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REGULAR PI METRIC FLOWS ARE EQUICONTINUOUS
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ABSTRACT. Let (X, T) be a metrizable minimal flow. We show that a homo-
morphism X -2 Y , which is regular, and PI can be decomposed as X -Z»
Z —-Y, n=poo,where p is proximal and ¢ is a compact group exten-
sion. In particular, assuming further that 7 is abelian and taking Y to be the
trivial one point flow, we find that a metric regular PI flow is a compact group
rotation.

1. INTRODUCTION

By a theorem of W. H. Gottchalk [Go], a metrizable minimal distal regular
flow (X, T), where T is abelian, is necessarily a compact group rotation. This
was generalized by J. Auslander in [A] to a general group 7 and by the author
[G1], to point distal regular homomorphisms. Here we prove the following
theorem:

Theorem 1. Let (X, T) be a metric minimal flow, X 5 Y a regular PI ho-
momorphism. Then n = pov, where X = Z is a group homomorphism and
Z 5Y isproximal. Ifin addition, n is RIC, then m is a group homomorphism.

Taking Y as the trivial flow, we get

Corollary 1. If (X, T) is a minimal regular PI metric flow, then (X, T) is a
group extension of a proximal flow. If (X, T) is incontractible (as is always the
case when T is abelian), then (X, T) is a compact group rotation.

Theorem 4.7 of [G1], which concerns point distal regular open homomor-
phisms, is a corollary of Theorem 1. (Although in the proof of Theorem 1 we
use Proposition 3.1 of [G1], which is about a distal regular homomorphism be-
ing a group homomorphism.) However, Theorem 4.5 of [G1], which states that
a nontrivial factor of almost simple flow is up to almost 1-1 extension a group
homomorphism, cannot be deduced from Theorem 1 because it is not known
whether an almost simple flow is almost 1-1 equivalent to a metrizable regular
flow.

Examples of regular PI (nonmetrizable) flows that are not equicontinuous are
easy to find. One is the enveloping semigroup of the flow on the 2-torus R2/Z?
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given by T(x,y) = (x+a, x +y) [F, NJ]; another is the “two circle” minimal
set [E].

In §2 we briefly review the various definitions of the notions mentioned above
and describe the algebraic notations and techniques that are used in proving
Theorem 1. We also prove some basic lemmas including the crucial Lemma 3
on the topological isomorphism of certain automorphism groups. Surprisingly,
the proof of this lemma requires theorems of Souslin and Banach about mea-
surable maps. Section 3 is devoted to the proof of Theorem 2, which asserts the
regularity of each of the components of the canonical PI-tower corresponding
to a regular homomorphism X = Y over the base Y .

The last section uses Theorem 2 to reduce the proof of Theorem 1 to the
case of a regular distal homomorphism, which by [G1], is necessarily a group
homomorphism. Using essentially the same proof, we get Theorem 3, which
says that when X is metric and X 5 Y is RIC and regular, then 1 =Ko w,
X 2 Z 5 Y,where Z 5 Y is the largest almost periodic extension (actually
a group extension) of Y under 7, and x = Z is RIC and weakly mixing.

2. DEFINITIONS, A REVIEW OF SOME THEOREMS, AND SOME BASIC LEMMAS

We refer to [E, V, A, G2] for more details on the algebraic theory of minimal
flows; we now describe some of its aspects. Assume 7T to be a discrete group,
and as usual, let ST denote the Stone-Cech compactification of 7. Let M
be a fixed minimal ideal in 87 and J C M the set of idempotents in M . We
fix an element u € J, and let G be the group uM .

BT acts on every flow (X, T) and the orbit closure of a point x € X 1is
given by 0o(x) = {px:p € BT}. A point x € X is almost periodic (a.p.) if
0(x) is minimal, iff o(x) = {px: p € M}.

A flow (X, T) satisfies the Bronstein condition (B.c.) if the a.p. points are
dense in X. Given X 5 Y, a homomorphism of minimal flows, we let

Ry ={(x,x)e X x X:n(x)=n(x")}.

The homomorphism n satisfies Bc if R, is a Bc flow. Let I'; = {y €
Aut(X, T):moy =m}.

