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HOMOGENEOUS BOREL SETS
FONS van ENGELEN

ABSTRACT. Topological characterizations of all zero-dimensional homogeneous abso-
lute Borel sets are obtained; it turns out that there are w; such spaces. We use
results from game theory—particularly, about Wadge classes.

1. Introduction and preliminaries. A/l spaces under discussion are separable and
metrizable. We will assume that the reader is familiar with the main facts about
absolute Borel sets (see [3 or 7]). Notation follows [7].

In this paper we describe and characterize all homogeneous Borel sets in the
Cantor set that are not in A (i.e., they are not both F,; and Gj,). Together with [1],
where all homogeneous Borel sets in 2¢ of class A} were determined, this yields a
complete topological classification of all zero-dimensional homogeneous absolute
Borel sets. Roughly, using the inductive definition of the non-self-dual Borel Wadge
classes as given by Louveau [5], we show that the Wadge class of a non-A%
homogeneous Borel set in 2 is non-self-dual and reasonably closed (for definitions,
see below); then we can apply a theorem of Steel [8] to get what we want.

Let Z be any space. If ' € #(Z), then I= {AcZ: Z\A€T},and A(T) =
I N T. T is called self-dual if T = I'. Mostly, we work inside the Cantor set 2¢,
denoted by X. Let @, = {x € X: AmVn > m: x,=1i}, for i € {0,1}. Then Q, =
0, = Q, the space of rationals. If x € Q, U Q,, then x consists of blocks of zeros
separated by blocks of ones; define ¢: X\ (Q, U Q;) = X by ¢(x), = 0 if the nth
block of zeros in x has even length, and ¢(x), =1 otherwise. Note that ¢ is
continuous.

1.1 DerINITION (STEEL [8]). (a) T € P(X) is a reasonably closed pointclass if
¢ '[A]U Qo €T for each A €T, and f '[A) € T for each A € T and each continu-
ous f: X = X. (b) A C X is everywhere properly T if for each open U # @ in X we
have UN A € T\ T.

1.2 THEOREM (STEEL [8]). If T is a reasonably closed pointclass of Borel sets, and
A,B C X are everywhere properly T' and either both meager or both comeager, then
h[ A] = B for some autohomeomorphism h of X.

Now let Z € { X,w*}. If A,BC Z, define A <, B if A =f"'[B] for some
continuous f: Z — Z. The Wadge class of A is [A]={BC Z: B<,A}, and
I' ©c #(Z)is a Borel Wadge class in Z if T = [ A] for some Borel set 4 in Z. Define
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the Wadge ordering < on the Wadge classesby I' < I, if I', C I, and I’} < I, if
Il < T, and I} # I,. Using game theory, it can be shown that if T',, I, are Borel
Wadge classes in Z, then T, <T,, T, € (I,,1}), or T, <T,. Furthermore, if
I, <T,, then also T, < I', (and hence I, < I,, T,). Thus, if we consider < to be
an ordering on pairs {I, f‘} of Borel Wadge classes, then < becomes a linear
ordering, and, in fact, a well-ordering in type < w, (see Wadge [10]; for some
proofs, see [7]).

By van Wesep [9] the pattern of dual and non-self-dual Borel Wadge classes in the
Wadge ordering on w* is as follows: The first element is {{ @}, { @*}}; a successor
is self-dual if and only if its predecessor is not; at limit stages of cofinality w stands
a self-dual class; and at limit stages of cofinality w,, a non-self-dual pair. Since we
want to apply Theorem 1.2, we have to consider Borel Wadge classes in X instead of
w®. In [5] Louveau has given construction principles “from below” for the Borel
Wadge classes in »*; but analyzing his results and proofs, it can be seen that the
same inductive definition can be given for the Borel Wadge classes in X, with one
exception: In the Borel Wadge ordering in X, the limit stages of cofinality w are
occupied by non-self-dual pairs (see Theorem 1.5(b)).

The following definitions and theorem are all due to Louveau for w® instead of X.

1.3 DEFINITION. Let I', " € (X)), andlet A C X.

(a) A € D,(Z}) if there is an increasing sequence {A;: § <) of Z{-sets such that
A = U(A\Ug < (Ag), where { ranges over all even (odd) ordinals < if  is odd
(even).

