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A STUDY ON A RELATION
BETWEEN TWO SUMMABILITY METHODS

W. T. SULAIMAN

(Communicated by R. Daniel Mauldin)

Abstract. Bor (1985, 1986) gave a relation between the two summability meth-

ods \C, l\k and \N, pn\k of a series ^2a„. These two methods are known to

be independent. Generalizing the case, here we introduce relations between the

two summability methods  |C,a|^  and  \N, p„\k  using multipliers sequence

1. Introduction

Let J2 a„ be an infinite series of partial sums s„ . Let o„ and rfn denote

the «th Cesàro mean of order ô («5 > -1) of the sequences {s„} and {«¿z„}

respectively. Theseries Y¿an is said to be absolutely summable (C, 6) with

index k , or simply summable \C ,ô\k, k > 1, if

oo

Y,nk-x\oôn-oôn_x\k<™,

n=l

or equivalently,
oo

n=l

Let {pn} be a sequence of positive real constants such that

n

Pn = ^2pv ^ oo   as n —> oc (/Li = p_i = 0).
v=0

A series \^an is said to be summable \N, pn\k , k > I, if

k-l
\km Tn-Tn-X\K<oo    (Bor[l]),

«=1

where
«

v=0
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If we take p„ = 1, then \N, p„\k summability is equivalent to \C, l\k summa-

bility. \N, p„\i is the same as \N, p„\. In general the two methods |C,¿|¿

and \N, p„\k are not comparable.
Bor established the following two results:

Theorem A. Let {p„} be a sequence of positive real constants such that as n —►

oo

m j ii) npn = OÍPn) ,
W \ (Ü) P„ = Oinpn).

If Y^an is summable \C, l\k, then it is summable \N, pn\k , k>l.

Theorem B. Let [pn } be a sequence of positive real constants such that it satisfies

(I). If Y^a„ is summable \N, p„\k, then it is summable \C, l\k, k > I.

2. Main results

We prove the following:

Theorem 1. (A) Let {p„} be a sequence of positive numbers. Let Tn be the

(TV, p„)-mean of the series ¿^¿z„ . If

oo

(2.1) J^-'le^lAra-.l^oo,
n=l

oo , p   x  k

(2.2) Yjnk-ka-x(-)   |e„|*|A7'lf_1|*<°°.        (0<o<l)
n=l yPn'

oo ,p  .k

(2.3) ^zz"1 (tu- )   \en\k\ATn-X\k<oo, (a>l)

n=l           yPnJ

oo ,p  -.k

(2.4) Y.nk~X [-T )   |Ae„|fc|A7;_,|fc<oo,

n=l V/,n/

then the series \^anen is summable \C, a\k , k > I, a > 0.

(B) Let {pn} be a sequence of positive numbers such that (I) holds. Let

{/l„},{e„} besuchthat {>l„} is nonnegative, nondecreasing, nl"aA„\en\ = Oil)

for 0 < a < I, X„\e„\ = Oil) and en = oil) for a > 1, Ae„ = 0(«_1|e„|), ¿zzW

m   ÍP \k~l

Ehr)      \^Tn-i\k = OiXkm),        m^oo
n=l VP»/

then in order to have the series ^a„e„ summable \C, a\k , it is sufficient that

oo

E"2"%|A2e„| <oo,        (0<q<1)
n=l

and
oo

^2nX„\A2e„\ < oo,        (a > 1).
n=l
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Theorem 2. ÍA) Let {p„} be a sequence of positive numbers. Let t\ be the nth

(C, l)-mean of the sequence {na„} . If

oo

(2.5) £^|e„|^|*<eo,

fc-1
\k\A\k

1     /P  V

(2-6) Eiur)   ^wr<oo,
n=l

°°    / p \k~l

(2.7) Ehr |Ae„|W<oo,
«=i VPw/

zVzezz //ze senes Ylan£n is summable \N, pn\k, k > 1.

