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ABSTRACT. We show that the Dirichlet to Neumann map for —Au+vu = 0, de-
termines the potential v(x), for v(x) satisfying the condition of C. Fefferman
and D. Phong.

We shall consider here a bounded domain Q ¢ R"”, n > 3 with smooth
boundary. Consider then the equation in Q given by —Au + vu = 0. Define
the Dirichlet to Neumann map A, on 9 given by

du Ou . ..
A(f)= 35y is the outward normal derivative
and u solves the Dirichlet problem —Au+uv =0 in Q and u|,, = f.
We recall, ([F], [CW]) the definition of the C. Fefferman, D. Phong class. We

say v € F, if for all cubes Q C R",

2n 1 » 1/p
ol =sup 10" [ [ or] " <o

We remark that L"*(R") c F, for p < n/2, and likewise L ¢ F,,

p < n/2. The containments are strict as v = f(x/|x|)|x|™*, f € L(S""),
p>(n-1)/2 isnotin L** but v € F,, p > (n—1)/2. The main result
proved here is as follows.

Theorem. Suppose ||"’1||F,, <egn), p>m-1/2, i=1,2. Assume that

A, =A, , then v, =v, in Q.

Remark. In the theorem above it is enough to assume that v, are supported in
Q.

The one-dimensional result is due to [B], [L]. If v, € L™ the result is due to
[NSU] and [HN]. The two-dimensional result is in [SU, ] and the C * case in
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[SU,]. Applications to conductivity measurements are in [C], [KV], [SU,] and
[SU,]. [KV] also treats the case where v, are analytic.

The smallness assumption on the F, norm is not needed if v, € LP(Q),
p > n/2. We wish to thank D. Jerison and C. Kenig for pointing this out to
us and also include their proof of this observation after the end of the proof in
the main theorem above.

We recall the following inequality from [CS].

Theorem 1. Ler f € C,°(R"), v > 0 and v € F,, p> (n-1)/2. For
zeC",yeC, define Q(D)=A+z-V+y. Then

2 2 -1
[ itvse [ ooty
R R
where ¢ is independent of f, z, y.
We use the theorem stated above to prove the lemma that follows.

Lemma 1. Let v, € Fpr‘lLl, p>(n-1)/2, and ||vi||Fp <e, i=1,2. Let
zeC" with z.z=0. Let V(x) = |v]|+|v2|+6(1+|x|2)_", 6 >0 and small.
Let Lf,: {f: Jar |f|2V<oo}. Then,

(a) there is a unique solution to —A + v, of the form,

u(x)=e

. . . 2
; m, (x),i=1,2withm_ in the space L,,.

(®) Jgn Imz’l.le <c, uniformly in z, i=1,2.

(¢) m, (x)— 1, i=1,2 weakly in Lf, as |z, | — oo, for some sequence
z
k-

Proof. Substituting u = e”“m, ,(x) into —Au+v,u =0, we note that m_ ,(x)
satisfies the equation

-Am, ;+(z-V)m, ;+vm, ;=0.

Therefore, m_ ; satisfies the integral equation,

]

(1) m, =1+G,(vym, ), i=1,2

where G, denotes the Green function for —A + z- V. Define T,f(x) =1+
G,(v,f)(x) . It will be enough for us to show 7, has a fixed point on the Banach
space Li , thus showing (a). In fact we show 7 is a contraction on Lf, and
thus the uniqueness assertion (a) of Lemma 1 also follows. Since v, ,v, € L',
VelL'. Since v,,v,, 6(1+ Ix|*)™" e F,, p>(n-1)/2,wehave |V <¢,
for p > (n—1)/2. Moreover ¥ > 0. Thus, Theorem 1 is applicable with
v="V. Moreover |v| <V, i=1,2.
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Thus,
2 2
[anstvs [ v [ 6wy
R~ R~ R~
§c+e/ |’Uif|2V_l$C+8/ |f|2V2V_l
R7 R7
s/ 1PV <oo.
Rn
Similarly,
2 2 2 2.,—
/IT,(f—g)I Vs/ IG.(v.(f ~ 2)l Vsa/ = gl v
R~ R R”
2
sa/ \f-glV.
R