(E)) A€ Sep(Dn(Eg),F) if A= (A, N C)U(A4,\C) for some C € D, (2?), A4,
el, 4,eT.

(c) A € Bisep(D,(20),T,T") if A = (4, N C)) U (A4, N C) UB\(C, U G,) for
some disjoint C,, C, € D,(Z{), and some 4, € I, A, €T, BET".

(d) 4 € SUELT) if A=U,c (4, N C,) for some sequences {C,), of pairwise
disjoint Z{-sets, { A,, of elements of T. The set U, . ,C, is called the envelope of A.

(e) A € SD,((Z,SUZL, T)),I") if A =U; (A4, \Ug;G) UB\U,_,C; for
some increasing sequences (Ay: § < ) of elements of SU(ZY,T), and {C;: { <) of
S{-sets such that A, C C, C A, and Cy is the envelop of A;, and some B € T".

In (c), (e), weomit I if " = { @ }.

To simplify exposition, in writing, e.g., “4 € Sep( D,,(Eg), I'),sayd =(4, N C)
U (4,\ C)”, we always assume that the sets 4,, 4,, C are chosen as in the above
definition. Louveau now selects a certain subset D of w?, its elements being called
descriptions, and for each u € D, a non-self-dual Borel Wadge class I', is defined.
Also, the type t(u) € {0,1,2,3} of a description u is defined, and with each u € D
of type 1, an element # € D is associated, everything according to the following
definition (where sometimes v € w$ is considered as a pair {(v,, v;) or a sequence
(v,: n € w) of elements of w¢; 0 € w{ has all coordinates 0):

1.4 DEFINITION. () 0 € D, Ty = { @}, 1(0) = 0.

(b) Ifu=¢"1"n"0, where § > 1, > 1, thenu € D, T, = D (2}). If 0 is limit,
then t(u)=2; if n=my+1, then t(u)=1, and u=0 if n,=0, u=£"1"n0,
otherwise.
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©) If u=¢§¢"2"n"u*, where £>1, n>1, u* € D, u*(0) > §, then u € D,
[, = Sep(D, (2 ), I'\»), and t(u) = 3.

(d) Ifu= 5/‘3" "(ug, uy), where £ > =1, ug, u, € D, uy(0) > &, u(0) > £
oru; =0, and T, <T,, then u € D, F = Blsep(D (), T wp Lu)- If uy =0 and
n=mno+1, then t(u)=1, and u=wuy if 1,=0, u= £A2"'q0 u,y, otherwise. If
u, = 0 and 7 is limit, then t(u) = 2. If u;(0) > &, then t(u) = 3. If u;(0) = &, then
t(u) = t(uy), andu = £"3"n"(ug, uy) if t(uy) = 1.

(e) Ifu=2¢§"4"(u,: n € w), where £ > 1, eachu,€ D, T, <T, ,(u,0)),is
nondecreasing and sup u,(0) > ¢, thenu € D, T, = SU(ZL,U, ., L, ) t(u) =2

) Ifu=£"5"n"(ug, u,), where £ > 1,1 > 2, uy, u; € D, uO(O) & u(l)=4
u(0)>§oru =0,and I, <T,, thenu € D, T, = SD (LT, 0T, Ifu, =0
then t(u) = 2. If u;(0) > &, then t(u) = 3. If u;(0) = &, then t(u) = t(u,), and u =
ENS5 N ug, gy if t(uy) = 1.

1.5 THEOREM. (a) If t(u) = 1 and u(0) = 1, then I', < I, and A(T,) is the unique
Borel Wadge class T such that T, < T < T,.

(b) If t(u) =2 and u(0) = 1, then A(L,) =U, L, for some strictly increasing
sequence of described classes (T, ) (for w*, Louveau has that A(T,) is the unique
Borel Wadge class T such that T, <T <T, foralln € w).

(©) If u(0)>1 or t(u)=3, then A(T,)=U(l,: a € w} for some strictly
increasing sequence of described classes (T, ),.

From this theorem, it is easily deduced that {T,; ue D} U (I; ue D} U
{A(T,): u € D, t(u) =1, u(0) = 1} is the set of all Borel Wadge classes in X.

2. Closure properties. The statements in the following lemma were proved in
Louveau [5] for Borel Wadge classes in w“. However, the proofs work for X as well.

