[“'I]) g

dy

wiofu-1 |1 1 1 1
+ + e. + -
f (y+1 y+2 y+[ut]+1  y+[ut]+2

Gu™! G+1 _ (G
= lo = lo, = dy.
PG -Di+1)  Putl fup(y)y

If [u~!]is odd we obtain

(w]

¢ Q(y,[u Ge(y)dy= [T T Py (x1))|e(y)d
-2

x=1
x=1(mod?2)

. (w12
+/ ( X P(y.(x 1)))p(y)dy

ut = [u] x=1
-y [ 1 1 1 1 )
= _— 4 -+ —_ d
G-2 (}’-+1 y+2 y+[ul] y+[ut]+1 4

f ( 1o, 1 B 1 )dy
Wy \ Y+ 1 Cy+2 y+[ul]-2 y+[ul]-1

f:ll f e(y)dy.

Finally, the proof for B = [G — 2,v], G — 2 < v < 0, is similar.

= log

4. The Gauss-type theorem. Now we are prepared to find the limit of u(T" < w)
as n — oo and the rate of convergence.
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PROPOSITION 4.1. If u has a Riemann integrable density, then

lim p(T" <w) = log(G(w +1)), wel[G-2,G].

n—oc

If the density of p is a Lipschitz function, then there exist two positive constants c
and q < 1 such that for allw € [G — 2,G], n € N*,

m(T" < w) = 3158 G(l +0g")log(G(w + 1)),

where § = Q(pu, n,w) with |0| < ¢
Proor. If Vj is a Lipschitz function, then f, € L(Y). By virtue of (3.2) we have
U fO - L_zfo(Y)Q (dy) - 310gG .
Taking into account (3.1) there exist two constants ¢ and ¢ < 1 such that

Uy — Ufoll, < cq" foralln € N*.

Further, consider C(Y) to be the metric space of real continuous functions defined
on Y with the norm| - | = sup| - |. As L(Y) is a dense subset of C(Y) we have

(4.1) lim |(U" - U®)fy]=0

for all f, € C(Y). Therefore (4.1) remains valid for measurable f, that are Q-
almost surely continuous, that is, for Riemann-integrable f,.

We have
. . o w n 1 w
Jim w(Tr<w) = lim [ Uo(u) p(u)du =5 [ p(u) d
L jog2t Lo L joe(G(w+1)).

- 3logG °G—-1 3logG
COROLLARY 4.2. Let m € N*, (iy, j1)s--->(i,ns Ju) € X be fixed and take
p(-)=3A(la, =i, e,=j,r=1,...,m).
Then

NT" ™ <wla, =i, e,=i,,r=1,...,m)=(1+ ﬂmq")3l§gGlog(G(W +1))

where 8,, = 0,(n,w,s,,) withs, = j.(i,+s,_) " r=1,...,m, s, = 0.

REMARK. The study of optimality of the rate of convergence in Proposition 4.1
remains an open question. Concerning this, Wirsing’s method for the classical
Gauss’ problem cannot be applied in our case because the corresponding operator is
not a positive one, see [10].
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