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A CHARACTERIZATION OF THE MACKEY TOPOLOGY t(L>, Ll)
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ABSTRACT. We give a description of the Mackey topology t(L*,L!) for finite
measures in terms of a family of norms defined by certain Young functions.
As an application we obtain various topological characterizations of sequential
convergence in t(L*,L!). Moreover, we obtain a criterion for relative weak
compactness in L! in terms of the integral functional defined by some Young
function.

1. INTRODUCTION

J. B. Cooper [3, Chapter III] has characterized the Mackey topology 7(L*,
L') on L™-space associated with a positive Radon measure on a locally com-
pact space, in terms of the notion of mixed topologies. K. D. Stroyan [10]
has characterized t(L*® ,Ll) for finite measures in terms of an infinitesimal
relation on the nonstandard extension *L° . In [9] we examined the topology
(L%, L') from the viewpoint of the theory of locally solid Riesz spaces (see
[1]).

Let (Q,X,u) be a o-finite measure space, and let L° denote the set of
equivalence classes of all real-valued p-measurable functions defined and finite
ae. on Q. Then L° isa super Dedekind complete Riesz space under the
ordering x <y whenever x(¢) <y(t) a.e. on Q. The Riesz F-norm

Il = /Q O+ X)) () du for x € L°

where a function f: Q — (0,00) is u-measurable with [, f(1)du = 1, de-
termines a Lebesgue topology 7, (see [5, Chapter I, §6], [1, Theorem 24.7]).
This topology generates convergence in measure on every measurable set of
finite measure. Let L™ denote the set of all x € L° such that Ixll,, =
ess sup,q [x()] < co and let I denote the topology of the B-norm || ||, -
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The absolute weak topology |a|(L™, L') is a locally convex-solid topology on
L*™ defined by the family of Riesz seminorms [p,:y € L'] where

p,(x) = /Q x(Oy(0)|de  for x € L

It is known that |o|(L™, L') is a Lebesgue topology (see [1, Theorem 6.6 and
Theorem 9.1]).

In [9] we showed that (L ,L') is the finest Hausdorff Lebesgue topology
on L%, and that it coincides with the mixed topology ] 57 "70| 1]. For
terminology concerning mixed topologies we refer to [11]. Note that in view
of the Amemiya theorem [1, Theorem 12.9] 7 and |a|(L* ,Ll) induce the
same topology on || || -bounded subsets of L>, and therefore, the mixed
topologies y[.7_ ,.70| 1] and y[T_,|o|(L® ,L')] coincide (see [11, Theorem
2.2.2]). Moreover, if the measure u is finite then, by the same argument,
y[zo,%l L] coincides also with the mixed topology Y[ ,.7p| 1ol < p <
00) , where Yp denotes the || || -norm topology on Lf.

By a Young function we mean a function ¢: [0,00) — [0, 00] which is con-
vex, left continuous, continuous at zero with ¢(0) = 0, not identically equal
to zero. We denote by L? the Orlicz space associated with a Young function
@ (see [6, 7] for more details). Note that this includes L’ being equal to L™
and L'. Let Il , and Il - ||2 denote the Luxemburg B-norm and the Orlicz
B-norm defined on LY by (see [6, 7]):

Il = inf {a>0: [ plixtol/ndn <1}

0
It = sup {

[ xoyan:yer” i, <1}

where ¢ denotes the function complementary to ¢ in the sense of Young,
ie. 9" (v) = sup{uv — ¢(u): u > 0} for v > 0. We shall use the following
inequalities (see [6, p. 80; 7, p. 48))

0 ¢
(+) xll, < lixll, <2lx]l,  forxeL".

For r> 0 we will write B, (r) = {x € L?: llx]l, < r}-

A Young function ¢ is called an N-function if it takes only finite values,
vanishes only at zero and ¢(u)/u — 0 as u — 0, ¢(u)/u — 0o as u — oo (see
(6, p. 9]).

The following lemma will be needed.

Lemma 1.1. Let ¢ be an N-function. Then there exists an N-function y sat-
isfying the A,-condition (i.e. limsup,  _ (w(2u)/w(u)) < oo) and such that
w(u) < p(u) for u>0.

