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ALGEBRAS OF OPERATORS ISOMORPHIC

TO THE CIRCULANT ALGEBRA

ALAN C. WILDE

(Communicated by Louis J. Ratliff, Jr.)

Abstract. The algebra of n x n circulant matrices has a specific structure.

This paper displays different operators on linear vector spaces that have the

same structure, i.e. are isomorphic.

1. Introduction

Complex n x n circulant matrices are a matrix representation of the group

ring (over C) of the cyclic group. P. J. Davis [1] also proves that the set of

circulants with complex entries have an idempotent basis. This paper displays

algebras of operators which are isomorphic to the algebra of n x n complex

circulant matrices.

§2 reviews properties of circulants and introduces a cyclic group of automor-

phisms on the circulant algebra generalizing conjugation. The group ring over

C of this group is isomorphic to that of circulants themselves.

In §3, functional equations, whose solutions are functions C" —» C, are

solved using cyclic and idempotent linear operators on the space (labeled U )

of functions C" —► C. Again, this algebra of linear operators is isomorphic to

n x n circulants.

§4 displays cyclic and idempotent linear operators on the space V of func-

tions on « x « complex circulants. Furthermore, §4 shows a relationship be-

tween the operators on V and those on U .

Finally, §5 shows a linear involution on V whose group ring is isomorphic

to 2 x 2 complex circulant matrices.

T. Muir in his classical book on determinants (cf. [3], 1920) discussed prop-

erties of circulant matrices. K. B. Leisenring in the years 1969-1979 lectured

extensively on the bicomplex plane employing 2x2 circulant matrices (see his

ms. book [4]). The work of Davis, Muir, and Leisenring influenced the author

in various ways. Already in 1971, A. C. Wilde [2] discussed aspects of func-

tional equations obtaining generalizations of odd and even functions in terms

of nth roots of unity in C. A. C. Wilde in [5, 6, 7] generalized properties of
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2x2 circulant matrices and 2-dimensional complex analysis to nxn circulant

matrices. More work continuing the present paper is forthcoming.

2. Properties of circulants

An « x « circulant matrix is a square matrix like the following:

(1) X =

Xn-\     X0
X, ■X

vn-l

n-2

Xn-2     Xn-\     X0' v«-3

IX, X3    " X0

Let An denote the set of circulant matrices with complex entries, or F = C.

Let K denote the circulant matrix with xx = 1 and x. =0 for j ^ 1. Then
L

K (the hth power of K, 1 < h < n ) is the circulant matrix with xh = 1 and

Xj = 0 for all j• ¿ h , K° = I (the identity matrix), K1 = K, and Kn = I. So

X can be written as

(2) X = YxhKh

h=0

,n-l
for x0,xx , ... ,xn_x e C.  In other words, K" = I, K, ... ,K"  '  forms a

basis for the circulants A  .   Let a denote any of the nth roots of one, or
2niln     T    ,

a = e    '   . Let

n-l

(3) yh = J2a JXj     for h = 0 ,1 , ... ,n- 1.
7=0

Then, as well known (see [1]), the numbers y0,yx , ... ,y„_¡ are the eigenval-

ues of the circulant matrix X, each yh having the corresponding eigenvector
/->  i/i       h       2/7 (n— \)h\
Col(l ,a  ,a    , ... ,a:       ).

Circulant matrices have also another basis Eñ,E. , ... ,E    . defined by

(4)
1  T~»    -hj „j-J2"     KJ     for h = 0,l,... ,n-l.
n j=o

As shown in [1], these matrices have the following properties:

(5.1) E2h

(5.2)

(5.3)

Also,

(5.4)

- Eh     for h = 0 ,1 ,...,«- 1 ;

E.E =0    for h ,¿ /'    and'h^i

E0 + Ex + + En-\

n-l

Kh = J2 ahJEj    for h = 1 ,2 ,...,«- 1 .
7=0
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Thus, the idempotents E0,EX , ... ,En_x form a basis for An, and it is shown

in [1] that for X in equation (2) we also have

n-i

(6) x = EyhEh=yoEo+ylEi + ---+yn-iEn-v
h=0

We have seen that every circulant, or X e An , can be written in one and only

one way in the form (2), or

X = xQI + xxK + x2K2 + ■ ■ ■ + xn_xKn~\

Let us now define the function 8: An —» An by taking (see Wilde [5])

d(X) = x0I + xx(aK)+x2(aK)2 + --- + xn_x(aK)"-1

= x0I + axxK + a x2K -\-\-a     xn_xK      ,

i.e., 8 replaces K by aK in (2), and by composition

(8) 6k(X) = x0I + akxxK + a2kx2K2 + ■■■ + a{n~{)kxn_xK"~l ,

i.e., 8 replaces xh by a xh for h = 0,1 ,...,«- 1. Also, 8"(X) = X.

