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ABSTRACT. Given a solvable and simply connected Lie group G with Lie alge-
bra gz and a left invariant metric of nonpositive curvature without flat factor,
we prove that rank(G) < dime, where 2 is the orthogonal complement of
[#.#] in g. In particular, if H is a simply connected homogeneous space of
nonpositive curvature satisfying the visibility axiom then H has rank one.

INTRODUCTION

Let G be a solvable and simply connected Lie group with a left invariant
metric of nonpositive curvature. If £ is the Lie algebra of G, then g =
[#,#]1® 2 where 2, the orthogonal complement of [z, £] in 2 with respect
to the metric, is an abelian subalgebra of 4.

The rank of G (rank(G)) is defined as the minimum of the dimensions of
the spaces of parallel Jacobi vector fields along the geodesics through the identity
of G. This definition coincides with the usual one in the symmetric case.

In this paper we show that if G does not have de Rham flat factor, then
rank(G) is at most dime (Theorem 1.3). This bound for rank(G) is the best
possible since for symmetric G, it coincides with dim= (Remark 1.4).

As a consequence, we obtain that if H is a simply connected homogeneous
space of nonpositive curvature satisfying the visibility axiom then H has rank
one (Corollary 1.6). This fact was proved in [5, Theorem 2.6] for dimH < 4.

Finally, we show that the strict inequality in Theorem 1.3 may occur. In par-
ticular, we obtain examples of rank 1-homogeneous spaces of nonpositive curva-
ture having planes of zero curvature (hence, they are not symmetric). Moreover,
they do not satisfy the visibility axiom.

PRELIMINARIES

Let H be a simply connected homogeneous Riemannian manifold of non-
positive curvature (K < 0). If y is a unit geodesic in H, rank(y) is defined
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to be the dimension of the vector space of parallel Jacobi vector fields on 7.
The rank of H (denoted by rank(H) ) is the minimum of rank(y) over all unit
geodesic y of H such that y(0) = p for some p in H. This definition was
introduced in [3] ( H not necessarily a homogeneous space) and it coincides
with the usual one if H is a symmetric space (see [5, Preliminaries]). It is clear
that rank(H) > 1 and rank(H) = dim H if and only if H is flat.

Being H homogeneous it admits a simply transitive solvable Lie group of
isometries (see [1, Proposition 2.5]) and hence H is isometric to a solvable Lie
group G with a left invariant metric of nonpositive curvature.

For G as above, G satisfies the visibility axiom if and only if G admits a
left invariant metric of negative curvature (see [4, Corollary 2.3]). Hence, if
G has sectional curvature K < 0, G satisfies the visibility axiom and it also
follows, by the definition of rank, that G has rank one.

We recall that if X ,Y ,Z € £, the Lie algebra of G, the Riemannian con-
nection V is given by

Z(V,\’Y ’Z) = <[X ’Y]’Z) - <[Y,Z] aX) + <[Z )X] ’Y)
and the sectional curvature K at e, the identity of G, is defined by
X AYIPK(X,Y) = (R(X,Y)Y, X)

where R(X ,Y)=[V,,V, ]~ V[X,Y]'

In general, in a Lie group G, if forany g€ G, L . and R < denote the left
and right translations respectively and [ .= L ¢ © R S then the adjoint repre-
sentation of G defined by Ad(g) = (dI g)e satisfies / g(exp X) = exp(Ad(g)X)
and Ad(expX) = Exp(ad,) for every X in g, where exp: g — G is the
exponential map of G and Exp denote the exponential map in 2/ ().

1. THE RANK OF G

Let G be a solvable and simply connected Lie group G with a left invariant
metric of nonpositive curvature. If ¢ is the Lie algebra of G, then g =
[#,#]® 2 where 2, the orthogonal complement of [, £] with respect to the
metric, is an abelian subalgebra of 2. (see [1, Theorem 5.2].)

If 2 is the complexification of 2’ = [z, #] then we have a decomposition
in direct sum, ;" = ¥, 5, where 4 = {U € 4": (ad,, —A(H)I) - U = 0
for some k > 1 and for all H € 2} is the associated root space for the root
A€ (2")° under the abelian action of z on &'. If A=a=+if isaroot of = in
¢ (thatis g} # 0), the generalized root space is defined by ¢/ 5= Py =
# N(gi ®gy) and g is the direct sum of the generalized root spaces g/, ;.

