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CONVERGENCE OF DIFFERENCE APPROXIMATIONS
AND NONLINEAR SEMIGROUPS

SHIGEO KANDA

(Communicated by Palle E. T. Jorgensen)

ABSTRACT. We give a convergence theorem for the difference approximation
for the evolution equation (d/dt)u(t) € Au(t) and a generation theorem of
nonlinear semigroups for “directed” dissipative operators A in a real Hilbert
space.

INTRODUCTION
In this paper we consider the evolution equation
(DE) (d/dt)u(t) € Au(t), te[0,7)

for a given (multivalued) nonlinear operator A in a real Hilbert space.

After a pioneering work of Komura [4], many authors have treated the gen-
eration of nonlinear semigroups having dissipative or w-dissipative operator as
generators. Our main purpose is to introduce a notion of directed L-dissipative
operators as a generalization of w-dissipative operators and to give a conver-
gence theorem for difference approximations for (DE) and a generation theorem
of nonlinear semigroups through it. In §1 we state definitions and a convergence
theorem for difference approximation for (DE) and the proofs are given in §2.
In §3 we give a generation theorem of nonlinear semigroups through the con-
vergence theorem in §1.

1. DEFINITIONS AND CONVERGENCE OF DIFFERENCE APPROXIMATIONS

Let H be a real Hilbert space with inner product (-,-) and norm |- ||. Let
A be a (multivalued) operator in H with domain D(A4) and range R(A4). We
say that A4 is directed L-dissipative if the following conditions are satisfied:

(i) forevery A>0, (1—-44)"" is a single valued operator.
(ii) (x"—y",x —y) < L(|]x = y)llx = y| for x, y € D(4), x' € Ax and
y' € Ay, where L is an increasing continuous function such that L(0)
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equals zero and satisfies the condition

/ l dt/L(t) =
0

(iii) (x' —x",Ax') <0 for A >0, x € D(4), x' € Ax, x — ix' € D(A)
and x" € A(x — Ax").

We note that the condition (iii) is an analogue to that of “temporal analytic-
ity” in Furuya [2]. Our main theorem is the following:
Theorem 1. Let A be a directed L-dissipative operator in H satisfying the range
condition
(R1) R(1-AA4) D> D(A)  forall A>0.
Let T >0 and T = nh,, where n is a positive integer. Let u, € D(4). We
define the simple functions u, on [0,T] by

—k
u,(t)=(1-h,A4) "u, forte((k-1)h,, kh,)

and u,(0) = u,. Then {u,(t)} converges uniformly on [0,T] as n — oo and if
we let u be the limit function of {u,}, then u is a Lipschitz continuous function
with Lipschitz constant |Auy| = inf{||z|||z € Au,}, i.e

(1) lu(t) — u(s)|| < |Augllt —s|  fort,s €[0,T].

2. PROOF OF THEOREM 1
We begin with the following lemma:

Lemma 2.1. Let A be a directed L-dissipative operator in H satisfying the
range condition (R1). Let x,, y, € D(A). Let h, k be positive numbers
such that h = Zk, where / is a positive integer. Put x, , = (1 — hA)_'xn
and y,., = (1 —kA)_lym for n, m=0,1,2,.... Let M = max(|4x,|+
|4y,|,14v,|"), where |Ax| = inf{||x'||[x" € Ax}. Let ¢ be a given positive
number. If ||x, —y,, |l > ¢ and Mh < min(e/2, L(¢)¢), then the following
estimate holds:

Proof. Let x 1 €E4x,, Let p be a nonnegative integer. Choose y'/(n +1-p €
1
AY 4 (n41)—p SUch that y/(n+l = y/(n+1)—p—l + kY, (n41)—p - Then

(3) I|xn+l - perll y/ n+l)— “

l; / 2
w1 — P+ l)kan = Ystnity—p—1 T K X1 = Vstniny=p)l

=lx
= Dkx, 2
- IIxn+l - (p+ ) Xns1 _y/(n+l)—p—l“
’
+2k( n+l y/(n+l) p’xn+l —y/(n+l)—p)
2,1 2
-+ k "xn+l y/(n+l " = pk’llx, |l