Here Aut(X, T) is the group of all self-homeomorphisms of X such that
yot=toyVteT.

We provide Aut(X, T) with the topology of uniform convergence of ho-
momorphisms and their inverses. When X is metric, Aut(X, 7) is a polish
topological group.

A pointed flow is a flow (X, T) with a distinguished base point xo € X . We
adopt the convention of always choosing a base point x, satisfying uxy = xg.

When (X, xp) is a pointed flow its Ellis group is the subgroup £(X) =
Z(X, x)={a€qG:axy=x} of G.

A homomorphism (X, x9) = (Y, yo) (this means nxy = yo) is proximal
(i.e. mx = nx’ = x and x’ are proximal) iff £(X, xo) =Z (Y, »o).

For the definition of the t-topology on G, we refer to e.g. [G2]. If F isa
t-closed subgroup of G, then

F'=({r—clr(0): Oisat—nbd of uin F}.

F’ is a 1-closed subgroup of F, which is invariant under all 7-continuous
automorphisms of F'; in particular F' < F, F" « F etc. F/F' with the quo-
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tient 7-topology is a compact Hausdorff topological group. A homomorphism
(X, x0) = (Y, yo) of minimal flows is almost periodic iff it is distal (i.e.
nx = nx', x # X’ = x, and x' are not proximal) and F’' C A, where
A=%(X,x9), F=%(Y, yy). An almost periodic homomorphism is a group
homomorphism if in addition 4 < F, and in that case, the topological groups
I'y and F/A are isomorphicand (Y, T) = (X/T'x, T).

A quasifactor of .a minimal flow (X, T) is a minimal subflow of the flow
(2X, T) induced on the space 2X of closed subsets of X by T. For p € BT,
K € 2% the action of p on K is written as p o K. This is to distinguish it
from the subset pK = {px: x € K} of X, which is usually not even closed.
We have, however, pK C p o K. Given a homomorphism (X x0) = (Y, yo)
of minimal sets with (X, xo) =AC F =Z(Y, yo), we let Y = {poFxy:pe€
M} . This is a quasifactor of X, and we say that n is a RIC-homomorphism
(or extension) if the sets p o Fxy are exactly the fibers of the map =n; i.e.
Y (pyo) = poFxoVp € M. In any case 6:po Fxy— pyo (p € M) isa
homomorphism of Y onto Y, and it is an isomorphism iff 7 is RIC. A RIC
homomorphlsm is open and satlsﬁes Bc. Let yo=uoFxp be the base point
of Y,andlet X = XVY—o(xo,yo)chY Then X—{(x V)ixep}t=
{(pxo, poFxo):peM}.If welet O(x, )=y and #(x, J) = x, then in the
shadow diagram

X 7 X

s

Y ————
]
the maps 6, @ are proximal and 7# is RIC. When X 5 Y is RIC, a commu-
tative diagram
X

o
nl Z
/b
Y

can be constructed such that p is almost periodic and &(Z, z¢) = F'A.

The latter condition means that Z is the largest almost periodic extension of
Y that is a factor of X . In particular, when X is metric, n is weakly mixing
(i.e. R, is topologically ergodic) iff p is trivial.

The construction of the shadow diagram producing RIC-homomorphisms
and the construction of the maximal almost periodic extension within a RIC-
homomorphism are the basic blocks of the canonical PI-tower associated with
a homomorphism X = Y . Thus the first stage of this tower is the diagram

6,
X Xi
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where Y, = Y , X = X ,and Z; LN Y, is the largest almost periodic extension
of Y; under the RIC extension 7. The next stage is the diagram

62
X] X2
L
Y;
Z, % 2 ” Z,

where #, is the RIC shadow of n; and p, the largest almost periodic extension
of Y, under #; etc.

If necessary, one utilizes inverse limits to construct inductively flows {Y,,
Z,, X,: v <n},where 7 is the first nonlimit ordinal for which Z, =Y, . The
top of the tower consists of the flows X, = X,,, Yo = Y, = Z,, where the
diagram

X(——I—/?oo

x| | 7=

is achieved. Here 7, is RIC and weakly mixing, Y LYisa strictly PI
homomorphism (i.e. can be decomposed into possibly transfinite sequence of
alternating proximal and a.p. homomorphism), and 1 is a proximal extension.
When X is metrizable, each flow in the PI-tower is metrizable and the ordinal
n is countable.