We assume that G has no de Rham flat factor; it follows from [2, Theorem
4.6] that the factors g, = 3_ 2, B and 2, = {H € z: a(H) = 0 for all roots
a+iB} are zero. Then 4' =%, o2, 4-

The following lemma is the key for the proof of Theorem 1.3.
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Lemma 1.1. If H € 2 satisfies a(H) >0 for a+ i a root then
. li
:B{Poo Exp(—-tad, )X =0 forall X € g, e
Proof. Let A = a + if be a root of = in 4. By definition of &, N =
(ad, —A(H)I )I;@» is a nilpotent operator on ;f. Then adHI o = =AMH)I+ N
#BH)| _ 1 it follows that
~ Exp(~tN) = 0 in

Gl( ;'f) . We compute this limit in each matricial coordinate (ij). Since N is
nilpotent,

and Exp(—tadH)|f,, = ¢ "M Exp(—tN); since |e”
lim Exp(—t adH)lﬂ,}. = 0 if and only if lim

t—+00 t—+00 €

Exp(—tN) =Y °(-1)f k'N N = 0)
k=0
and

Exp(~tN),, Z (-1 (N) =P

is a polynomial in ¢ of degree s > 0. Then, lim
lim e “P’(1) = 0 since a(H) >0.

t—+o00

Hence, lim,_,  Exp(-tad,)U =0 forall U € ;f such that A=a+if is
Exp(—tad,)X =0 forall X € 4., ,.

Iu(H)(Exp( tN))ij —

t—+o00 €

a root and consequently, lim,_,

A Jacobi vector field J on a geodesic y is said to be stable if there exists
a constant ¢ > 0 such that |J(¢)| < ¢ forall ¢t > 0. We recall that if y is a
geodesic of G, for every tangent vector v at p(0) there exists a unique stable
Jacobi vector field J on y such that J(0) = v (see [6, Lemma 2.2]). It is
obvious that every parallel vector field on a geodesic y is stable.

Lemma 1.2. Let H € 2 be such that a(H) > 0 for all roots o+ if (such an
H exists by [1, Proposition 5.6] since G has no flat factor). Then the stable
Jacobi vector field J on the geodesic y,(t) = exptH with J(0) = X € &' is
given by J(t) = X’exp 1 » Where X s the right invariant vector field on G such
that X, = X .

Proof. Tt follows from Lemma 1.1 since X is a Jacobi field on v, and | X,
= |Ad(exp —tH)X| = | Exp(—tad,)X].

Theorem 1.3. Let G be a solvable and simply connected Lie group with a left
invariant metric of nonpositive curvature. If G has no de Rham flat factor then
1 <rank(G) < dime.

Proof. Let 2 = {H € 2: o(H) > 0 for all roots a + iff}. We will show that
if H €<’ then there is no parallel Jacobi vector field J on 7y Wwith J(0) #0
in ;' In fact if such a J exists, J is a stable vector field on y, with
JO)=X¢€ ; and from Lemma 1.2, J(1) = X, forall t e R. Thisisa

contradiction since lim,_, |/\~’exp,H| =0 and |J(¢)]=|X]| forall teR.

xptH|
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Therefore, J is a parallel vector field on y,, if and only if J(¢) = (a’LeXp e
with Z € 2 (V,Z = 0); hence the dimension of the space of parallel Jacobi
vector fields on y, equals dimz and consequently rank(y,) = dime for all
H € 2. Hence, rank(G) < dime.

We note that if G admits de Rham flat factor then rank(G) < dimz+dim g,
(see [2, Theorem 4.6]).

Remark 1.4. This bound for rank(G) is the best possible since in the sym-
metric case (VR = 0), rank(G) coincides with dime<. In fact, G being a
symmetric space of noncompact type (G has no flat factor) it follows from
[7, §6, Chapter V] that rank(G) is the maximal dimension of a flat Euclidean
isometrically imbedded in G as a complete totally geodesic submanifold. Con-
sequently rank(G) > dime, since exp(z) satisfies the above conditions (see
[4, §2]). Hence, Theorem 1.3 implies that rank(G) = dime.