Thus 7, is a contraction and the existence and uniqueness of m_ ; is assured.
We now show (b). By (1),

2 2
/w im, [PV Sc/w V+c/m G, (v;m, )V

gcl/ V+sc2/ |m, I.|2V
R" ) U

where ¢, ¢, do not depend on z. Thus for small ¢, and since from (a),
2
Jn Im, |7V < 00, we see,
2 . .
|m, |’V <c, uniformly in z.
R ’

We now prove (c). Note the multiplier for G, given by (| |2 +iz-& ' 50 as
|z| — oo. Next we note by (b),

2 2
/Ranz(vimz,i)| Vgs/Rnlmzﬂ V<.

Thus there is a sequence z, , |z;| — oo, so that G_ (v;m, ;) — 0 weakly in

L} . Since (1) holds, it follows that m, , — 1 as |z,| — oo in Lj. The
lemma is now proved.

Lemma 2. Extend v, and v, to be zero outside Q. Let u; be the unique
solutions of Lemma 1 to -A+v,, i =1,2. IfAvI =A,, then u, = u, in
R"\ Q.

Proof. Recall, [F], [CW], that if ||vi||Fp <é, p>1,thenfor fe Cg°(R") ,

) [ itwise [ 9ot

Thus the bilinear form,

/Vu-V(o+/u(pv2
Q Q
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is coercive and continuous for u, ¢ € HOl (Q). As,

2 2 2
/|m2,1||v2|s/ |mz,,||v2|s/ m. [}V < oo,
Q R” R»

and u, =e “m_, weget [,|u,|’|v,] < co. Thus, the Dirichlet problem,

—Au +uv, =0 in Q
Uu=u, on 0Q

has a unique solution u, such that [, |u|2|v2| < 00.
Since u — u, has compact support, by (2),as V € Fp , p>1,

/lu—u,|2V§/|V(u—ul)|2<oo.
Q Q

On Q, |u | <c|m, |, thus, fQ|u|2V < oo by Lemma 1.

Define,
u in Q)
®-= { ne
u, iInR"\Q.
Since A, (u)) =0u/0v =A, (u,) =0u,/dv, ® isasolution to R" to —A+v,.
Writing @ = " “[e”""®] = "M, (x), we see that M_(x) = m_ (x) in
R"\ Q, and since [, |ul’V < oo, it follows that [p,|M.|’V < co. By the
uniqueness assertion of Lemma 1, M_ = m,,, and thus ® = u,, in particular
u, =u, in R"\ Q.
We are now in a position to prove our main theorem.
Proof. Fix | € Z". Choose k, e € R",,sothat |k|=|/—e|, k-e=k-l=e-] =
0. This choice forces |k| = |/+e|. Let z = (=k+i(l-e)), z = {(k+i(l+e)).
Note z-z = Z2-2 = 0. We shall use Green’s theorem in the form,

[ war-raw = [ [wg—[ —f%—ﬂ do

with the choice w =e” ™, f = u;=e“m_ . Let D , be a collar neighborhood

of 9Q with thickness p. Let 9D,NQ=9D,  and 6Dpr‘1(R"\Q) =dD,,
Note

(3) / e';'xviu,. = —/ e‘;'XAu,. =/ e [(z"-l/)ui - %] do .
Q Q 0Q ov

We now show that,

zx |, s 0 2x |, 0
(4) /me" [(zq/)ul—%] da:/me [(z-u)uz——é%z—J do

Temporarily assume (4). Combining (3) and (4) we see

Zex Iex
/ e vlul = / e vzuz.
Q Q
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Since u; =e““m_, we get

il*x _ il*x
e mz,lvl = e m_,_‘zvz.
Q Q

Letting |z| — oo and using (c) of Lemma 1, we conclude

il*x il*x
e v = e v,.
Q Q

This shows v, = v,. We now show (4). We apply Green’s theorem to the collar
neighborhood D - Since v, =v, =0 in R"\Q, u, and u, are harmonic and

C* in R"\ Q. By Lemma 2, u, =u, in R"\ Q. Thus

Zx ~ aul _ Zex ~ auz
/zm,,_ze [(z-y)u1 _6_1/] da—/wp‘ze [(z v)u, 50 do.