2.1 LEMMA. Let u € D, u(0) = £.

(a) SUZY,T,) =T, andif n < &, then SUZS, T,) = T,

(b) T, and T, are closed under union and intersection with a Ay-set.

() If u(l) = 4, then T, is closed under union with a Eg-set.

(d) If t(u) = 3, then T, and f‘u are closed under union with a Eg-set and under
intersection with a I13-set.

(e) If u=¢"3"n"(ug,u,), and A € T,, then there exist C € 2} and BE€ T,
such that A = (AN CYU(B\C), and both AN C and C\ A are in
Bisep(D, (2 ) L)

(f) lft(u) = 1, then T, = Bisep(Z¢, I,), with @ as defined in 1.4.

() If t(u) =2, then T, = SUZLU, T .,) for some strictly increasing sequence
(T, ). of described classes with u,(0) > § for aln € w.

In this section we will prove more closure properties of some classes T, T', similar
to (a)—(d) in the preceding lemma.

2.2 LemMA. If AS c T, and u(0) > 2, then T, is closed under intersection with a
I19-set and under union with a =9-set; hence so is I,
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PROOF. If not, there is a minimal class I, for which it fails. By 2.1(d) the lemma
holds if #(u) = 3, and by 2.1(b) if u(0) > 3, so we have u(0) = 2 and #(u) € {1,2}.

Case 1. t(u)=1. By 21(f), T, = Bisep(Z9,T,). Since A c T, also A c T,
(otherwise T, = A%, but T, is non-self-dual). In Definition 1.4 we see that in (b) we
have T, ? A%, so we must be in (d) or (f), whence #(0) > 2. Since [, ul,cT, we
have I', < T',, so by minimality of I',, I'; has the described closure properties. Let
AeTl, sayd=(A4,NC)HU(A,NGC).If FET then 4, NFeTl, 4,NnFe
[, 0 ANF=(A4,NFNC)U(A,NFNGC)eT,. If G, let Cf, C*
reduce C, UG, CUG. Then AUG=(4,UG)NCHU(A,UG)NCK)e
r,
Case 2. t(u)=2. By 21(g), T,=SUZ3,U,.,I,). If each T, c AS, then
T, c SU(ZY, A%). Now if v € 37171"0, then I, = =9, so by 2.1(a), we have
SU(Z9,4%) € SU(ZJ, 2 NSUELTIH=2InTT9=49, so I,cAY, a con-
tradiction. Thus we conclude that A% c T, for some n, and hence A% ¢ T, for all
m > n. Since u,,(0) > 2 and I, <T,, each I, has the described closure proper-
ties; now proceed asin Case 1. O

2.3 LemMA. If u(0) > 3, or u(0) = 2 and t(u) = 3, then T, is closed under union
with a T19-set.

PROOF. If the lemma fails, there is a minimal I', for which it does. Since the
lemma is true if u(0) > 3 by 2.1(b), we have u(0) = 2 and #(u) = 3. Let F € IIJ.

Case 1. u(1) = 2,s0 I, = Sep(D,(29),T,.), u*(0) > 2. If A € T, say 4 = (4; N
C)U(A4,\C), then 4, UFeT,., 4,UFeT, by 2.1(b), so AU F=((4, U
F)NC)U(4,U F)\CeT,.

Case 2. u(1)=3,s0 I, = Bisep(Dn(Eg), L, T.), uo(0)>2, and u,(0) > 2 or
(u;(0) = 2 and #(u,) = 3).If A €T, say

A= (Al N Cl) U(Az N Cz) U B\(Cl U Cz)a
then 4, UFel,, 4,UF €T, by2l(b),and BU F € T, by 2.1(b) if u,(0) > 2,
and by minimality of T, if #,(0) = 2. So
AUF= (4 UF)NC)U((4,UF)NGC)U(BUF)\(C,UG,)€eT,.

