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ON SOME SUMMABILITY FACTORS OF INFINITE SERIES

W. T. SULAIMAN

(Communicated by Andrew M. Bruckner)

Abstract. A new theorem concerning some summability factors of infinite

series is proved. Other results, some of them known, are also deduced.

1. Introduction

Let J2 an be an infinite series of partial sums s„. Let o„ and nôn denote

the zzth Cesàro mean of order <5(<5 > -1) of the sequences {sn} and {nan}

respectively. Theseries J2an is said to be absolutely summable (C, Ô) with

index k , or simply summable |C,r5|K, k > 1, if

oo

E"fe"lK,-*;.-ii*<°°>

n=l

or equivalently
oo

^n~x\nn\k <oo.

n=l

Let {pn} be a sequence of positive real constants such that

Pn = Ep" "~* °°     as zz —> oo       (P_i = p-X = 0).
o=0

The series ^2a„ is said to be summable \N, p„\k , k > 1, if

oo

J2(Pn/Pn)k-l\Tn-Tn-X\k<œ (Bor[l]),
n=l

where
n

■"" = °n     2-~iPvSv "
o=0

If we take p„ = 1, then \N, p„\k summability is equivalent to \C, l\k summa-

bility. \N, p„\i is the same as \N, p„\. In general, the two summability meth-

ods |C,¿% and \N, p„\k are not comparable.
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Here we give the following new definition: Let {tpn} be any sequence of

positive real constants. The series \\lan is said to be summable \N, p„, <pn\k ,

k > 1, if
oo

j>*-I|r1,-7'l,_ir*<oo.
n=l

Clearly \Ñ, pn, Pn/p„\k = \N,p„\k, \N,p„, l\x = \N,pn\, and \N, I, n\k =
\C, l\k. The following two results are due to Bor:

Theorem 1. Let {pn} be a sequence of positive real constants such that as n —► oo

n n (i)  np„ = 0iPn),
{'} iii)  Pn = Oinpn) .

If ¿~^,an is summable, \C, l\k, then it is also summable \N, p„\k, k>l.

Theorem 2. Let {pn} be a sequence of positive real constants such that it satisfies

(1-1). If LZan is summable \N, pn\k, then it is also summable \C, l\k .

We prove the following:

Theorem 3. Let {/?„}, {qn}, and {tpn} be sequences of positive real constants

suchthat {(PnQn/Qn) is nonincreasing. Let tn denote the (zV, p„)-mean of the

series £a„. If

|©t(f)t^'|£",'|i'"-'|l<00'

oo

J2<Pk~l\en\k\At„-X\k <00,

n=l

and

oo     / p  \k

Ehr     ^-1|Ae„|*|Aí„_1|*<c»,
«=1  ^PnJ

then the series J2an^n is summable \N, q„, tp„\k , k > I, where Afn = fn-fn+i

and Qn = E"=o<7" -> °° as n -> oo   (g_j = ¿/_, = 0).

2. Proof of Theorem 3

Let T„ be the (JV, ¿7„)-mean of the series ¿^¿zne„. Then we have

.     « V 1     "

Tn = -pr- E °v E arEr = 7v\lZ^Q" ~Qv-i)avev .
Un v=o       r=0 Un v=0
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Hence

Tn - Tn-X = ——-2_j Qv-lO-v^v ■
QnQn

0=1

Abel's transformation gives

'n-l   /  o

Tn — Tn-X —
Qn

QnQn-l
E [^Pr-iaAAiP-l.Qv-iev)

.0=1   \r=l

n-l

+ {EPr-lClrJPñ-lQn-l^

a                                            P                          P }
= 77-^— E \ -Qv-i£vAtv-X + -^-qvevAtv-X-—O^Aî^Aî,,-! \

QnQn-l ~ I Pv Pv J

= r„,i + Tn>2 + Tn>3 + TH>4, say.

