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ABSTRACT. We shall show that B(H) can be represented by the strong closure
of the linear span of the compounds of a fixed operator in B(H) and the rank
one operators, composed only by the vectors of a certain orthonormal basis of
H , in a nest algebra, even, under some assumption, in the radical of a nest
algebra.

0. NOTATIONS, BASIC RELATIONSHIPS, AND INTRODUCTION

Throughout, the nonzero Hilbert space H under consideration is complex
and separable. Subspace means “closed subspace of H ” and operator means
“bounded linear operator from H into itself.” C is used for “is contained in,”
while C is reserved for “is properly contained in.” We write B(H) for the set
of all operators and K(H) for the set of all compact operators. The symbol
x ® y denotes the rank-1 operator (-, x)y for x,y €e H. If S C H and
& C B(H), we write R!(S) for the set of all rank-1 operators composed by
vectorsin S and RL.¥ and R.¥ for R!(S)N.% and R!'(H)N.S respectively.
If M is a subspace, Py stands for the projection from H onto M. If ¥ C
B(H), [£]9 ([¥]™) denotes the strong closure (norm closure) of the linear
span of ¥. If ¥, C B(H), and if there exists G in B(H) such that
S = [HCHNIN(SF = [ GL]I™), then we call . a strong-principal (norm-
principal) bimodule of & with respect to G.

A nest ./ is a family of subspaces totally ordered by inclusion. .#" is said
to be complete if (i) it contains {0} and H and (ii) given any subfamily .4
of ./, the subspaces A{L: L € #} and \{L: L € #} are both members
of #. If Ne #, we define N = \/{L:LCc N, L€ #} and N, =
NML: Nc L, Le#}. Obviously, if ./ is complete, then N_, N, € # for
all N € # . Throughout, a nest is complete. Theset {T: T € B(H), TNCN,
N e 4} is called the nest algebra (associated with .#") and is denoted in this
paper by A4 . The space M o N, with M, Ne€ # and M DO N, is called
an ./ -interval. A finite .# -partition is a finite set {E;, ..., E,} of mutually
orthogonal ./ -intervals with E;®---®E, = H . The Jacobson radical [5, p. 69]
of A/ is denoted by RA.# . We can regard the following theorem as another
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definition of the radical, which is actually used in this paper.

Theorem. (Ringrose Criterion, [5, p. 73]). Let .# be a complete nest. If
T € AV, then T € RAY if and only if for each ¢ > 0 there exists a finite
W -partition {E,} such that ||Pg,TPg,| < ¢ for each n.

Corollary. [4, p. 21]. Let & be a complete nest. Then
RAN =[{PyTPy.: Ne', T € B(H)}]"™.

Definition. (Larson, [3, p.418]). Let .#° be a complete nest. The symbol
R>® AN is defined to be the class of all operators T in A4 with the prop-
erty that given & > O there exists a (perhaps infinite) .# -partition {E,} with
||Pg, T Pg,|| < ¢ for each n.

Obviously, RAY C R* A" . Finally, the following operator G will play an
important role in this paper. We define

G= Z (Za,‘j(', e;)) €,
j=1 \i=1

where {e,} is an orthonormal basis of H and {«;;} is a family of nonzero
complex numbers restrained by 372, 3772 |aj|? < +o00.

It is proved in [2, p. 393] that the strong closure of all finite rank operators
in a nest of algebra A4 is equal to A#". Motivated by [1, p. 1], we shall show
that B(H) is the strong-principal bimodule of R}, ,A4.#" with respect to G for
a certain orthonormal basis {e,} of H, that is, the representation is possible
as long as we substitute the basic units x ® y of the finite rank operators in the
nest algebra by the new basic units (e; ®e;)G(ex ®¢;) , where e;®e; and e Qe
are rank-1 operators in the nest algebra and are composed only by the elements
of a certain orthonormal basis {e,} of H.

1
1. R}, AWV

Lemma 1.1. (Ringrose, [5, p. 64]). Let .#° be a complete nest, and let x and y
be nonzero vectors in H. Then x @ y € AV if and only if there isan N e ¥
such that x € (N_)*, ye N.

