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ABSTRACT. Let J(B,T) = ITB(ZKP,( <xix/T 108D = x/T)*dx/x?, where the
sum is over prime powers. H. L. Montgomery has shown that on the Riemann
hypothesis, there is a positive constant Cy such that foreach g > 1, J(8,T) <
CoBlog? T/T , provided that T is sufficiently large. Here we prove a slightly
stronger result from which we deduce a lower bound of the same order.

1. INTRODUCTION

In 1943 A. Selberg [7] proved that if the Riemann hypothesis (RH) is true,
then

J(ﬂ,T):/lTﬂ (!//<x+%) —l//(x)—%)zx dx

log’ T
<
for fixed # > 1 and T > 2; here y(x) =3, . A(n), where A(n) =logp if
n =p™ with p a prime number and m > 1, and A(n) = 0 otherwise. H. L.
Montgomery (unpublished) later made the # dependence explicit by proving
that on RH there exists an absolute constant C,, such that, for each g > 1,

2
(1) 78,1 < ,FIET

as T — oo. Proofs of this subsequently appeared in [1], [5], and [4]. Our
object here is to prove a stronger result for J(8,7) on RH which immediately
implies (1) and, moreover, shows that apart from constants (1) is best possible.

We shall use the standard symbols <, > O, o0, and ~ and, unless other-
wise indicated, all implied constants will be absolute.

Theorem. Assume the Riemann hypothesis. Then there are absolute constants

C, > C, > 0 such that for each g >0,

log2 T
T

for all sufficiently large T .

log2 T
T

C| SJ()B+27T)—J(B5T)SC2
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Corollary. Assume the Riemann hypothesis. Then there are absolute constants
D, > D, >0 such that, for each > 1,

s log2 T

T

B log2 T
T

D, <J(p.T)< D,
for all sufficiently large T .

The Theorem should be compared with a result of Gallagher and Mueller [1]
(also see [3]) which asserts that RH and the pair correlation conjecture together
imply that for fixed B, > §, > 1,

J(B,. T) = J(By. T) = (B, — By) +0 <1>>‘°g T (@ T-w)

Since for 0 < # <1 one also has (unconditionally) that

@ sy~ BT

(see [1]), we see that on the above hypotheses

(as T — 00)

(3/2+ 8- B /2L  if0o<p<I,
2lg T ifg>1.

Our proof will actually show that if g > 0, then

3

2 2
logTT <JB+2,T)-J(B,T)< 21.651°gTT

for all sufficiently large 7 . It is also possible by our method to show that

log T log T

(B) = B))—— < J(B,, T) = J(By, T) < (B, — By)——

for B, > B, >0 aslongas B, — B, > 6—2v6 =1.10102... . It is doubtful,
however, whether one can obtain this for arbitrarily small differences g, — ,
on RH alone.

2. A LEMMA

We prove the Theorem by relating J(f,T) to averages of the function

T «
F(a,T)=(ElogT) > 70wy —9)

0<y,7'<T

introduced by Montgomery [6]; here a isreal, T > 2, w(u) = 4/4 + u’ , and
7, 7 denote the imaginary parts of zeros of the Riemann zeta-function. We
shall then require the following result which generalizes and strengthens Lemma
A of [2].
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Lemma. Assume the Riemann hypothesis and let

2
T -1 sin2(y —y')log T
Gla.T) = (gp1oe7) ¥ (SELIIET) wir- ),
2n 0<y,y’<T f(y -7 )lOgT

Then for a >0, B real,and T > 2,

p+a

(3) a(l—%G(%,T))s } F(a,T)a’aSa(G(a,T)+%G(;-,T)).

Proof. The proof of the lower bound in Lemma A (which corresponds to a = 2
here) extends in a straightforward way to give the lower bound in (3).

On the other hand, the upper bound in Lemma A generalizes to 2aG(a,T)
which is not as good as the bound in (3).