(B) Lei {pn} be a sequence of positive numbers such that (I) holds. Let

{K}, {e«} besuch that {Xn) is nonnegative, nondecreasing, Xn\en\ = 0(1),

e„ = o(l), Aen = 0(«"1|e„|), and

m

Y,n-yn\k = oixkm),
n=l

then in order to have the series \^a„En summable \N, pn\k, k > 1, it is suffi-

cient that
oo

~^2nÀn\A2e„\ < oo.
n=l

3. Required lemma

Lemma. If o > 6 > 0, then

E   {n~Vf'1 =Oivs~°),     as m -oo.
«=?;+l

4. Proof of the theorems

Proof of Theorem 1. (A) Let r£ be the nth (C, ¿*)-mean, a > 0, of the se-

quence {«¿z„e„}. Then we have

" w=l

^=(»;<î) = ii±IM±^d£±i> = PJîL

1     "

where

fn + S\ _ (t> + l)(¿ +
«! ~T(íí+l)

" i    "

Tn = "5-E^Ear = -p-^2(Pn-Pv-l)av,
*" u=0       r=0 " v=0

then
n

/« - 7n-i = ^~5-E^f-i01' •

As
n v ,      n
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% = ^Y,rv-iav{vA°„ZlvP-2lev}
v=l

n—l  (   v

E {"£Pr-iar\A{vAanzlPv-\ev} + {£/>,_, a, \ nP-}xeñ

A*

v=l   \.r=l

n-l

Lr=l

Ë \vAa„ZlvevATv_

"n-l"

/j)-l
1 + ^:!ar„_, + (WTi)-

Z^u Pv

x AA„,_lvevATv_x

+ iv + l)%i^_,Ae„A7;_i} + n^EnATn-
Pv ) Pn

= tn , 1 + *n , 2 + *« , 3 + *n , 4 + *n , 5 ■

In order to prove the theorem, by Minkowski's inequality, it is sufficient to

show that

Ë""'lC,/<°o,        r=l,2,3,4,5.
n=l

Applying Holder's inequality, we have

m+l m+l      .      n-l

n=2 " t)=l

A:-l

« = 2 .î) = l

"i + l     ja-l

= Oil)J2vk\sv\k\AT^x\k  E   S
u=l n=v+l "

"i "1+1    ¿„      7)\a

= o¿i)E«*WfcIAW E i^
»=1 n=v-

m

= Oil)YJVk~X\ev\k\&Tv_x\k.

n=v+l

v=l

m+l m+l      .      n-l   / p  \ k
I      x   >  / III

n-l   ja-I
k-l

,v=ln=l n=2        " v=l   yyv ' K

m    / p  \k m+l     ¿a-I

t)=i n=v+l

o(i)f>-» (-] M*|at;_
»=i      v/v
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m+l m+l     ,     n—l /n \ km-ri m-ri       ,       n— i /P   \K

5>-K/ * E ¿E(" + d* (£) ^.ia^iat;. I*
l|

n=2 n=2        " v=l

k-l
(n-l   ja-1       V

¡ti= 0(l)^t;*(^)   |Ae„|*|Ar„_,
v=l

m+l     ac—I

x y ^i=l
¿-^     nA<ï

n=v+l "

m /p   V*

= 0(1)E^-'(£O   \àev\k\ATv_x\k.
v-l XPvJ

m m / P \ k

EOS.sl^omE»*"*0"1^) M*|A7;_
B=l n=l ^PnJ

ll

For f¿J 3 the two cases 0 < a < 1, and a > 1 need to be considered. For

0 < a < 1 , we have

n=2 n=2 "       v=

(n-l Ï*"1

m+l m+l . n-l / P  \k

E«-i^,3ifc < E ^5> + «>* iy) \^r-l\\^Tv-

x JElA^zM

m+l       .       n-l        / P \k

^(^E^E^hr) («-«r2i«..i*iAr..
n=2 w=l

fn-l >*-'
x|E("-w)a_2|

m /p  v k

= 0(l)E«*(;r)   \£v\k\ATv_x\k
v=l        ^PvJ

.1*

X

m+l    , \/v_?