Case 3. u(1) = 5,50 T, = SD, ((Z9, L0 L)y uo(0) = 2, ug(1) = 4, and u,(0) > 2
or (u;(0) = 2 and #(u,) = 3). Let 4 € T, say

4=U (Ag\ U CB) uB\ U c.
$<n B<¢ $<n
Since X\ F € 29, and u,(0) = 2, by 2.1(a) we have 4, N (X\ F) € T, , and it is
easily verified that the envelop of 4, N (X\ F)is C;N (X\ F).AlsoBUF€ET,
as in Case 2. So

AUF= {U ((Ag n(X\F))\BUK(CBn(X\F)))
U(BUF)\ U (¢ N(X\F)) €T, O

{<n
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2.4 COROLLARY. If u(0) > 3, or u(0) = 2 and t(u) = 3, then SUZ3, T ) =T,.

Proor. If A € SU(ZY, 1), say 4 =U,. (4, N C,), then X\ A4 =
U,co(C, N X\4,)UX\U,c.C,. Now X\4,€T,, so U, (C,NX\4,) e
SU(ZS,T,) = T, by 2.1(a), and X\ U, . .C, € I1; thus, X\ 4 € T, by 2.3, whence

Ael, O

3. Existence of homogeneous Borel sets. Some notation: If we apply the opera-
tions of 1.4 in a space Z, then we obtain classes I',(Z) (so I', = T',(X)). Inductively,
it is easily shown that if Z C X, then 4 € I' (Z) if and only if 4 = B N Z for some
B € T, and similarly for I', (for the cases of 1.4(d), (e), use the reduction property).
We write Z, = Z, if Z, is homeomorphic to Z,, h: Z, = Z, if h is a homeomor-
phism.

3.1 LemMa. IfAS c T, andu(©) > 2, andif BC X, A€T,, B~ A, then BET,,
and similarly for T,

PROOF. Let f: 4 = B. By Lavrentieff’s theorem (see [4 or 2]), there exist II9-sets
G,H in X with 4 ¢ G, B C H, and a homeomorphism f: G — H extending f.
Since 4 € T, also 4 € T,(G), so B € I,(H), say B= B N H with B € T,. Since
H € 119, by 2.2 we have B € T,. The proof for I, is analogous. O

3.2 DerINITION. If A% C T, and u(0) > 2, then a zero-dimensional space Y is
everywhere properly P, (resp. ?u) if some copy of Y in X is everywhere properly T,
(resp. T).

Note that from 3.1 it follows that if Y is everywhere properly 2, (resp. £,), then
each dense embedding of Y in X is everywhere properly T, (resp. I',), and that
“everywhere properly 2,” and “everywhere properly £,” are topological properties.

3.3 LemMa. If AS C T, and u(0) > 2, let L (%)), Z0 (Z)) be the classes of all
zero-dimensional spaces that are, respectively, everywhere properly P, and first
category (Baire), everywhere properly .@u and first category (Baire). Then up to
homeomorphism, each class contains at most one space, and if it exists, this space is
homogeneous.

PRrOOF. To prove the first part of the lemma, it suffices to show that T, and T, are
reasonably closed. For then if, e.g., 4,B € @uo, and A, B are copies of 4, B in X
that are everywhere properly T,, then 4 and B are meager, so we can apply
Theorem 1.2; the other cases are similar. So let ¢ be as in §1, and put P =
X\ (QyV Q). If 4 €T, then clearly ¢~'[ 4] € T (P). Hence for some 4’ € T, we
have ¢ ![4] = A’ N P. Since P € 19, ¢ }[4] € T, by 2.2, and hence ¢ ![4] U Q,
€ T, by 2.2, since Q, € =9. The proof for ', is the same.

For the second part of the lemma, note that if 4 is in one of the defined classes,
then any nonempty open-and-closed subset of A is in the same class since u(0) > 2
(use 2.1(a)), and hence it is homeomorphic to A4; such a space is called strongly
homogeneous, and it is not hard to show that any strongly homogeneous zero-dimen-
sional space is homogeneous (see e.g. [6]). O
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Thus, if Y is in one of the above classes, then Y is a homogeneous space that is
topologically characterized by the properties describing the class.
We now determine which of the classes are nonempty.