Theorem 1.5. Let G be a solvable and simply connected Lie group with a left
invariant metric of nonpositive curvature. If G satisfies the visibility axiom then
G has rank one.

Proof. 1t is a direct corollary of Theorem 1.3, since if G satisfies the visibility
axiom then G has no flat factor and dimz =1 (see [4, Theorem 2.3]).

Corollary 1.6. If H is a Riemannian simply connected homogeneous space of
nonpositive curvature satisfying the visibility axiom then H has rank one. In
particular, if H = G/T admits a G-invariant metric of negative curvature, H
has rank one.

Proof. The first assertion is immediate and the last one follows from
[4, Theorem 2.1].

2. EXAMPLE

In this section, we exhibit a Lie group G with a left invariant metric of
nonpositive curvature such that rank(G) = 1 and dimez = 2, thus show-
ing that strict inequality in Theorem 1.3 occurs. In this example the com-
mutator subalgebra &' is not abelian, in contrast to the case presented in
[5, Example 3.3].

First we give a formula for the sectional curvature for a special case.

Lemma 2.1. Let & be a solvable Lie algebra with an inner product { , ) such
that =, the orthogonal complement of / is abelian. If adHl | is symmetric with

respect to ( , ) forall H € =, then

(RX+H,Y+T)YY+T),X+H)
= (R(X, Y)Y, X) = |[H,Y]- [T, X)' - ((H,Y] - [T, X],[X,Y])
+({[[H,Y]-[T,X],X],Y) - ([[H,Y]-[T,X], Y], X)
forall X,Ye4', H ,T€e.
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Proof. Let X,Y € 4/, H,T € 2. Since R(T ,H) =0 and V,, =0 for all
H ,T € 2, by the definition of R we have,

(RX+H,Y+T)Y+T),X+H)=(RX,Y)Y ,X)+(RX,T)T,X)
+(R(H,Y)Y ,H)+2(R(H,Y)Y , X)
+2(R(X,T)Y ,X)+2(R(H,Y)T , X)
= (R(X, Y)Y, X) - [T, X]’
—IH, Y] = 2V Y . X)

~ AV X Y) = 2V T X).

By using the connection formula,

AV Y, X) = (H, Y1, Y1, X) - (Y, X],[H,Y]) + (X ,[H,Y]],Y)
2<V[T,X]X’Y> = ([[T’X]’X]’Y> - ([XaY]5[TaX])+ ([Ys[T>X]]’X>
2<V[H,Y]T’X) =([[H,Y],T],X)-(T,X],[H,Y)]),

We get,

(RX+H,Y+T)Y+T),X+H)
= (RX,Y)Y ,X) - [T, X1’ - |[H, Y1’ + 2(T , X1,[H , Y])
—([[H,Y]-[T,X],Y],X)
+([[H,Y]-T,X1,X]1,Y) - ((H,Y]-[T,X],[X,Y])

and the formula follows.

Example 2.2. Let 2 be the Lie algebra of dimension five that is generated by
{e, ,e,...es} and Lie bracket

le, ,e,] = ¢ee;, e>0
le,,e;]1=[e,,e;]=[e,,e5]1 =0
le,.e]=ve,, le,.e,] = —ve,, le,.e5]1=0
les.e]=ae,, les ,e,] = Be,, les,e;] = (a+ B)e,

where y #0, a >0, B > 0 are chosen such that yz—a,B<O.

Note that ;’ is nonabelian, it is spanned by {e, ,e,,e;} and its center z is
Re,.

Let ( , ) be the inner product in & such that (e, €) =90, 1,j=1...5
and observe that ad, I/’ , ad, |/, are symmetric with respect to { , ).