So by Green’s theorem

z.0?

Zex ~ 3ul 8u2 _ Sex
/c')D,,‘. e [(zm)(u1 —u,) - ¥ + v do —/D e (vu, —v,u,).

P

But |, D, luile < oo. Thus as p — 0, the integral on the right side converges
to zero. Thus the integral on the left side converges to zero. But in the limit
the integral on the left side is exactly the difference of the two integrals in (4).
This establishes (4).

We now give the argument by D. Jerison and C. Kenig. In essence we show
that a form of Lemma 1 holds with no smallness assumption if v, € L'(Q),
r>n/2.

We begin with,

Lemma 3. Let 2/(n+1)<(q—-2)/qg<2/n. Let |z|=1,and z-z=0. Then
Jor 1/p+1/g=1,

1G S poqgen < €l g
where ij(c) = (|r§|2+ z-\f)_lf(é) and c is independent of f and z.

Proof. We assume w.l.o.g. that

G.f(&) = (&' - 2¢, +2i&) ™' [ ().
By changing variables in ¢, ¢, — (§, — 1) we can assume that (/;\ f(& =
(1€1° + 1+ 2i€,) "' f(&). Since 1/p+1/g=1, (¢—2)/g=1/p~1/q, and thus
under the hypothesis of the lemma, 2/(n+1) < 1/p—1/g <2/n. We may thus
apply Theorem 2.4 in [KRS] to conclude Lemma 3.

From Lemma 3 we deduce the next lemma. The notation we adopt is iden-
tical to Lemma 1.

Lemmad4. Let w_ (x)=m_ (x)—1. Let v, € L'(Q), r>n/2,and z-z2=0.
Let 2/(n+1)<(q—2)/q=1/r<2/n. Then, for |z| large,
(a) there is a unique solution to —A + v, of the form u,(x) = e “m_ (x),

with ||w_ || oge < ¢ uniformly in z. )

(b) Hw;,,'”Lq(Rn) — 0 as |z| » 00
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Proof. From (1) we readily see that w, i satisfies

wz N + Gz(viwz,i) = GZ(UIXQ) :
Let M, ( f) = v,f, the multiplication by v, operator. The identity above can
be rewritten as,
() I+G,M,)(w,,)=G.M, (1)

where I = identity operator. We now claim that for « =2 — n/r > 0, and for
¢ independent of z,

(6) 1G. M, ()l Logry < €121 NN Loy -
Temporarily assume (6) and note that for large |z|, I+ G, M, is invertible on
L"), and

1G, M, (Xl o) < cl2171917,
¢ independent of z. Thus the uniqueness and existence of (R follows from
(5) and ||wz,,.||Lq(R,,) <c|z|™*. So we are reduced to checking (6). Let 6 = |z|,
and T;f(x) = f(dx). Wenote G, = J_ZT(,GZ(;_. T,_, by a change of variables,
and moreover |7 /|, gn = 6_"/s||f||LS(R,,) . Thus,

—2—
1G. M, (Nlie =8 G 5- Ty M, fll,
By Lemma 3, the right side above is at most

—2— _2_
8 N T M, (N, <677 oSl b+ 1/g=1.

1 1 1

Now r ' =1-2¢7" = p7' =g, because p~' +¢~' = 1. So the right
side above is at most ¢~ >*"/"||v,f]|,, . Now applying Holder’s inequality with
exponents r/p and r/(r—p)=4/p,
—2+n/ -2+
8™ v, 1l < el L ooy
<12 1M o

Thus we have (6), and Lemma 4 follows.
Using Lemma 4 we may conclude the fact that A determines v exactly as
before.
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