+ pk’ ||y/n+l || forp=0,1,2,...,/ - 1.
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! ! !
Choose x, + € Ax,,, suchthat x, =x, , —hx, . Then, forany x, € Ax, =
A(x,  , —hx

n+1 n+l)’

[ ! 2 ' /
n+]) = ”xn+1” - (xn ’xn+l)
’

2 ! ]
2 1%, 7 = M 1 -

Thus the following estimates hold:

0> (x

’
n+l _xn X

! /
4) 1,111 < Hlx, [| < 1A
’
(5) X041 = Xl = 12X, || < BLAX|.
(6) |”xn+] _y/(n+l)_p|| - ”xn —y/;l I”
/—p

< "xn+l —xn" + Z "y/n+j —y/n+j-l”
j=1

< hldxy| + (£ = p)k|Ay,|
<Mh forp=0,1,2,....,7.

From (3), using (4), (5), (6) and (ii) we have

/ 2 lJ 2
lI'xn+l —pkan _y/'(n+l)—p” - ”xn+1 -+ l)kxn.H _y/(n+|)_p..1”
2
< 2kL(||x, = v ull + Mh)(|x, — v, || + Mh) + Mpk®.
Adding these inequalities for p =0,1,2,...,7 — 1, we get

2 2
X041 = Vormenll” = 1%, = ¥l
< 2hL(|Ix, =y, I + MA)(|x, = v, | + M) + MZ (£ — 1)k* /2
< 2hL(Ix, = ¥l + MB)(Ix, = ¥, ]l + Mb) + M.

In addition, if ||x, —y,,|| > & > 2Mh, then using (6) we have

Bnar = Yrinanyl = 15, = 7,17

%1 = Vsl = 1, = DUX 1 = Vorpuay | + 1%, = V2,1
2 (1%, = Yol = 1%, = ¥,,IDQ2lIx, = ¥,.,|l = Mh)
> (1%, = Yol = 1%, = ¥, DX, =¥, 1l + MB).

Thus, if ||x, —y,,|| >&>2Mh and Mh < L(g)e, then

101 = Yo men)ll = 1% = Yl
<2hL(|x, -y, | + Mh) + Mh’/e
<2hL(||x, =y, Il + Mh) + hL(e)
< 3hL(Ix, - vl + Mh).
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Lemma 2.2. Let A, x, and y, beasin Lemma?2.1. Let T >0 and T = nh,,
where n is a positive integer. Then for any ¢ > 0 there exist a positive number
6 =4d(¢) and a positive integer N = N(e,x,,¥,) such that

¢ -n t ~/n
- = —(1-— <
”(l nA> X, (1 /nA> Woll S¢
Jor ||xg=yl<é6, n>N, /=1,2,3,...,and t€[0,T].
Proof. Given ¢ > 0, choose 1 = n(e) > 0 such that
©dy
> 4T.

» L)

Setting d = d(¢) = n/3, choose x,, y, € D(A) such that |x,—y,|| < J. More-
over, choose a positive integer N = N(e »Xo>Yo) such that Mh, = MT/N <
min(#n/2, L(¢)e). For simplicity, put

—k p —/k
<l——A) xo—(l—/—nA> Yo

Let n > N and assume that a,(¢) > ¢ for some ¢ € [0,7]. Since ag(t) =
llxo — ¥oll < n/3 and by noting (6) we have

ak( ) = forte[0,T].

=a,(f)+a,_()—al(t)y>e—Mt/n>e— Mh,
>n-n/2=n/2,

there exists a nonnegative integer kK, < k < n such that

n
C!n—l

azo(t) <n/2 and aZ(t) >n/2  forky,<k<n.