E f¡l+ka
n=v+l

m / p  \K

= oii)J2vk-ka-l{^) \ev\k\ATv_x\k.
v=l V/W

When a = 1, Ai4£l¿ = 0, hence fjj 3 = 0. It remains to consider íJJ 3 for
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a > 1, and for this case we have

m+l m+l       .       n-l k\AT     {\km+i m+i .        n—i /n   \K I      IK I AT

n=2 n=2 ti=l '

(n-l ,«-1 \

as E("-U)a_2 = °(1) /      in - x)a~2 dx = Oina-x).\

m íp  -.k

= 0(1)EM7t) \ev\k\*Tv„x\k
0=1

in-v)cEl" - v>
yfk+a

n=v+l

m

= 0(l)E^-1f^)   |*„fÍA7;_
v-l KPvJ

This completes the proof of (A). To prove (B), by (A), it is sufficient to show

that the conditions (2.1)-(2.4) are all satisfied. Since Ae„ = 0(zz_1|e„|), then

by (I) each of the summations in (2.1) and (2.4) is equal to

oo / p   \k

Od)E»-'    ?     \Sn\k\AT„-X\k
n=l ^PnJ

Í 0(l)fv-*°-« (?£)   |e,|*|Ar>-i|*       (0<a<l),
n=\

oc

Pn

n=l

Therefore, only the two conditions (2.2) and (2.3) are left to be considered.

For 0 < a < 1, we have

E^-'hr   W*|Ar0_,|

ti W'

k-l

m-l    v      , p \k-l

o-l  r=l   \Pr

\ATr_x\k{vk-ka-l\ev\k + (v + l)*-*aA|e„|*}

Pr
k-l

+ 0^zZ\j)      \ATr_x\k • mk-k»\e

= Ix+I2 + h,    say.
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/, = 0(1) Ë vk-ka-lkk\sv\k = 0(1) ¿«"«A»!*,,!

v=l

oo

0=1

= 0(i)E«~% $>' ,    asem = o(l) = 0(l)E«"a^ElAerl

oo r oo «^

= 0(l)ElAer|EU_a/l'' = 0(l)ElAfir|Ar /    X_a ¿/x
r=l 0=1 r=l Jx

oo oo oo

= O(l)E'-1"Q¿r|Ae,| = 0(l)E''1"a^ElA2e'l'     **A*m = o(l)
r=l

oo t>

= 0(i)EiA2^iE''1"a^

v=l r=l

oo

= 0(i)E^2"a^iA2efi-

r=l

v=l

Since
A|et,|fe = i:(|ct,|-|£t;+1|)^-1,

for some Ç between |e„| and |e„+i|, by the mean value theorem,

A|e„|* = 0{\ev\k~lA\ev\},    as em = o(l)

= 0{|et,|*-,|Aß1,f},

therefore,

oo

I2 = Oil)^2vk-kaÀkA\ev\k

w=l

oo

= 0(l)E«*~*a4rfi«MAe»l

OO oo oo

= 0(l)Ew1"a^|A£«| = 0(l)Et,1"°A»ElA2fi''l
v=l

00

0=1

°(1)Er2-Q/lfiA2firi
r=l

73 = 0(l)m*-*aA*|em|* = 0(l).

Now, for the case a > 1 we have

m /p v k

5>-'(£) |*,|*|Ar„_ir*
„=i      v/w

= 0(i)Ei^N^     ia/;
0=1

m —1   o

Po

A»

K-l

0=1  r=l   VK  7

= 0(1)

= Jx + J2 ,     say.

fc-l m
KAlo    IK

r=i VPf/

K-l

lAr,.,!*^Klo      |K
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/, =0(l)£Aj|fi„MAe„| = O(l)Ë*t,|Ae«|
0 = 1

oo

0=1

— OÍ 1 ) E v^v \A2ev \VÀV \A2ev |,     as before.
o=l

/2 = 0(l)^|em|¿ = 0(l).

This completes the proof of Theorem 1.

Proof of Theorem 2. (A) Let Qn denote the (Ar, p„)-mean of the series Y^an^n

Then we have

.      n v .      n

Qn = p-J2Pv^2arSr = p~\lZ^P" - pv-i)av£v
" v=0       r=0 " o=0

n

Qn - Qn-l = -ß-ß--E Pv-iavCv ■
n-Oî-1

0 = 1

Pn "v — 1 ̂ oOn Pn      V*   ,.  rv-\

PnPn-l

Pn

PnPn-

0=1

n-l

ÍV + l)t' <--r H--r )
y ' v 1       v        viv + 1)      V + 1  I

,0=1

,   "+1 p       p   ,1
"I        ~      J n-ltn'«

= Ön,l +Ön,2 + ßn,3 + Ön,4.