To obtain the present upper bound define K,(u) = max(1-|u|/b,0), b >0,

and consider the function
|
R, (u) =K, (u) + iKa

Defining the Fourier transform of f(x) by

/2(u —-a/2) + %Ka/z(u +a/2).

foy= [ ~ f(x)e(—xw) dx,

2niu

where e(u) =e”", we have that

sin nbw) 2
nbw

I?b(w) =b (

R(w)=a sinmaw\’ 4 lcosnaw sinaw/2 2
a =l naw 2 naw/2 ’
Now clearly R (u) >0 forall u,and R, (u) =1 for |u| < a/2. Furthermore
(see [5]), F(a,T)>0. Hence

B+a

Thus

(B+a/2)+a/2
F(a,T)da =/ F(e,T)da

B (B+a/2)—a/2

< / F(a,T)R,(a - (8 +a/2)) de
_(r - ip+a/-15 [ —¥)logT
= <E log T) Z T Ra _—2%_
0<y,7’<T
xw(y -7
<a (G(a, T)+ %G(a/2, T)) .

This proves the result.
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We require the lower bound of the lemma for a = 2—# and the upper bound
for a =2+ 5, where n > 0. Montgomery [6] has shown that on RH,

G(a,T)~(é+§-)
for 0<a<1 as T — oo. Hence
B+2-n 2
@ [ Fendaz 0o (F-am) s T-o),

where ¢,(n7) —» 0 as n— 0" . For the upper bound we use the inequality
G(+n,T)<4/3+c,(n) +o(1)

as T — oo (j=1 or 2), where ¢,(n) — 0 as n — 0" ; these follow from
Lemma 7 of [2]. We then obtain

B+2+n
(5) //3 F(a,T)da < (1+0(1))(4 +c;(n)) (as T — o0),

where ¢,(7) -0 as n —0".

3. PROOF OF THE THEOREM AND COROLLARY

We begin by quoting two results from Goldston [3]. We remind the reader
that the Riemann hypothesis is assumed throughout this section.

Let g(x) be a complex valued function such that g(x) < (1+x2)_l , 8lw) K
1+ wz)_l ,and g(w)=0 for w <0, and define
2

U
dt,
0

(6) Hyu,U)= |

> g(E(t—7)w)
7

where the sum is over the ordinates of the nontrivial zeros of {(s). Then by
Equations (5.2) and (5.3) of [3],

™) Ho(u.0)=U [ Fla, U)lg(@) da-+o(V)

for |u—1/2nlogU| < CloglogU, where C is an arbitrary positive constant.
Furthermore, by Lemma 5 of [3] !

AL

¢ (57)| o

/ T (@) = p(e) - (¢ - 1)y
Y g((t-yw)
7

dt

0
2
o (sindt
= 87w2/ 2
S

+0(8) + O(v*5°?

log1/d)

! Lemma 5 contains two typographical errors: “ T > 2~ should be removed and the factor
(w(e¥t9) — w(e¥) — (e% — 1)e*) in (4.2) should be squared.
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uniformly for v > 1 and 0< 6 < 1/4. If weset &’ = 1+1/T, v =1/2nlog T,
and x = e", we may rewrite this as

(8)
. [ logx 2 d_x
& logT )| x2

[ 5) -3y
=%long/0 (sm )(lzg t_ logT)l
((V—t)%gf)‘z) dt+0<%> )

We now choose a pair of functions g, 2 for which the above conditions
hold and such that ¢ approximates the characteristic function of the interval
[B,B + b] from below, with B > 0. More specifically, we take & = 0 off
of [B,+b], g=1on [B+n,B+b—n], and |g| < | otherwise, where
0 < n < b/2 is fixed. (Such a pair may be constructed explicitly by a linear
change of variable from the pair defined in (3.6) of [3].) With this choice of &
in (7) we immediately obtain