For ¢t € (0,T], putting & =t/n we have

(1) +Mh
4T < / / Ay
L(y) (0 Mh L(y)

)+ Mh — (al(t) + Mh)

< k+l

= ?—E L(aj (1) + Mh)
n—1

< Y 3h=3(n-k)h<3t<3T, byLemma 2.l
k=ko

This is a contradiction. Hence a:(t) <efor n>N and t€[0,T].

Proof of Theorem 1. Given ¢ > 0, put d(e) = &/2(|duy| +1). Put x; =
(1—h,A) " u,. Let n, m > 2T|4u,|/e = N,(¢). In the case € [0,5(¢)],
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taking the integer k, so that r € ((k, — 1)h,, k,h,], we obtain

kn

< Z ”xJn _x;l_lll < Zhn|Auo|
j=1 J=1

< k,h,|Aug| < (t+ h,)|Au)
<ef2+e/2=e.

”u,,( _uo” = |-xk _uo”

Similarly we have

Thus
it (8) = 14, ()11 < N1ty (1) = gl + llttg — w0, (D] S &+ 2= 2¢

for t€[0,6(¢)] and n, m > N,(g).
In the case ¢ € [d(¢),T], by Lemma 2.2 there exists a positive integer N, (&)
such that

¢ —kn ¢ —mkj,
(1-a) " (1= ) "

for t€[d(¢),T] and n, m > N,(¢). Thus

<é¢ and h,|Auj|<e

16, (2) = s (O] = I1(1 = B )™ "ty = (1 = B, )™

—kp —mk,
<1—k]”<h”A) Uy — (1—]:’;'2" ) U,

n n

|1 = P )™y = (1 = )™

<

knm

—mky _
<e+|(1-h,,A) uy— (1 =h,,, A4 "uyll
mky,
nm nm
=e+|| D (" -x)
J=knm+1
mky,
nm nm
<ée+ Z “xj —Xj_ll‘
J=Knm+1

<e+mh,, |Au) =€+ h,|Auy| < 2¢
for t€[d(¢),T] and n, m > N,(¢). Similarly we have
4, (1) = w0, (D] < 26

for t€[d(¢),T] and n, m > N,(e).
Putting N(¢) = max(N,(¢), N,(¢)),

llu, () —u, ()] < 4¢
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for t € [0,T] and n, m > N(e¢). Hence {u,(t)} converges uniformly on

[0,T]. Put u(t) = limn_‘oo;n(t) for t €[0,T]. For 0<s<t<T, choose

integers j, k such that s € ((j - 1)h,,jh,] and t € ((k — 1)h,,kh,]. Then

n n
N, (8) = u, ()N = llx,e — x|

k-1 k=1
DY LA AR DPLAETN
— —

< (k = j)h, | dug) < (=5~ h,)|Auy|.
Thus
llu(t) — u(s)|| < (¢ - s5)|Auy)| as n — oo.
This holds for s = 0. Hence,
llu(t) — u(s)|| < |Aug||t — 5| forallt,5s €[0,T].

3. GENERATION OF NONLINEAR SEMIGROUPS
Let 4 be a directed L-dissipative operator in H satisfying the condition
(R1). Following Benilan [1], we define an integral solution u to the Cauchy

problem:
(CPr;uo){ (d/dt_)u(t) € Au(t) forte[0,T),0< T < oo,
u(0) = u,

as a continuous function on [0,T) with u(0) = u, satisfying the inequality
2
(7) la(t) = xol* = fluts) = xo 1
t
< / {(yo,> u(t) = xo) + L(llu(t) — xoI)llu(7) — x,|I} d7
N

for X, €D(A), yyeAx, and 0<s<t<T.
It is easy to see that the limit function u as in Theorem 1 is an integral
solution to (CP;u,), and satisfies

(8) [v(8) = u()ll = llv(s) — uls)ll < / L(llv(z) - u(m)l) d7,

0<s<t< T, for any integral solution v(¢) to (CP,;v,). Such a solution is
called a mild solution of (CP,;u,).

