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ON SOME SUMMABILITY FACTORS OF INFINITE SERIES

W. T. SULAIMAN

(Communicated by Andrew M. Bruckner)

ABSTRACT. A new theorem concerning some summability factors of infinite
series is proved. Other results, some of them known, are also deduced.

1. INTRODUCTION

Let 3" a, be an infinite series of partial sums s,. Let 6/ and 7¢ denote
the nth Cesaro mean of order d(6 > —1) of the sequences {s,} and {na,}
respectively. The series 5 a, is said to be absolutely summable (C, d) with
index k, or simply summable |C, d|;, k> 1, if

o0
> onk el — 6l ([ < o0,
n=1

or equivalently
o0
Z n_lmnlk <oo.
n=1

Let {p,} be a sequence of positive real constants such that

n
P,,=va—»oo as n — oo (P-y=p-1=0).
v=0
The series " a, is said to be summable |N, py|c, k> 1, if

oo

> (Pua/pa) Ty = Tyoa|F <00 (Bor [1]),

n=1
where
n
T, =P} Z DSy -
v=0

If we take p, = 1, then [N, p,|;, summability is equivalent to |C, 1|, summa-
bility. |N, pu|; is the same as [N, p,|. In general, the two summability meth-
ods |C, é|; and |N, p,|; are not comparable.
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Here we give the following new definition: Let {¢,} be any sequence of
positive real constants. The series ) a, is said to be summable |N, p,, ¢ul«,
k>1,if

o0

Y ok T - T F < oo,

n=1
Clearly |N, Dn, Pn/pnlk = |N, pnlk, |N> Dn, lll = |Na pnl, and |]_V> 1, nlk =
|C, 1| . The following two results are due to Bor:

Theorem 1. Let {p,} be a sequence of positive real constants such that as n — oo

(1) npp=0(F,),

(L.1) (ii) P, = O(npy).

If S ay is summable, |C, 1|, then it is also summable |N, ppli, k> 1.

Theorem 2. Let {p,} bea sequence of positive real constants such that it satisfies
(1.1). If 3 a, is summable |N, p,|i, then it is also summable |C, 1| .

We prove the following:

Theorem 3. Let {p.}, {qn}, and {¢.} be sequences of positive real constants
such that {9nq,/Qn} is nonincreasing. Let t, denote the (N, p,)-mean of the
series Y. an. If

and

SN2 ANrET— k
> (2) o Bentlatt <o,

n=1 n

then the series S ane, is summable [N, q,, @alic, k > 1, where Afy = fu—fos1
and Qn =3, _ogy — 00 as n—oo (Q_;=¢_;=0).

2. PROOF OF THEOREM 3

Let T, be the (N, g,)-mean of the series 5 a,é,. Then we have

1 & v 1 &
T, = Ezqv Zarer = EZ(Qn — Qy_1)ayéy .

v=0 r=0

v=0
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Hence

Tn_Tn—l Q Q IZQU 1Qvé€y .
n¥<n—

Abel’s transformation gives

T,-T,. = Qngn—l {Z (ZP—lar) 1Qv 1€v)

v=1

n
+ (Z Pr—lar) Pn—_‘]Qn—lsn}
r=1

— P,_
1 {_Qv—lsttv-l + = !
Dy

= .0 Z;
(&

(2) (8)r
n

= Tn,l + Tn,2+ Tn,3+ Tn,4a say.

P,_
aeohty-1 — 2 'QvAevsz-.}
v

To prove the theorem, it is sufficient, by Minkowski’s inequality, to show that
o0
Y ok Ty f <o, r=1,2,3,4.
n=1

Applying Holder’s inequality,

k
n—1
Z - Qv—l QUGUAtv—l
vel Qv

m+1 m+1 k
k-1 T k _ k—1 ( )
2ol =2 0 (G
z JEa-
- ¢ Qn Qn—l
n—1 k n—1
Qv) k k 1
X = &y | 1AL, —
& (qv qvl v| I v l‘ Qn—l ;‘h

<o (%) et 5 (%) o

k—1

v=1 n=v+1
m m+1
< 0( )Z QvlsvlklAtv llk Z
v=1 n=v+1 QnQn !

m

<0(1) S ke [FlAL, 1 F,

U=




316 W. T. SULAIMAN

n—1

k
P,_
Z_-;;_IQvgvAtv—-l

v
v=1

m+1 m+1 k
E: k-1 k _

T § :
~ ¢n | n‘2| (0 (QnQn l)

m+1 . q 1 n—1 P k . . 1 n—1 k-1
< -1 —") (—”) & | |Aty—
- g(/’n (Qn Qn— UZ‘T Dy qvl vl I Y II Qn—l ;qv
m P k m+1 Ond k—1 q
<0(1 (-) &o|K|AL,_ | ("”) 2
M2 (p,) @llBoal 3 (50) o
m . P k q m+1
<0(1 -1 (—”) (—”) &o|K| Aty ¥
M e (o) \g) @lel1ae-l Zl 0.0,
<o k—l(_) () e
<0( );% o 0. leo 1ALy 1 |¥
m+1 m+l k n 1 Q
z¢§_l|Tn,3|k = (Q Q ) 11 l_quAsqutv—l
n=2 =1 v v
m+1 1
dn Qv) k k
< - = Aey|*|AL, —
< ()ng()( Gole, [F|At, |
n—1 -
m P k Q k m+1 Ond k—1
so(1>2(—'i) (2) amsetian- it Y ()
v=1 Py dv n=v+1 On
dn
X—_—_
QnQn-l

’B

m m+1
k—1 v A kA k
M2 s ( ) Qe 801 Y Go—

v n=v+l1

<0<1>Z¢ (2 ) A2y AL, o,
gq’ﬁ“lTn z¢ —( )(Qn)snAtnlk

conFe (2)' ()

This completes the proof of the theorem.

3. APPLICATIONS
Corollary 1. If

(1) PnQn = 0(Pugqn),
(i1) Pngn = 0(pnQn),

(3.1)
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then the series Y. a, is summable |N, q,, @ulx, whenever it is summable
|N9pn’ (0n|k» k Z lr and ¢n =O(¢n)-

The proof follows from Theorem 3 by putting &, = 1.

Corollary 2. If (3.1) is satisfied, then the series Y a, is summable IN, qnlk
whenever it is summable |N, ppl, k> 1.

The proof follows from Corollary 1 by putting ¢, = Q,/qn = 0(P,/pn) -

Corollary 3 (Theorems 1 and 2). If (1.1) is satisfied, then the series 3 an is
summable |C, 1|, if and only if it is summable |N, ppli, kK > 1.

Proof. (=) follows from Corollary 2 by putting p, = 1.
(<) follows from Corollary 2 by putting g, = 1.

Corollary 4. If

o Pngn
(1) anngn—O(l),

(ii) &, = 0(1),
(iii) If—:Aen =0(1),

then the series ) anen is summable IN, qn, @nlk , whenever 3" a, is summable
|N,pn’¢n|k: kZ 1.

The proof follows from Theorem 3.
Corollary 5. If

(1) &, = 0(1),
(ii) Ae, = 0(1/n),

then the series Y ane, is summable |C, 1|, whenever Y a, is summable
IC, e, k>1.

The proof follows from Corollary 4 by putting p, =g, =1, ¢, =n.
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