Proof. In view of [6, p. 6] ¢(u) = fO"p(t) dt for u > 0, where the function p(¢)
is right continuous for ¢ > 0, nondecreasing and such that p(0) =0, p(z) > 0
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for t >0 and p(t) —» 0o as t — oo. Let us put

p()if0<t<1,

q(t) = . k n—k—1 . n—1 n

min(2"p(2 y:k=0,1,...,n-1)if 27 <t< 2",

and define .
w(u) =/ q(t)dt foru>0.
0

It is seen that y is an N-function, and that ¢(7) = min(2¢(2""%), p(2"™"))
for te2"',2"), n=2,3,.... Thus w(u) < p(u) for u > 0. We shall

show that y satisfies the A,-condition. Indeed, let ¢ > 1. Choose a natural
number n such that € [2"~',2"). Then we have

a2 _ q(2") _ 292" _
90 " q@ ) = @)
Hence for u > 2 we get
v (2u) < 2uq(2u) < 4uq(u) < 8uq(u/2) =16(u/2)q(u/2) < 16y (u),

and this means that y satisfies the A,-condition.
We denote by x, the characteristic function of the subset E of Q.
Henceforth we will assume that the measure u is finite.

1
2. A CHARACTERIZATION OF THE MACKEY TOPOLOGY 7(L™,L")
FOR FINITE MEASURES

We start by giving a characterization of absolutely continuous seminorms
on L% . Note that the Riesz seminorm p on L™ is absolutely continuous iff
p(xg) — 0 as u(E) — 0. It is known that p is absolutely continuous iff it is
order continuous (i.e. p(x,) — 0 if x, | O holds in L™) (see [8, Theorem
2.1]).

We will write

={xeLl”:|Ix|,<1} and B, ={xeL”:p(x)<I1}.

Proposition 2.1. For a Riesz seminorm p on L™ the following statements are
equivalent:

(i) p is absolutely continuous.

(i1) There exists an N-function ¢ such that p(x) < llxl, for xe L™

Proof. (i) = (ii) For y € L' let us put f fQ z()y(t)du for z € L™
Denoting by (L®, p)" the topological dual of (L*, p) we have (L™,p)" C
{ f} yE€ L'} , because p is order continuous on L™ and L' is the Kéthe dual
of L. Using the Hahn-Banach theorem for the seminormed space (L™, p),
for x € L™ we get

p(x) = sup{l£,(0)]: £, € (L. p)" . IA]l, < 1}
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where "f || = sup{[f (2)]: z € Bp}. Therefore, writing

Y={yeL':|f(z)|<1forz€B)}

we get

(1) p0) = sup) X(t)y(t)du’-
yeY |JQ

There exists a number ¢ > 0 such that p(z) < c||z||, for z € L™ (see [1,
Theorem 16.7]). Applying (+), for y € L' we get

[ voidu<sw{| [ zv0du|:ze 5.}
< csup{}/ﬂz(l)y(t)dﬂ 1z € Bp} .
Hence
2) sup [ piduze.

For a measurable subset E of Q, by (1), we have p(x.) = Sup, .y Jely®ldu.
Therefore, there exists a sequence of positive numbers (4,) such that 4, | 0
and

(3) sup/ () du < 272"
€Y JE

if W(E)<2, .

Choose a natural number n; such that 27 < A 2_3 _'(u(Q))_l and set
{llc_lz nls if 0<s < 2eA]
qis) =

P if 2ca ' <s<2eA),n=1,2,....

+| )
Define

t//(u)=/0uq(s)ds foru>0.

Then y is an N-function and w(2u) < 2" ™u for u € [cA]',cA;), n =
1,2,.... For yeLl let us write
Ey(y) = {te Q: (0] <cA '},
E)={teQci ' <lpl<ci !}, n=1,2,....
Then by (2), for y € Y we have u(E, (y )C/I < Joly@®ldu < ¢, so

u(E,(y)) < 4, . Therefore, according to (3) for y € Y we get

/ w0 du = / vl () )dﬂ+Z / (0]

<yeer @+ 2 [ poldus2”
n=1

En(y)
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Thus |y, < 27" if ye Y, and by (1) and (4), for x € L™ we get

mm=manmmm4

yeY

—1
Swp{ yel, Iy, <2 }snﬂuw

/xuwmdu
Q

Thus, to finish the proof it suffices to put ¢ = y" .

(ii) = (i) It suffices to show that for an N-function ¢ the norm || - || 0
is absolutely continuous on L% . Indeed, for a measurable subset E of Q
we have [xgll, = /97" (#(E))™") (see [6, p. 79]), and thus |x.|, — O as
ME)—0.