Lemma 3.1. Let u(t) = u(t,u,) be the limit function as in Theorem 1, and
v(t) = v(t,v,) be a mild solution to (CPy;v,), then

9) lim vz, vy) — u(t,uy| =0 uniformly on [0, T).

llvo—uol|—0
In particular, if vy =u, then v(t) = u(t).
Proof. Putting s =0 in (8),

(10) [v(6) — u@ll < llvg — uyll + /0 L(flv(7) — u(o)l) d.
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Putting f(1) = |lv(¢) — u(?)|| and F(2) = |lvy — u,ll + fo (lv(z) = u(2)|) d,
(10) is expressed as
(10") f@©) < F(1).

Thus F'(f) = L(f(¢)) < L(F(t)) . Hence,

£ ds t F'(‘t
- dr < / dr=t.
A%'uoll L(s) o L(F(7) !

Since fo1 ds/L(s) = oo, lim F(t) = 0 uniformly on [0,T). So (9) is

obtained.

[lvo—uol|—0

Lemma 3.2. Let u, € D(A). Then there exists a unique mild solution to

(CPrsuy).

Proof Since u, € D(A), there exists a sequence {x,} € D(A) which goes to
. Let u(¢,x,) be the limit function with initial value x, . By (9) we have

n}ri‘r_goo llu(t,x,) — u(t,x,)|l =0 uniformly on [0, T).

Putting u(f) = lim,_ __u(¢,x,), it is clear that u(f) is a mild solution to
(CPriuy).
Next, letting v(¢) be any mild solution to (CP;u,), using (9) again,

lim [[o(0) - ult,x,)]| = 0

Thus
lv(e) —u(@)|| < [lv(0) —ult, x )| + llu(t,x,) —u(®)]| — 0

as n — oo. Hence, v(¢) = u(t).

From Lemma 3.2, it is easily seen that there exists a unique mild solution
u(t,x) in (CP_;x) for any x € D(A). Then we have the following theorem.

Theorem 2. Let A be a directed L-dissipative operator satisfying the condition
(R1). Foreach x € D(A), let u(t,x) be the unique mild solution to (CP,_;x).
Let T(t) be an operator on D(A) such that T(t)x = u(t,x). Then {T(t)|t > 0}
has the semigroup property.

Proof. 1t is obvious that T(¢1)x = x and T(t+s)x = T(t)T(s)x for ¢t, s >0
and x € D(A). We show that u(t,x): [0,00) x D(4) — D(A) is continuous.
Assume that (¢,,x,) — (¢,x) € [0, 00)xD(A) and (¢,,x,) — (t,x) as n — oo.
Choose a sequence {xn} C D(A) which converges to x . Then by (1),

lu(t, ,x,) — u(t, x>n
< lutt,,x,) — u(t, x) + llut, , x.) - u(t, , x, )

+ |lu(z, , ,,,)— (t,x,,,)ll+||u(t,xm)—u(t,X)Il
/ ! /
< Nuley, > x,) = u(t, s X))l + llue, > x,) = w2, x,)ll

n

! 1
+ |Ax,, ¢, =t + [|u(t, x,,) —u(t, x)||.
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By (9), for any ¢ > 0 there exists a positive integer N = N(¢) such that
lu(t,,x,) —u(t,,x,)| < &/3,
lu(t,,x) —u(t,,x, )|l <&/3,
lut, x,, ) —u(t,x)|| <&/3
for n, m> N. Thus
lu(t,,x,) —ut,x)| < e/3+¢/3+|dx, ||t, —t|+¢/3
=¢+|Ax, ||lt, —1|.

Hence
lim |ju(z,,x,) —u(t,x)|| <e.

n—oo

Remark. Let X be a real Banach space. In the case A is a continuous mapping
from a subset of [a,b) Xx X (a < b < oo0) into X, Iwamiya has given a
result which guarantees existence and uniqueness of solutions under a weaker
condition than (ii) in §1 (see [3] in detail) for the nonautonomous differential
equation in X

(d/dtyu(t) = A(t,u(1)),

(CP;1,2)

u(t) =z,

giving (7,z) in [a,b) x X .
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