The above lemma can be written as
R'AV ={x®y:xe(N_-)*, ye N, Nes}.
If {e,} is an orthonormal basis in H, we have
Rl AV ={e;®ej:e;€ (N.)",e;€ N; e, ej €{e,}; Ne S}

Lemma 1.2. Let ¥ be a complete nest. Then there exists an orthonormal basis
{en} of H with the property that for any e; € {e,} there exists e;, e, € {en}
such that

ej®e,e;Qe €AN.
Proof. (i) {0} c {0}+ and H_ C H. Observe that ({0};)- = {0} and H =
{0}* = (({0}4)-)*. Let By, B;, and B; denote orthonormal bases of {0},
H_ o {0}, and (H-)* respectively. We define {e,} = B, U B, U B3 . For any
e; € {e,}, ife; € By, it follows from e; € H = (({0},)-)*, e; € {0}, that ¢
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can act as e; and e, as well; If ¢; € B,, for any e; € Bj, it follows from
ej € (H-)', e; € H that e¢;®e; € A/, and for any ¢ € By, it follows from
e; € H = (({0}4)-)*, ex € {0}, that e;® e, € AN ; If ¢; € B3, it follows
from e; € (H-)1, e; € H that e; can act as e¢; and e, as well.

(ii) {0} = {0}+ and H_ = H. There exists a sequence {N,};2  in A4
satisfying (i) if i < j, then N; C N;, (ii) lim,—_o Py, =0 and lim,_, ;o Py, =
I all in the strong operator topology [1, p. 2]. Let B, denote an orthonormal
basis of N, © N,_; for each n. We define {e,} = |J;>° B,. For any e; €
{en}, if e; € B, , then any vector in B,, (m > n) can act as e;, while any vector
in B, (m < n) can act as e .

(iii) The proof for the case either {0} C {0}, and H_ = H or {0} = {0},
and H_ C H istrivial. O

Lemma 1.3. Let ¥ be a complete nest. Then there exists an orthonormal basis
{en} of H with the property that for any e;, ej € {e,} there is a complex number
a(i, j) # 0 such that

a(i, j)(ei ® €j) € (R, ANV )G(Ri, AN).

Proof. Let {e,} be the orthonormal basis of H defined in Lemma 1.2. For
any e;, e; € {e,}, we can find ¢; , ¢, € {e,} such that e¢;®e¢;,, ej,Q¢e; € AN .

ei®e = (Ge;,, €j,)ei @ e

iy jo
1 1
~(ej, ® ¢j)(e: ® Geiy) = ——(e), ® ¢;)Glei @ €iy) »

ioJjo ioJjo

Qinjoi ® €5 = (€, ® €,)Gle; ® e;y) € (R, yAV)G(RY, \AN). O

Theorem 1.4. Let 4 be a complete nest. Then there exists an orthonormal basis
{en} of H such that

B(H) = [(R},,y A7 )G(R{,, AN )]®.

Proof. Let {e,} be the orthonormal basis of H defined in Lemma 1.2. We
know that
B(H) = [R'(H)]¥.

Forany x,y€ H,let x =3 ,_ a;ei, y =3, Bje; . 27=1 Yi aiBjei®e;
converges in the norm operator topology to x ® y [6, p. 8], so we have

[R'(H)]® = [R'({e.})]®.
By Lemma 1.3, we have
[R'({e-D]® C [(R},,; 47 )G(R}, ;A1 C B(H).
Therefore,
B(H) = [(R},,AYV)G(R},,4/)]1®). O

Theorem 1.5. Let ¥ be a complete nest. Then there exists an orthonormal basis
{es} of H such that

K(H) = [(R{,y AV)G(R{y AN ™.
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Proof. Let {e,} be the orthonormal basis of H defined in Lemma 1.2. We
know that

K(H) = [R'(H)]™ 6, p. 18].
By the proof of Theorem 1.4, we have
[R'(H)]™ = [R'({en)]™.
By Lemma 1.3, we have
[R'({eaD]" C (R, A7 )G(Rl,, AV)]™ C K(H)
Therefore, K(H) = [(R],, ;A7 )G(R},,A/)]". DO

2. Rie,,}RA/V AND R{en}R""A/V

Lemma 2.1. Let # be a complete nest, and let x and y be nonzero vectors
in H. Then x ® y € RAV (R®AN") if and only if there is N € 4 such that
xeNLt, yeN.