2

+

B+b—n B+b
©9) U F(a,U)da+o(U) < H,(1,U) < U/ Fla,U)da+o(U)
B
for |u—1/2rlogU| < Cloglog U . The same choice in the left-hand side of (8)
leads to the inequalities
o 2 logx \|* dx
10 ) AN P ) ax
(10) S/l (W(T> v(x) T) g(logT)' x2
using (8), we see that
JB+2,T)-J(B,T)
logT : 1
0og
E;g<(?—t) 5 )‘ } dt+0<7) ,
where 0 < § < n. Now (sin(&t/2)/t)2 is monotone decreasing for 0 <t < 6T,

B+n
JB+b-n,T)-J(B+n,T)
We now obtain the lower bound of the theorem. Taking b = 2 in (10) and
2. 2 sin § t logT
> = _
__nlog T/o ( ) {‘Zg (¢ )
so by (6) this is

2
2. 5. (sind6T log T log T 1
> — 2 —
> ~log T( - ) {H+< E 0T)+H_( iz er)}+0(T).
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Next, using the lower bound in (9), we find that this is

. 2 2 B+2—n 2
> 4 (sindf7/2)" log" T Fla,0T)da+0 log" T '
4 7] T B+n T

Finally, by (4) we have that

2
Jp+2,T) - s(p. 1) > SEMIDIET 55 e<n>>+o(1°gTT).

The optimal choice of 6 is the unique solution (on (0,7)) of the equation
tanf/2 = 0, namely 6 = 2.33112.... Using this and taking 5 sufficiently
small, we obtain

2
JB+2,T)-J(B,T)> (.307+o(1))%
logZT
> 3=,

for § >0 and all T sufficiently large.

To obtain the upper bound we again take g and g as above (although b will
be different). By the growth condition on g and the estimate ) 1 <
log(|u| + 2), we easily obtain the bound

logT
(i(’ - ”7)
Using this, we find that

/O (sm t) Zg( t_y)OgT)‘ dt
=/Orlogr<sint§,> g (i(t— )logT)‘ dt

14

o0 2
+0 ( / log 1 dt)
Tlog®T

2
s (T logT
< -
< 4/0 ;g(i(t ) 27:) dt
[Sloglog T]

+ Z /;kITT|Zg< t_y)logT>

=1

u—l<y<u

< log(|t| +2).

_2 1
dt+0(7>

[5 log log T']
) Z 2% gy (lognT o T)




PRIMES IN SHORT INTERVALS 619

The bound for H, from (9) is applicable in this range of k and leads to

[Sloglog T B+b

<(1+4+0(1)) { / F(a,T) da+— Z 27k F(a,2kT)da}

o(3)

If we now set b =2 + 2n and use (5) we find that this is

4+c,(2n) 4(4+c,(2n) 1
§(1+o(l)){ 43T + T3 }+o(7>

< 17+ 5¢4(21) + o(1)
T

as T — oo. Thus, we have shown that

(11 /O (sm ) Zg(d:(t—y)logT)’ dt

< 17+ 5¢;,(2n) + o(1)
- T

as T — 0.
We now combine (8), (10) (with b =2 + 27 ), and (11) to obtain

JB+2+n,T)-JB+n,T)

0o i d 2
< g1og2T/ (szt)
{ (t— logT)

+0 (7)
log2 T

4
5;(17+5c3(2n)+0(1)) T
log’ T
< (21.646 + Tcy(21) + o(1)) gT

as T — oo. Taking n sufficiently small, we see that

e (o2}

2
JB+2+n,T)=J(B+1,T) < 21.6510gTT
for # > 0 and all sufficiently large 7. This gives the upper bound and com-
pletes the proof of the theorem.

We now prove the corollary. For f > 2 the corollary follows immediately
from the theorem. Suppose then that 1 < f < 2. By (2) and the fact that
J(B,T) is an increasing function of § we have

| log2 T

~J(1,T)<J(B,T)<J3,T).

2 T
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Thus,
log2 T log2 T
JB.T)> ——> b—=

and, by the theorem,

J(B,T)<(J(3,T)-J(,T)+J(1,T)

long long
< T < B T
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