3.4 LeMMA. If A4 c T, and u(0) > 2, then ¥ and &} are nonempty.

ProoF. Let Z € T, \ T,, and let O = U{U: Uopen in Z,U € T,}. Then for some
U, e T, with U, open in Z, we have O =U, . U, Let U, be open in X with
U,N Z= U, and let (V,), reduce (0,),. ThenV, N Z=V,nU,NZ=V,n U,
Uuerl,, u@0=27, eE?,sobyZl(b) yvnZel,.So0=U,..(V, NZzZ)e
SU(ZI, I,) =T, by 2.1(a). Put Z =2Z\O0; then Z + @ since Z & T,. Since Z=
Z\U, <V, and X\U,cV, € I? c A%, we have Z € T, by 2.1(b). We claim that
no nonempty open subset U of Z is in T,. Indeed, if U € T, choose U open in X
withU N Z = U; then

Unz= ((X\ U Vn)n(fmz))u U {(Tnv)n,nz))

nEw new

e su(=s,T,) =T,

u

by 2.1(a), so UN Z c 0, contradicting @ # U c (U N Z)\ 0. Now let Z’ be a
densely embedded copy of Z in X (which exists since Z contains no isolated points),
and put Y= X\ Z'. Also, let Q be a countable dense subset of X, and put

= Q X Y C X X X. We identify X X X with X, and claim that Y € #?. First
note that, by 3.1, Z’ € ', hence Y € T, and {¢q} X Y € T, s0

oxY=U ({¢) x¥Yn{q) xX)eSU(ZY,T,) =T,
q9€Q

Now if V is a nonempty open subset of X X X, then V' N Y? # &, say (¢, x) €V
N Y2 Then U = ({g} X Y) N V is a nonempty open subset of {g} X Y, and also it
is closed in ¥’ N Y. Soif ¥ N Y werein I, then also U € T, by 2.1(b); but then
Y contains a nonempty open subset U’ with U’ € T',, say U’ = U N Y with U open
in X. Then U N (X\ U)= U N Z’is a nonempty open subset of Z’ which is in T,
since U € 2?, X\UE€T,, u0) > 2, a clear contradiction. Thus, Yu0 is everywhere
properly T',, and obviously it is first category; so Y, € #0. Arguing as above, it is
easily seen that (X X X)\ Y2 e Z!. O

If we try to prove that 2° and %! are nonempty by replacing I, in the above
proof by I',, then we see that we need SU(Z9,T,) = T,; as we shall see in Lemma
3.6, this is not always the case. However, from 2.4 we see that the following holds:

3.5 LemMa. If AS c T,, and u(0) > 3 or (u(0) = 2 and t(u) = 3), then Z? and
%! are nonempty. O

In fact, if Z! and Q are as in the proof of 3.4, then Z? = Q X Z! € Z?, and
X\ ze @1

3.6 LemMA. IfAS C T, u(0) = 2, and t(u) € {1,2}, then ¥} = @ = Z2.
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PrOOF. If Z € 20 is densely embedded in X, then X\ Z € %! (argue as in the
proof of 3.4), so it suffices to show that #! = @. We will prove that if 4 C X is
everywhere properly I',, then A is first category. First take #(u) = 2. By 2.1(g),
r,=Su%U,c,I,) so we can write 4 =U, ., (4,N C,). Let C,=U,, . .Cr,
with C; € TI7; then if 4,€T,, also C;NA4=CrnA,eT, since u,(0)> 2,
C! € A%, using 2.1(b). If U # & is open in 4, say U = U N A with U open in X,
and if Uc CiNA, thenU=0UNnCrnA,eT, cT, since T, <T,, a con-
tradiction. So C» N A is closed and nowhere dense in A4, whence

A= U (Crna)
n.mew
is first category. If #(u) =1, note that since A c T,, we have # # 0 whence
4(0) > 2. Since T, = Bisep(Z9, I';) by 2.1(f), we can argue as above. O

4. The Wadge class of a homogeneous Borel set. In this section we show that if Y
is a homogeneous zero-dimensional absolute Borel set, and Y & A%, then Y € @0y
' uZ?uZ! forsomeue D, u@)>2 A5cT,.

4.1 LEMMA. Let Y be a homogeneous Borel set in X with Y & AS. Let T, be the least
described class such that A € T, U I . for some nonempty open subset A of Y. Then
A% c T, and u(0) > 2.