We say that = is a PI homomorphism if m., is an isomorphism. Though
we are not going to use it, we mention the following characterization of PI
homomorphism due to I. U. Bronstein (see [A]). When X is metric, X Y
is PI iff every closed invariant subset of R, that is both topologically ergodic
and satisfies B¢ is minimal.

A homomorphism X 5 Y of minimal flows is called regular if whenever
(x, x') € R, is an a.p. point, there exists an automorphism y € I'; with x' =
w(x). X is called regular if this condition holds for every a.p. (x, x') € X x X .

Lemma 1. Let (X, xo) — (Y, yo) be a regular homomorphism of minimal
flows. Let A = $(X,x9), F = Z(Y,yy), then A< F and there exists a
natural algebraic homomorphism y — y, of F onto T'y with kernel A. Thus
I’z is algebraically isomorphic to F/A.

Proof. Let y € F; then (xg, yXp) is an almost periodic point in R, . By the
regularity of =, 3y, € I'; for which y,~ 1(x9) = pxo. For p € M we have

w7 (pxo0) = py ™' (x0) = Pyxo.

If 6 € F, then y;'(px0) = pyéxo = w5 '(pyxo) = ;' oy '(pxo) =
(wy o ws)~'(pxo) and y — y, is a homomorphism. Clearly the kernel of this
homomorphism is 4. Finally if y € I'; then uy(xy) = w(uxo) = w(xo),
and therefore, w(xy) = y~!xo for some y € G. Since y~lyy = y~ln(xy) =
n(y~'xo) = mo w(xg) = m(xp) = yo, we have y€ F and y =y,. O
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Lemma 2. In the diagram
X a
N
nl ZzZ
P
Y

let p be proximal. Then I', =T,.

Proof. Suppose w €I’y i.e. ooy =0. Then oy = poooy =poog=nx
and w € I';,. Thus I'; C I';. On the other hand, if v € I';, then for x € X,
pla(w(x))) = mow(x) = nx = p(ox), and we conclude that a(y(x)) and
o(x) are proximal. However, (x, y(x)) is an a.p. point and therefore, so is
(ox, a(w(x))). This can happen only when ox = g(wx), and since x is an
arbitrary point of X, we have 0 = ooy ,sothat weIl, and I, cI,. O

Lemma 3. In the diagram
X

N
nl Z
7 p

Y

suppose m and p are regular, o is proximal, and X is metrizable. Then T,
and T, are topologically isomorphic.

Proof. Since ¢ is proximal Z(X, xo) = $(Z, zo) = A. Thus by Lemma
1, Tz, I'y, and F/A where F = Z(Y, yo), are all algebraically isomorphic.
Moreover, it is clear that the canonical isomorphism J:I; — I', is continuous.
Since I'; and I', are polish groups and J is 1-1, by a theorem of Souslin [K,
Vol. I, p. 487], J is a Borel isomorphism. In particular, J~!: T, - T, isa
Borel measurable homomorphism of polish groups. By a theorem of Banach [B],
such a homomorphism is continuous, and we conclude that J is a topological
isomorphism as claimed. O

3. THE PI-TOWER FOR A REGULAR HOMOMORPHISM

Theorem 2. Let X = Y be a regular homomorphism of minimal flows; then
each of the homomorphisms onto Y of the flows X,, Y,, Z, (v < 1) con-
structed in the canonical Pl-tower for n is regular.

The proof is a consequence of the following three lemmas.

Lemma 4. Let

X
N

nl Z
Y

7 p
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be a diagram where n and p are regular, and let

be the same diagram with the attached RIC shadow diagram for n. Then the
maps %t and p are regular.