Then 8 is an automorphism in An that preserves C, C being embedded in

An by the correspondence z —* zl for z e C. We have seen that, for any

circulant X e An , or X = x0I + xxK-\-\-xn_xKn~ , xQ,xl ,... ,-*„_, G C,

if we take the numbers yh = Yljlo a j x,■■ > h = 0 ,1 , ... ,n - I, then relation

(6) holds, or X = yQEQ +yxEx +-\-yn_xEn_x , and then

(9) 8(X)=yxE0+y2Ex + --- + yn_xEn_2+y0En_x,

i.e., 8 shifts the eigenvalues over one space.

To generalize Re z and i Im z , let q0 , qx , ... ,qn_ x be the functions An —*

An defined by

1 "-'
(10) Qh = -¿2a    &    for « = 0,1,... ,«-1.

;'=0

Then

(10.1) q\ = qh     for/i = 0,l,... ,n-l;

(10.2) <7„<7, = 0     fmhfj;

(10.3) q0 + qx+--+qn_x=8°;     and

/i/-> *\ h 2h (n-l)A nh
(10.4) q0 + aqx+a   q2 + --- + a{       q   x = 8 .

Also,

(11) qh(x0I + xxK + --- + xn_xK"~l)=xhKh    for h = 0,1,... ,n - 1.

Equations (10), ( 10.1 )-( 10.3), and (11) are proved in Wilde [5]. The algebra

generated by I ,K ,K ,... ,K"~l and 6 ,8 ,... ,8"~ over C are isomor-

phic and can be called circulant algebras.
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If / is an entire function C —► C, then

n-l,
f(z0I + zxK + --- + zn_xK"   ')

(12) n-l

A=0

1  "-'1 v^    -hk
'n-l

j=0k=0

K"

for all zQ,zx , ... , zn_x e C as proved by Wilde [6].

3. Functional equations

For any entire function /: C —► C, equation (12) can be written as follows:

n-l

(13)       f(z0I + zxK + -.- + zn_xK"-l) = ^Fh(z0,zx,...,zn_x)K

where

(14)

n=0

A

•

. n-l /n-l
1  *-^    -hk , I \-^ jk

Fh(z0,zx,... ,zn_x) = -Y^<*     f   Zy zj]>
*:=0 7=0

h = 0,1 , ... ,n - I . The reader may also verify that for each h ,F0,FX ,

Fn_x satisfy the functional equation

(15) F(z0,azx ,a2z2, ... ,a"~lzn_x) = ahF(z0,zx , ... ,zn_x)

J-ni/n
for a = e    '  , all h = 0 ,1 , ... ,n - 1, and all z0 ,z, , ... ,zn_x e C.

Equation (15) is related to the circulant algebra also in another way. Let

U = {F\F: Cn -► C} and let C be the operator C: U -> U, linear in F,

defined by

(16) C(F)(z0,zx , ... ,zn_x) = F(z0,azx ,a2z2, ... ,a"~lzn_x),

i.e. C assigns to each function F(z0, ... ,zn_x) in U the function

F(z0 ,azx , ... ,a"~ z„_,) obtained by substituting a/ Zj for z., j = 0,1 , ... ,

n - 1. If we denote C   the operation C composed with itself k times, then

(17) Ck(F)(z0,zx , ... ,zn_x) = F(z0,akzx ,a2kz2, ... ,a{n~l)kzn_x).

By Wilde [2], CJ = C° if and only if n divides j ; and linear combinations

of C ,Cl ,C , ... ,C"_1 over C form a circulant algebra. Equation (15) can

now be written in the form

(18) C(F) = ahF.