Proof. Let x and y be nonzero vectors in H . If there is N € .#° such that
x € N+, y € N, by the corollary in §0, it follows from
xXQy=(+,x)y=(+, Pyp1X)Pny
= (Py1+, X)Pyy = PN(X ® y)Pys
that x® y isin RAAS (R®AN").

Now let x®y € RA#V (R¥AN). Since x @ y € AN, there exists N € A
such that x € (N_)*, y € N, and since x ® y € RAN (R®AN), given & > 0
there is a finite (perhaps infinite) .#"-partition {E,} such that | Pg, (x®y)Pg,| <
¢ for all n. Observe that because N © N_ is a minimal interval, there exist
some E, D No N_, and it follows from

|Pvon-(x ® y)Prven-|| < || PE,(x ® ¥)PE, || <€
that
Pnon-(x ®y)Pnen- =0
SO
(Pnon-- > X)Pyon-y = 0.
Assuming that N ¢ N and y€EN—, we have (Pygn--,X) =0, ie. ,x L
N o N_. Together with x L N_, thus we have x € N*. O
The above lemma can be written as
R'RAV = R'R®AN ={x®y: xe N*, ye N; Ne s}
If {e,} is an orthonormal basis of H, we have

Ri,y\RAV = R}, \R¥AN ={e;®e¢;: ;€ N*,e;€ N;e;, e € {e,};N e N}

The proofs for the following Lemma 2.2, Lemma 2.3, and Theorem 2.4 are
similar to those of case (ii) of Lemma 1.2, Lemma 1.3, and Theorem 1.4 and
so are omitted.
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Lemma 2.2. Let ./ be a complete nest with {0} = {0}, and H_ = H. Then
there exists an orthonormal basis {e,} of H with the property that for any
e; € {ey}, there exist e;, e, € {e,} such that ej®e;, e; ey € RANV .

Lemma 2.3. Let ¥ be a complete nest with {0} = {0}, and H_ = H. Then
there exists an orthonormal basis {e,} of H with the property that for any
ei, e; € {ey}, there exists a complex number o(i, j) # 0 such that

a(i, j)(ei ® €;) € (RAN)G(RAN).

Theorem 2.4. Let ¥ be a complete nest with {0} = {0}, and H_ = H. Then
there exists an orthonormal basis {e,} of H such that

B(H) = [(R{,,,RAV)G(R, \RAN)]®).

Theorem 2.5. Let ./ be a complete nest with either {0} C {0}, or H_ C H.
Then for any G € B(H), neither

B(H) = [(RAY)G(RAN)S

nor
K(H) = [(RAYV)G(RANV)|™

is true.
Proof. If {0} c {0}, , then by Lemma 2.1, we have

RAV C{f®e: fe({0};)*, ec H}.
For any f, f, € ({0};)* and e;,e, € H,
(/i ® e1)G(f2 ® €2){0}+ = (Gez, f1)(/2 ® €1){0}+ = {0}.
Thus, evidently, for any nonzero vector e in {0},
e ® e E[(RAN)G(RAN)S.
If H_ Cc H, then by Lemma 2.1, we have
RAV C{e®g:ec H,ge H_}.
Forany e¢;,e; € H and g, g € H_
ran(e; ® £1)G(e2 ® &) =ran(Ggz, e1)(e2® g1) € H-.
Thus, evidently, for any nonzero vector f € (H_)*,
f® fE[(RAN)G(RAN)S).
In view of the compactness of ¢ ® e and f ® f, neither of the expressions

in the theorem is valid. O
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