Proof. Denote 4 = (X, x9), F = £(Y,»), and B = £(Z, zp), then
Lemma | implies A4<F and B<F . We recall the definitions Z= {poBxy:p €
M}, Zp=uo Bxy, and X = {p(xp,uoBxp):peM}={(x,2):xe€zZe€ Z}.
Given y € I',, we define a map ¥: Z — 2% by Y(p o Bxy) := w(p o Bxg) =
poBwxy. If w(xy)=yxe for y € G, then

YYo = y7(X0) = m(yXxo) = 7 o YW(Xo) = T(X0) = Vo

so that y € F. Now Y(p o Bxg) = po By(xg) =poyBxy=pyoBxy € Z,
and ¥ maps Z into itself. Moreover, if also y(xy) = dxg for 6 € F, then
yXxo = 0xo implies y"'6 e Ac B and 6B = yB. Thus for every p e M,

pyoBxo=poyBxy=podBxy=pdoBx,

and YV is well defined. It is also clear now that ‘¥ is a continuous automorphism
of (Z, T) where the inverse ¥~! is induced by y~'. We now define a map
V:XxZ—>XxZ by y(x, 2)=(y(x), ¥(2)). Since for pe M

7 (p(x0, Z0)) = P(w(X0), ¥(u o Bxo)) = (X0, 7 o BXo) = py(xoZo) € X,

we see that ¥ is an automorphism of (X, T).
Now let ((x, Z), (x', Z’)) be an a.p. point of R;. Then there exist an
idempotent v € J and J, { € G such that

(X, 2) = UC(XO, 20) > (X', i;/) = 'U5(X0, 20) .

Clearly {yq = dy, and therefore, {~!6 € F. Now (x, x') is an a.p. point
of R, and by regularity of n, a ¥ € I'; exists for which x’ = y(x). Let
& € F be such that y(xg) = &xp; then W(v{ o Bxy) = v{& o Bxy and vdxp =
x' = y(x) = w(wlxy) = v{w(xo) = v{&xy, implies §-!'¢& € A C B. Thus
0~ 1¢E o Bxy=uoBxy, hence {&o0oBxg=0J0Bxy and ¥(2) = w(v{o Bxy) =
v{éoBxy =vdoBxy= 2. It follows that (x, Z) = (x', Z') and 7 is regular.

Finally if (2, 2') = (v{Zp, vdZp) is an a.p. point in R;, then ((x, Z),
(x', 2")) = (vlxo, v{2p), (VéXxg, VI Zp)) is an a.p. point in R; and z’' ='¥(2)

where ¥ € T'; is constructed as above. This proves that also p is regular. O
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Lemma 5. In the diagram
X

N

nl Z
P

Y

suppose p is regular and o is distal. If (X, xo) = A«F =Z (Y, yo), then n

is regular

Proof. Given y € F, by Lemma 1 there exists an automorphism y, € I',

defined by y,(pz0) = pyzo (p € M). Define y, € I'y by v, (pxo) = pyzo.

We first show that y, is well defined on X . Suppose pxp =gxo, p, g€ M.

Then a fortiori pzop = qzo and w,(pz0) = pyzo, Wy(920) = gyzo implies

Dyzo =qyzo. Hence

a(qyxo) = qy0(x0) = qyzo = PyZzo = pyo(Xo) = o(pyXp) .
If v € J satisfies vp = p, then
va(pyXo) = UPYZo = pyzo = 6(PyXo),

and the distality of o implies vgyxg = gyxo as well.

Denote a = (up)~!(uq), then a € A. Since A<F , yA = Ay, and there exists
o € A with yo’ = ay. Thus pyxy = vpya'xy = v(up)ayxe = v(uq)yxo =
gyxo and y, is well defined on X . It is clearly an element of I';, and if
(v¢xo, vEXy) is an a.p. point of R,, then y = {~!¢ € F and vy, (vixy) =
v{yxo = véxy so that m is regular. 0O

Lemma 6. If (X,,x,) =% (Y, yo) is an inverse system of regular homomor-
phisms of pointed minimal flows, then !in X, =X 5 Y is also regular.