ProOF. If A4 ¢ T,, then T, U T, c AY whence 4 € AS. Let x € 4, and by
homogeneity of Y, let h,: Y =Y be such that h (x)=y. Take a countable
subcovering { 4, [A4]: n € Lo} of the open covering {hV[A]: y€ Y}of Y,andlet U,
be open in X such that U, N Y = h,, [A]. If (V,), reduces (U,),, then

V,NnY=V,nUNY=V,nh, [A] €A,

so Y=U,c (V,nY)e SUE?, A%) = AY (see the proof of 2.2 Case 2), a con-
tradiction. So AG c T,

Now assume u(0) = 1.

Case 1. t(u)=2. By 21(g), [,=SUE)U,.TI,) If 4€T,, say 4=
U,c(4,N C,), then some C,N 4, = C,N A is a nonempty open subset of A4,
hence of Y; but 4, € some I, , u,(0)> 1,50 C,N 4, € I, by 2.1(a), contradict-
ing minimality of T, since I, <T,.If 4 €T,, then X\ 4 =U,(4,NnC,), s0
A=U,,(C,Nnx\4,)UX\U,cG, Since I, <T, , each X\4,€U,T,,
so if some C, N X\ A4, # &, we obtain a contradiction as above; thus, 4 =
X\ U, c.C, € IIY c A%, which is impossible.

Case 2. u =1"1"9+ 170.Then T, = D, ,,(2)),50 4 € AY.

Case 3. u = 1"2"n"u* Then T, = Sep(D,(ZY), T,.), u*(0) > 2. If A € T,, then
A= (A4,N C)U(4,\C), C € D(ZD). Let C = U (C\ Ug . (Gy) as in Definition
1.3(a).

() If GcNnA=g for all { <, then 4 = 4,\U,_,C;. Since 4, € T, and
X\U;_,C, € IT) c A%, we have 4 € T,. by 2.1(b); but T,. <T,, contradicting
minimality of T,.
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(ii) Let a < n be minimal with C, N 4 # &. If a and 7 are both even or both
odd, then C,\ Uz . ,G3 € X\ C,s50C, N4 = C,N A,\ C.Since C, N X\ C € A%,
C,NAe€T,. as above, and C, N A is a nonempty open subset of Y. If a is even
and n is odd, or conversely, then C,\U,;_ G C C,s0C,NA=C,NCNA €
Fu*, which again is impossible. If 4 € i" then X\NA=(A4,NC)U (A4,\C), so

=(X\A4)NC)U(X\A4,)\C. Put 4,=X\4,€T,., 4,=X\4,€T,,
and argue as above.

Case 4. u = 1"3"1"(u,,0), uy(0) > 2. Then I', = Bisep(Z?, T 4,) by 1.4(d) and
21(f). If 4 €T, then A =(4, N C)HU(A4,NC). Now C;n4A=C,N A,, and
either A, N C, or A, N C, is nonempty. Since C; € =0 C A%, we obtain from 2.1(b)
that 4, N C, € f‘ A, N G, €T, so we have a contradiction.

If 4 €', then X\A =4, NCHUA,NG),s04=(C,NX\A4)U(C,N
X\A4;)UX\(C,UG). Since X\4, €, and X\4,¢€ f‘uo, we must have
C; N X\ A, = @ by the above argument,so 4 = X\ (C,; U G,) € II? c AY, another
contradiction.

Case 5. u=1"3"n+ 1"(uy,0), 7> 1, uy(0) > 2. Then T, = Bisep(Z}, T},),
where I, = Sep(D, Z), T, ,)- It suffices to show that I; and I, are closed under
intersection with a =-set, for then we can copy the proof of Case 4, replacing I, by
T,. For T, this follows from 2.1(a); for I',, it is equivalent to I'; being closed under
union with a IT?-set, and this is proved exactly as 2.3 Case 1.

Case 6. u 1"3’\n’\<u0, u), ug0) > 2, u(0)>1. Then T, =
Bisep(D, =N, T up Lu)- 11 A € T, thenby 2.1(e) we can write 4 = (4 N C) U B\ C
for some C € 27, B € T, such that 4 N C € Bisep(D,(Z{),T, ). Since 4 N C is
open in A, and since it is easily checked that Bisep(D,(Z?), I,,) <T, (use that
XeT, since u(0)> 1), we must have 4 N C = &, whence 4 = B\ C. But
BEI‘ X\ C € A%, uy(0)> 2,50 B\CeT, by 21(b), so 4€T, <T,, a
contradlctlon If A e f‘u, then again by 2.1(e), we have X\ 4 = ((X\ A) N C) U
B\ C for some C € 37, B €T, with C\ (X\ 4)= CnN A4 € Bisep(D,(Z{),T,).
Thus 4 = (4 N C)U (X\ B)\ C, whence, as above, 4 = (X\ B)\ C. But X\ B
€ fu, < T, so we again obtain a contradiction.