Also, we may define the operators MQ ,MX , ... ,Mn_x: U —» U by taking

(19) ¡h — —(C +a    C +a     C H-ha
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for h = 0,1 , ... ,n - 1 . These operators have the following properties:

(20.1) Ml = Mh     for A = 0,1, ...,«-1;

(20.2) MhMj = 0    ifh^j;

(20.3) M0 + Mx+--- + Mn_x =C°;     and

(20.4) M0 + ahMx + a2hM2 + ■■■ + a{"'l)hMn_x = Ch

for h = 0,1,...,«- 1. (Properties (20.1)-(20.3) are proved in Wilde [7].

Properties (20.1)-(20.4) are similar to those of the functions E0,EX , ... ,En_x

and operators q0 ,qx, ... , qn_x in §2.

By Wilde [7], a function F in U satisfies equation (15) (or (18)) if and

only if F € Ran/VfA. Moreover, properties (20.1)-(20.3) above imply that

U = Ran M0 © Ran M, © • • • © Ran Mn_x (a direct sum), as proved by Wilde

in [7]. Each function Fh, h = 0,1 , ... ,n - I, defined by equation (14) is in

Ran Mh and in addition

(21) Fo + Fi+... + Fn_i=f{Zo + Zi+... + Zn_i).

Thus

(22) Fh = Mh(f(z0 + zx+--- + zn_x)).

4. Other circulant algebras

By equations (19) and (17), if a function g maps C" into C, then

^a(S)(z0'zi ' ••■ 'Zn-l)

(23) 1 ¡^    -hk    , k 2k (n-\)k ,
= nl^a        8(Z0>a   zl'fl     Z2'---  'fl             Zn-l)

k=0

for h = 0 ,1 ,...,«- 1 .

For /: An —► An , there exist functions f0 ,fx , ■■■ ,fn_\ : C"-»C such that

(24) f{X^hKh\=Y,fh(z0,zx,...,zn_x)Kh.
\n=0 /        «=0

Hence, from equation (20.3),

\ n-ln-l

,251 V«=o /      A=o (=0
*■      ' n-ln-l

= EY,Mh+i(fh)Kh-
i=0 n=0

Let F = {/I/: ^„ -* An} . For /e K, let us define p¡(f) and g. such that

(26) />,(/) f¿ zA*A ) = "¿ M„+,(/X
\n=0 / n=0



ALGEBRAS OF OPERATORS 813

and

(27) *, = X>n+,(/n) >
n=0

for i = 0 ,1 , ... ,n - I and h + i taken modulo n . By equations (20.1) and

(20.2),

(28) Mh+¡(g¡) = Mh+¡(fh)

for h = 0,1 , ... ,n - 1 ; /' = 0,1 , ... ,n - 1 ; and h + i taken modulo n .

Substituting (28) into (26) yields

(29) P,(f) (£ z,**) = £ Ai^JÄ* ,
\n=0 /        n=0

for i = 0,l,... , n - 1 and A + i taken modulo « .

Using equation (26), we can prove

(30.1) p2=Pl    for ii-0,1,-. ..,«-*;

(30.2) />,./>. = 0    if/*/;

(30.3) (P0+P1 + ---+TB_1)(/)=/,      /eF,

i.e., />0 , p, ,... ,P„_! are orthogonal projections on V, adding to the identity

function on V, and so generating over C a circulant algebra.

Also, we derive another formula for the projections p¡(f).   By equations

(26), (23), (8), and (24),

^f)(EhKh)=EMH+Ámh
\n=0 / n=0

n-l

(31)

n-l
1 V-*    -(i+h)k f , k (n-l)ki V^    -{i+h)k c , k n-l * ,
~2^a fh(z0,a zx,... ,a        zn_x)