Proof. If y € F = £(Y, y9), then by Lemma 1 y,(px,) = pyx, (p € M)
defines an automorphism on each X, . This and the definition of the inverse
limit automatically define y, on X as well. If (x, x’) € R; is an almost
periodic point, then for some v € J, {, £ € F, x = vi{xy, x' = véxy
where xo € X is the point corresponding to the points x, € X, . If we let
y={("1& € F, then clearly y,(x)=x'. O

The proof of Theorem 2 follows by transfinite induction on the canonical
PI-tower for X 5 Y, using Lemmas 4, 5, and 6. For the use of Lemma 5,
we recall that F” « F for all v, where F*+! = (F")’', and that therefore, also
Z(Z,,z,)=F'A<«F. 0O

4. A PROOF OF THEOREM 1

We are given a metric minimal flow X and a regular PI homomorphism
X L Y. Thus in the canonical PI-tower for 7, X, = Y. In the notations
of §2, consider the chain

Z2 P2 Y2 ] Zl P Yl 0]

We have Z(Y) = £(Y)) = F, £(Z,) = &(Y») = F'A, and £(Z,) = F'A,
where by Lemma 1, £(X) = A< F .
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Let 8 = 60,0p;00; and p = 6,0p, . By Theorem 2, p and 6 are regular, and
by Lemma 3, I', and I'y are topologically isomorphic. By Lemma 2, I', =T, .
Now since A<F, F'A<F , the homomorphism p; is a group homomorphism.
Thus the topological group I',, is a compact group (topologically isomorphic
to the compact Hausdorff topological group F/F’'A with its 7-topology). We
also conclude that I'y is a compact group. Let W be the quotient flow Y,/I'y
and let

be the associated diagram. Z (W) C F and since every y € F defines an
element y, € I'y, we also have F C Z(W). Thus &¥(W)=F =Z(Y) and 4,
is proximal. We now have the alternative chain

Z, P2 Y A2 w Al

Y b
where p, and A, are group extensions and 4; is proximal. Put x; = 4;0420p;
and K = A0 p. Then k, is a distal homomorphism.

If (x, x') isan a.p. point in R,, C Ry, then by regularity of x; (Theorem 2)
Jy €T, with x’ = y(x). However, by Lemma 2, I'y, =T, so that y €I,
and we conclude that k; is also regular. It follows from [G1, Proposition 3.1]
that Z, =% W is almost periodic, and since &(Z,) = F"4, &(W) = F, this
implies F' c F"A. Since &(Y,) = F'A, we now have & (Z,)=F"A=F'A=
Z(Y,), whence Y, = Z; = Yo, = X . Thus our Pl-tower is of height two and
we have the following diagram

X 5 Y,
nl / 112
Y — W

where 1 is proximal. Apply Lemma 3 again to the diagram
X 5 1

to get the topological isomorphism of the compact I'y with I';. Thus I, is
also compact and denoting the quotient flow X/I'; by L and the quotient map
X - L by v. We find that the map L -5 Y is proximal.

Thus n = pov is the required decomposition. It is easy to check that when n
is RIC u must be trivial and 7 = v is a group homomorphism. This completes
the proof of Theorem 1. 0O

Theorem 3. Let (X, T) be a metrizable minimal flow and X = Y a regular
RIC homomorphism. Let X = Z 5 Y, n = ko w, where Z is the largest
equicontinuous extension of Y under n. Then w is RIC and weakly mixing,
and x is a group homomorphism. In particular, when X is regular and T
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abelian, the homomorphism X 2 Z of X onto its largest equicontinuous factor
is RIC and weakly mixing and Z is a compact group rotation.

Proof. Repeating the proof of Theorem 1 without the assumption X, = Yo,
we arrive at the diagram

X _ X =XVYy,

nl lf,
Y —W— Z,=Y,=Y,
Ay h

where A, is proximal, A, a group homomorphism, and # RIC and weakly
mixing. From the simple structure of Yo over ¥ we immediately deduce (in
the notation of the canonical tower of §2) that W =Y, =Y and Z, = Z,.
However, the assumption that 7 is RIC means that ¥ = Y = W , and therefore,
Z = Z, is the largest almost periodic extension of Y that is a factor of X .
Hence Xoo = X VY =XVZ =X. Put w =7 and k = A, to get the
decomposition 7 =kow. 0O
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