For each ¢ > 0 let (£,,( , )) denote the Lie algebra with the same inner
product as the one in » and the same Lie bracket except for [e, ,e,], = ee;.
We note that ¢’ = 4, = g((¢ = 2, = g,) and @ =, as vector spaces.
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By a straightforward computation, using the connection and the curvature
formulas we get

— _ 1 _ 1
(1) V‘,Iel = ye, + aes , Vele2 = &€, Vele3 = —5¢e,
_ _1 _
VeZe2 = —ye, + Bes, Veze3 = s¢e,, V‘,]e3 = (a+ B)es
V‘,I e,=—ve, V(,le'5 = —ae,, Veze4 = ye,

Ve,ze5 = —fe,, V‘,Je4 =0, V63e5 = —(a+ B)e,

(2) K (e, ,e) = -3 +7’ —ap
K, (e, ,e;) = },—82 - Bla+pB)
K(e, ,e;,) = &’ —ala+ p)

(3)If X =ae, +be, and Y in z+ (the orthogonal complement of z in ;')
is independent with X, up to a positive constant,

K,(X,Y +ce)) = |[X AY'K (e, ,e,) + C[a°K, (e, ,e;) + 'K, (e, , €,)].

Now, if X,Ye€ 4, H,T€z and {X + H,Y + T} are orthonormal vectors
in g, it follows from Lemma 2.1 that

(4) K,(X+H ,Y+T)=(R,(X,Y)Y ,X)-|[H, Y]—[T,X]|2+£f(X Y, H,T)

where R, is the curvature tensor for (g, ,( , )) and f is a continuous function
of X, Y, H, T. Moreover, if G 72( #) is the Grassmann manifold of 2-
planes of g, the curvature function (¢,n) — K, () is uniformly continuous
for 0<e<l1, ne€G ’2(;). In fact; since any 2-plane n C & is spanned by
orthonormal vectors {X+H ,Y+T} with X € z*, by using (3) and (4) it is an
easy computation to show that K (r) is continuous; G, ,(g#) being compact,
the assertion follows.

As ¢ -0, (#,,( ,)) tends to a well defined limit algebra (g&,,( ,)) such

that &, is abelian. Then,

(i) If X,Y € gy, H,T € « and {X + H,Y + T} are orthonormal
vectors,

KyX+H,Y+T)=(Ry(X,Y)Y ,X)-|[H,Y]-[T,X]".

(i) If X =ae, +be, and Y € z* is independent with X , by the formula
given in (3), up to a positive constant,

Ky(X,Y +ce) = [ XAYL(3® —aB) — (a+ B)c(@’a+b’B) <0.

In particular, (g,,( , )) has sectional curvature K, <0.

(ii1) Since any 2-plane 7 C ;6 contains a vector in z* , we have that there
exists a number r > 0 such that K(n) < —r for all 2-plane 7 C &,. (The
curvature function K|, is continuous and negative on the Grassmann manifold
of 2-planes in g, which is compact.)
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(iv) From the uniform continuity stated above, there exist ¢, > 0 such
that, if ¢ < ¢, then

K, (m) < Ky(n)+r forall 2-plane n C 4.

Now, let n be a 2-plane in g spanned by orthonormal vectors
{X+H,Y+T} with X,Y € ', H,T € 2. First we assume that X, Y
are independent. Hence, by using (i) and (iii),

Ko(m) = |X A\YPKy(X,Y) — [[H, Y] - [T, X]|* < K(X,Y) < —r.
Consequently, (iv) implies that,
(v) K, (n) < Ky(m)+r <Ky (X,Y)+r<0 ife<eg,.

If Y is a multiple of X, K,(n) = —|[H,Y]—[T,X]|> <0 (the other terms in
(4) are zero).

Hence, if ¢ < ¢, (£,,( , )) has sectional curvature K, < 0. Moreover, if
X = ae +be, with a#0 b #0 is a unit vector, then for Y € ;' , T € 2 such
that {X,Y + T} are orthonormal we have, if ¥ #0, K (X ,Y +T) <0 ((v))
if T#0, K, (X,T)=-|[X, T]I2 <0. In fact, [X,T]=a(T,ye, + aes)e, +
b(T, —ye,+ Bes)e, is nonzero, since a# 0, b # 0 and ye,+ae;, —ye, + fe;
are linearly independent in ~.

Hence, if ¢ < ¢, and G, is the simply connected Lie group associated to
(#¢> (> )), the geodesic y in G, with y'(O) = X has rank one; therefore,
rank(G,) = 1.
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