In order to prove the theorem it is sufficient, by Minkowski's inequality, to

show that

mk-l

\Qn,r\k<oo,        r=l,2,3,4.

Applying Holder's inequality, we have

"i+l   / p \ k-l
*n

m+l n-l   / i \ K
Pn       ^ / -        1

Eg   w-i* s Eidero l+¿ *wPs
«=2   x^"' „=2     "   "    ' o=l   v 7 1.0=1     "

'n-l
K-l

Po

m+l

= oíi)Y,Pv\£v\k\tlv\k E
Pn

0=1 n=o+l
PnPn-l

Pv I o    IK 1,1 |K0(1) E £1*1 W-
0=1

Po
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"i+l   / r. \ k-l m+l n-l    ,     / n \ k (n-lm+i   /p  N.K-1                          m+i                     n-i    .      /n  \k in-i

E(^)         \Qn^\k<Ej^-X^(v)    ̂ IW E/^
n=ii-nfn-l v=xV     \pvJ ^u=l fn-

m      .      / n  \k m+l

o=l n=o+l

"i      i      / n  \ fc-1
1*1*1 I*

'"      1     / P \ '

=<wE¿.(£)   wwr.
m+l  /p \K-1 m+l n-l  /p \k (n-l '\k~i

E if1)   km* < E j^-x E (£) *i*.i*i4r* E ^
m    / p \k m+l

= °(1)E(fi) pv\**>\k\tlv\k E pt-
v=l  \Pv ' —•■■' r"rn-

m    / p \ k-l

= °(1)E(^)   \^\k\ti\
„,_,   \Pv J
0=1

m     / p  \ K-l m

n=l V/W n=l     "

The proof of (B) can be achieved exactly as in the case of Theorem 1. This

completes the proof of Theorem 2.

5. Applications and corollaries

1. If we take a = 1  and e„ = 1  for all n  in Theorem 1 (A), we get

Theorem B provided (I) holds.
2. If we take a = 1  and e„ = 1   for all n in Theorem 2 (A), we get

Theorem A provided (I) holds.

Corollary 1. Let {p„} be a sequence of positive real constants such that np„ =

OiPn).  Then sufficient conditions that ¿^anen be summable \C, a\k , k>l,

a>0, whenever Y,an is summable \N, pn\k are

(i) |e„| = 0{n°-l+l/kiPn/P„)l'k}       ia<l),

(ii)  \en\ = 0{inpn/Pn)l/k}       ia>l),

(iii)  \Aen\ = 0{n-l+l'kÍPn/Pny/k}.

Proof. Since npn = OiPn), then, for 0 < a < 1 ,
oo oo ,        s.  k    / p   \ K-l

E«*-1|e-l*|A7;_1|* = 0(l)E«fca(^)   {j)      IAT-
n=l n=l \   i/

k-l
\k

-l\k

Í P \
= 0(1)E«/CQ"M^L \ATn-l

»=1 V/7n/

°°    Í P \k~i

= °(1)Ehf      |Ar„_.|* = 0(i
n=l  KPnJ

Similarly, we can show that (2.2)-(2.4) are also satisfied, and the result follows

by Theorem 1 (A).
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Corollary 2. Let {p„} be a sequence of positive real constants such that np„ =

OiP„). Then sufficient conditions that ^2a„en be summable \N,p„\k, k>l,

whenever J2a„ is summable \C, l\k are

(i) \en\ = 0{inpn/Pny-1'k},

(ii)  \Aen\ = 0{n-l'kiPn/P„)l^k}.

Proof. Since np„ = OiP„), then |e„| = 0(1). Hence

oo oo    i

Y.y\^\k\t\\k = oii)Y,-\tn\k = oii).
n=l     " n=l

Conditions (2.6) and (2.7) are also satisfied, and the result follows by Theorem

2(A).
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