Kh
= £

A=0 L" k=0

.  n-l /n-l \

k=0 \n=0 /

.  n-l /n-l \

= E«  «/«  E^).
<:=0 \n=0 /

since 0 is a function ^n —» ̂ , namely one-to-one and onto. This result can

be rewritten in the form

(31') Pi(f)=l-':Za-k8-kfdk,
nkT0

for all functions f e V. Finally, it can be shown that f8 = a'8f if and only

if f e Ran/?, .
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Now we want to show that for each f e V and every ¿ = 0,1,... , n - 1 ,

there exists only one function g¡ such that equation (29) holds. Indeed, suppose

there exists another function g* :C"-»C such that p¡(f) = Y%Zq Mh+¡(g¡)K

= ¿ZlZo Mh+l(S*)Kh . Since I ,K ,K2, ... ,K"~l is a basis of AH ,Mh+¡(g¡) =

Mh+i{S*¡) for h = 0, 1 , ... ,n- 1. By equation (20.3),

n-l n-l

Si = 12Mh+ÁSi) = Y,Mh+te*) = 8*.
h=0 n=0

So g¡ is unique. Thus, there is an isomorphism between functions g¡ : C" —► C

and functions ¿ZIZq Mh+¡(g¡)Kh in Ranp¡.

A result of all this is as follows: let W — {f\f: C -* C with / an entire

function} and U = {f\f: Cn -* C}.  Let / be a monomorphism W —> U"

defined by /(/) = (f(z0 -\-h zn_x) ,0, ... ,0). Let ~y/ be a monomorphism

W - V defined by

(n-\ n-l fn-l

W(f) l^zkK "    =£A/„(/K + --+zn_1))^ * = /   E^     -
\rt=0 /        h=0 \h=0 J

which follows from equations (13), (14), and (22). Then there exists an iso-

morphism ^ : U" —» V defined by

\A=0 / /=0 A=0

such that the following diagram commutes:

W

Un

¥

V

5. A LINEAR INVOLUTION

Suppose g is a function An —► A   given by

n-l

(32) S = X>,*'
(=0

where ^( is given by equation (27). Written out, we have

n-l

(33) s = E
/=0 n=0

K'.

Let F denote the space of functions An-> An. If / is an element of V, then

there exist a set of « functions f0,fx , ■■■ ,fn_x  mapping C"  into C such
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that / = YLl=o fh^- (hke eQuati°n (24)). Let us switch the h and the i in the
right-hand side of equation (33). Then let q> be the function V —► V defined

by

(34)

(n-l \        n-l   /n-l \

£/***= ££*W^)K
„=0 /        n=0  \i=0 /

We use equations (20.1)-(20.3) to show that

<n-\

»ME/.^))-e{5>«
V     \n=0 / /        Hi i=0

n-l

J2Mi+k(fk)
k=0

\k"

n-l

=£

n-l

EMh+l(fh) K"

n=0 L(=0

n-l
Er  rsh

n=0

2 0
i.e., cp = q> (the identity function on V ). Thus <p is a linear involution on

F. Consider the set B — {a0tp + axq>\a0 ,ax € C} , i.e., linear combinations

over C of cp and <p (since tp = <p ). Then B is a 2x2 complex circulant

algebra; (<p + <p)/2 and (q> - q>)/2 are idempotent elements of B, i.e., they

are projections on V. If / is in V, then tp(f) = / if and only if / e

Ran(#>° + <p)/2 ; and <p(f) = -/ if and only if / e Ran(ç>° - <p)/2. Also,

V = Ran(^° + tp)/2 © Ran(tp° - <p)/2 (a direct sum).

If n = 2, then AT  = /. Let / and g be two functions C —> C. Then

P[//(z0.z|) + *c?(z0.zi)]

= /[/(zO'zi) + /(zo' -zi) + c?(z0>zi)-c?(zo> -z,)]/2

+ *[/(zo » zi) - /(zo • - zi) + ¿?(zo > zi) + c?(zo . - z,)]/2.

Note that, if f¡ is a function C" -»C for each /', we have by equation (34)

that

n-l

(35) tp(flK')^Y.MhM,)Kh-
n=0

Indeed, since (by equation (11))

q¡ I ̂ /„AT   J = f¡K' ,    tp is an isomorphism
\n=0 /

q¡(V) —> p¡(V)     for each i.

Equation (34) implies that

(36) <p[Mh+l(fh)Kh] = Mh+l(fh)K¡
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where h and i vary from 0 to n — 1 and h + i is taken modulo n. Since

9(f) — f if an£l only if / s Ran(ç>  + çj)/2 , the function

(l/2)(j»° + <p)[Mh+i(fh)Kh] = (l/2)Mh+l(fh)(Kh + K')

is a fixed point of g>.
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