To prove the theorem, it is sufficient, by Minkowski's inequality, to show that

oo

Y.Vn~X\Tn,r\k <oo,        r=l,2,3,4.
n=l

Applying Holder's inequality,

m+l m+l f \ k  n—l      •-,

E,i-ir,,l-E^-(s|^) E-^»a,„_,

<E^-'^ -
n=2

On/     ß„-l

o = l   VÍW ly"-'  0 = 1       J

"i     / r\   \k m+l     t           \

m m+l

<o(i)E^_1o»i«»i*iAí»-iifc E
0=1

m

n=o+l
ßnßn-

<0(l)E?'o"1|^|/C|Aío-
0 = 1
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m+l m+l , x k
E „K-l it      \k _ V^ ,nk-l  (        Qn

\QMnTl

n-l   / T,  \ k

n=2 n=2

n-l      p

E*V—1 A—-—qvsvAtv.
0=1      Pv

m+1 in   \k      1      "_1 / P \k (      1      "_l

m    / p \k m+l     / \

^(DEhr) *wfci*«-ii* E (^r)
o=iv/7"y „=o+i v y« y

K-l

QnQn-l

m+l

n=o+l

m ,p  s  k   /        \K-i m+i

t<X«t#í-,(^)'{£)Vl»i«^'.

m+l m+l y v

n=2

m+l

n-l

E-
0=1

n-l

Pv-l Qv
qvAevAtv.

Pv     Qv

k  /A \k
< £ *-'(s)¿r £(£)(* W*-

x\n^èi»

k-l

Qn-
0=1

m    /r>\k//~¡\k m+l     , x k-l
(QjL\      „   IA»   IKIA, IK     V     /«'«i«

SO(1)S(ê) if ) •***-* 5,11
„ <7n

n=o+l

On On-
m / p \k m+l

<0(1)E^-1(^)   öolA^hA^.,^  E  TTrT-
\PvJ n=v+x(¿n{¿n-l0=1

m
( P  \

<0(1)E^_1    —     \Atv\k\Atv.x\k, and
o=l XPv J

"1 "1 /   P     \       /   /T       \ ^

E^-'l^,/ =  E^n-1   - (£)  (§-) £"A'->
„=1 n=l yPnJ   ^UnJ

This completes the proof of the theorem.

3. Applications

Corollary 1. //

(3.1)
(i)/?«0« = 0(P„¿7„),

(ii)P„¿7„-0(/7„On),
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then the series  ¿"^¿z„   is summable  \N, qn, q>n\k>  whenever it is summable

\Ñ ,pn,<pn\k, k>l, and tp„ = 0(¿/>„).

The proof follows from Theorem 3 by putting e„ = 1.

Corollary 2. //(3.1) is satisfied, then the series Ylan  is summable \N, q„\k

whenever it is summable \N, pn\k , k > 1.

The proof follows from Corollary 1 by putting tp„ = Q„/qn = OiPn/pn) ■

Corollary 3 (Theorems 1 and 2). 7/" (1.1) is satisfied, then the series ^¿z„  is

summable \C, l\k if and only if it is summable \N, p„\k , k>l.

Proof.   (=^) follows from Corollary 2 by putting p„ = 1 .
i<=) follows from Corollary 2 by putting qn = 1.

Corollary 4. //

/•x    "nQn _ r\i i\

Pn\¿n

(ü)e„ = 0(l),

(iii)^Ae„=0(l),
Pn

then the series ¿^¿z„e„ is summable \N, q„, (p„\k, whenever J2an is summable

\Ñ,p„, <pn\k, k>\.

The proof follows from Theorem 3.

Corollary 5. //

(i) en = 0(1),

(ii) Ae„ = 0(1/«),

then the series  J2an^n   is summable  \C, l\k, whenever J2an   is summable

\C, l\k, k>\.

The proof follows from Corollary 4 by putting p„ = qn = I, tp„ = n .
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