Case 7. u=1"5"0"(ug,u;y, us(0)=1, uy(1)=4, u(0)>1. Then T, =
SD,((Z. T, ws Lu) 1If A €T, then 4 =U,_ (4, \UgG) U B\U,_,C;. Put
C =U;,C;. Agam it is easily checked that SD, ({2, T, ») < T, so since C € =)
andCNA4= U§<n(A§\UB<§CB) € SD, ((Z}, “0>) we have C ﬂ A= 3,504 =
B\ C. By 2.1(c), I, is closed under union with a S0-set, so I‘ is closed under
intersection with a IT{-set. Since B € r,c f‘ and X\ C e H{’, we have 4 € I‘
<T,If4eT,and X\A U§<,,(A§\UB<§CI,) U B\ U; . ,C;, then use Lemma
2.1 to show that

4=U (((C:\Ar) uU CB)\ U G
t<n B<t ) p<¢
e sp,((=,1,). L, ).

19 tug/o

V(X\B)\ U ¢

{<n

and argue as above. O
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4.2 LEMMA. Let Y be a homogeneous zero-dimensional absolute Borel set with
Y & AS. Then for some u € D with A C T, and u(0) > 2, we have Y € ¥° U &} U
zlu 2zl

ProOOF. Embed Y densely in X, and let I" be the least Borel Wadge class such that
AeTuTl for some nonempty open subset 4 of Y. If T is self-dual, then
I' = A(T,) for some v € D with t(v) = 1, v(0) = 1 (see §1). But then T, is the least
described class such that B € T, U T', for some nonempty open B in Y, contradict-
ing 4.1. So T is non-self-dual, say I = T,, and by 4.1, A% c T, and u(0) > 2. Let
x € A, and for each y € Y, let h,: Y = Y be such that h,(x)=y. Let {h, [A]:
n € w} be a countable subcovenng of the open covering { 4, [4): y € Y} of Y and
let U, beopenin X suchthat U, N'Y = h, [A]. If {V,), reduces (U,),, then

V,nY=V,nUNY=V,nh,[A4]

Now h,[A]€T, (resp. T,) if A €T, (resp. I,) by 3.1. Since ¥, € =} and
u(0) > 2 we have V, N Y € T, (resp. ) ) by 2.1(b). So Y € SU(Z?,T,) =T, (resp.
Y € SUELT)) = f‘u) by 2.1(a). A similar argument shows that if B # @ is open in
X, and BN Y were in f‘u (resp. T,), then we would have Y € I, (resp. Y € T,),
since BNY # &, so Y€ A(T,). Hence by 1.5(c), Y€ T, for some I, <T,,
contradicting minimality of T',. Thus Y is everywhere properly I', (resp. everywhere
properly T',), and since a homogeneous space is either first category or Baire, the
result follows. O

REMARK. In the above lemma, we in fact have that Y € #°2 U %! if [Y]=
and Y€ #°U @} if[Y]=T,.

We can now formulate our main theorem. Let D, = {u € D: A% C T, u(0) > 2},
and D, = {u € Dy: u(0) > 3 or t(u) = 3}. By 3.4 and 3.5, for each u € D,, there
are elements Y2, Z! in #0, &), respectively, and for each u € D,, there are
elements Y, Z0 in &}, 20, respectively.

4.3 THEOREM. Up to homeomorphism, {Y?, Z}: u e Dy} U {Y},Z%: u e D,)
consists precisely of all homogeneous zero-dimensional absolute Borel sets outside NS,

PROOF. Apply 3.3,3.6,and 42. O

Thus, from the remark following 4.2 and from the above theorem, we see that a
homogeneous Borel set in X is completely determined and topologically char-
acterized by its Wadge class and its being first category or Baire.

4.4 COROLLARY. There are exactly w, homogeneous zero-dimensional absolute Borel
sets.

PROOF. Theorem 4.3 and the results of van Engelen [1].
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