Thus the proof is finished.
Remark. The above result is motivated by Ando’s paper [2] where a description
of absolutely continuous seminorms on Orlicz spaces L’ defined by some finite-
valued Young function is given.

We are now ready to state our main result.

Theorem 2.2. Let ®, be the collection of all N-functions. Then the Mackey
topology t(L™ L") is generated by the family {| - ||¢|L°° tpEed,}.

Proof. We know that (L™, L') is the finest Hausdorff Lebesgue topology on
L> . Denote by 7, the topology on L™ generated by the family {]|-|| L= P €
®,}. According to Proposition 2.1, for each ¢ € ®, the norm | - || 0 is
absolutely continuous on L™, so 7, is a Lebesgue topology, and therefore,
1, C ©(L®,L"). Since 7(L®,L') is a locally convex-solid topology, there
exists a family {p_ } of Riesz seminorms on L* that generates 7(L™ ,Ll).
Each p_ is absolutely continuous, and according to Proposition 2 we obtain
(L®, LYY cr,.

The next theorem characterizes sequential convergence in (L, (L™, L")).

Theorem 2.3. For a sequence (x,) in L™ the following statements are equiva-
lent:
(i) x,—0 for t(L®,L").
(i1) [lx,ll, — 0 for each N-function ¢ .
(iii) [lx,llp — 0 and sup, ||x,||,, < oo.
(iv) [olx,(@)y(t)|du— 0 for every y € L'
(v) lIx,ll, = 0 for some 1 <p < oo and sup, |Ix,[,, <oo.

Proof. (i) & (ii) It follows from Theorem 2.2.

(i) < (iii) See [9, Theorem 1].

(1) & (iv) See [9, Theorem 9].

(iii) & (v) In view of [1, Theorem 12.9]  coincides with & on | |-
bounded sets in L™ .

14
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3. WEAK COMPACTNESS IN L'

In this section we use Theorem 1.2 to obtain some interesting criterion for
relative weak compactness in L'. This criterion is analogous to the Andé’s
criterion for relative o(L?, L’ )-compactness in Orlicz spaces L’ associated
with finite-valued Young functions ¢ such that ¢(u)/u — oo as u — oo (see
[3, Theorem 2]).

Theorem 3.1. For a subset A of L' the following statements are equivalent:
(i) A is relatively compact for the weak topology cf(Ll ,L™).
(i) There exists an N-function ¢ such that

sup [ p(x(0)])du < oo.
XEAJQ

Proof. (i) = (ii) Since t(L™ ,L') is the topology of uniform convergence on
the weakly compact subsets of L' , in view of Theorem 2.2 there exist an N-
function y and a number r > 0 such that Bw(r)nL°° c A°, where A° denotes

the polar of 4 with respect to the dual pair (L™, L') . Hence
Ac4®c (B, (nnL®)

=Ixel': || xtyy@t)dw|<r™' foryeB ()nL’}.
frects|fxomoa 0L}

According to the argument from [6, pp. 86‘—87] we have the following represen-
tation of the Orlicz B-norm |.|,. on L¥ : ||x|l;. = sup{| fo x()y(r)dul: y €
0

Bw(l)n‘L°°}. Therefore, sup, ., x| ,- forall
x € LY . In view of Lemma 1.1 there exists an N-function ¢ satisfying the
A,-condition and such that ¢(u) < y"(u) for u > 0. Thus sup,, lIxll, < r!
and hence [6, p. 77] sup,., o 9(Ix(£)])du < co.

(11) = (1) Applying the Holder inequality [6, Theorem 9.3], for a measurable
subset £ of Q we have

sup / [x(Oxg(Oldu < |lxg
XEAJQ

—1
y- ST, because |lx|,. < lx]|

12 sup ||x||, -
¢ XEA 4

Since sup,, [Ix| , < 0o and L™ C (L”’*)a (= the ideal of elements of abso-

lutely continuous norm in L"') we get sup ., [p|x(¢)|du— 0 as u(E) — 0.
It is seen that the set A is ||.|,-bounded. Therefore, according to the Dunford-
Pettis theorem (on relatively weakly compact subsets of Ll) (see [4, p. 294])
we obtain that A is relatively compact for a(L1 ,L%).
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