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ABSTRACT. In this paper we consider the class of cylinder functions on abstract
Wiener space B and give necessary and sufficient conditions of cylinder func-
tions on B to be in the Banach algebra F(B) (resp. §*(B)) of analytic (resp.
sequential) Feynman integrable functions on B. The results here subsume
similar known results obtained by Chang, Johnson, and Skoug in the setting of
Hilbert and Wiener spaces.

1. INTRODUCTION AND PRELIMINARIES

Let (H, B, v) be an abstract Wiener space where H is a separable Hilbert
space with the inner product (-, -) and the norm |:| = /(-, -), which is
densely and continuously embedded into a separable Banach space B with the
norm |||, and v is the abstract Wiener measure on the Borel g-algebra B(B)
of B that is generated by the Gauss cylinder set measure on H with mean
zero, variance one. As H is identified as a dense subspace of B, we identified
the topological dual B* of B as a dense subspace of H* = H in the sense that
forall y in B* and x in H, {y, x) = (y, x) where (-, -) is the B* - B
pairing. Thus we have a triple B* ¢ H C B. For more details, see [16]. Let R”
and C denote an n-dimensional Euclidean space and the complex numbers,
respectively.

Let {e;j; j > 1} be a complete orthonormal set in H such that e;’s are in
B* . For each h € H and x € B, we define

(h, x)~ = nli_)nolo En:(h , ej)ej, x)
j=1

if the limit exists and = 0 otherwise. It is well known that for each (A4 # 0)
in H, (h, -)~ is a Gaussian random variable on B with mean zero, variance
A

Let M(H) be the class of all C-valued Borel measures on H . Then M (H)
is a Banach algebra under the total variation norm where convolution is taken
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as the multiplication. The Fourier transform of u in M(u) is defined for all
hl in H by

(L.1) ihy) =/Hexp{i<h, hy)} du(h).

The Fresnel class §(H) of functions on H is defined [1, p. 17] as the space of
all Fourier transforms of elements of M (H).

Given two C-valued measurable functions F and G on B, F is said to
be equal to G s-almost surely (s-a.s.) if foreach o >0, v{x € B: F(ax) #
G(ax)} = 0 (for more detail, see [8, 11]). We write that F ~ G (resp. F = G)
if F =G s-as. (resp. if F ~ G and furthermore if F(x) = G(x) for all
x € H). Both relations =~ and = are clearly equivalence relations. We use the
notation [F] for the equivalence class of F with respect to the relation =~.
We also use the same notation [F] for the relation =.

The Fourier transform 2 of the form (1.1) can be extended to B uniquely
by

A~ (x) = /Hexp{i(h, x)~}ydu(h).
We shall consider the following two Fresnel classes of functions on B given by
3(B) ={[F]: F(x) = A~ (x), ne€ M(H)}

and
3 (B) = {[F]: F(x) = p™(x), pe M(H)}.

As is customary, we think of the elements of F(B) (F*(B)) as functions on B
rather than equivalence classes. It was shown in [14, 15] that F(B) and §*(B)

are Banach algebras with norm ||F|| = ||| and that the elements of F(B) (resp.
F*(B)) are analytic (resp. sequential) Feynman integrable.

A function F is a cylinder function on B if there exist ¢, 92, ..., 0 € H
such that
(1.2) F(x)=f((¢1, x)~, (92, )™, ..., (0k, X)7),
where f is a Borel measurable function on R¥. It can be shown that there
exists a linearly independent subset {4, h,, ..., h,} of H such that F, with
the form (1.2), is written as
(1.3) F(x)=w((h,x)”, (hy, x)~, ..., (hy, X)™),

where y is a Borel measurable function on R”. Thus we lose no generality in
assuming that every cylinder function on B is of the form (1.3).

Let #(# 0) € H and F: B — C be a cylinder function on B defined by
F(x) = y((h, x)~) where y is in L!(R!) but not in L>®(R!). Then it is
easy to see that F is not in F(B). Thus we see that every cylinder function
on B is not necessarily in §(B). Motivated by this fact and the works of
Chang, Johnson, and Skoug [4-7], we consider the class of cylinder functions
on abstract Wiener space B and give necessary and sufficient conditions for
the cylinder functions on B to be in a Banach algebra §(B) (resp. §*(B)) of
analytic (resp. sequential) Feynman integrable functions on B . The results here
subsume similar known results given in [4, 5] by Chang, Johnson, and Skoug.
We finally apply our results to a classical Wiener space C[0, ¢] to obtain results
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in [4, 5] as corollaries and obtain various functions on C[0, ¢] that are Feynman
integrable (cf. [6, 7]).

2. NECESSARY AND SUFFICIENT CONDITIONS
FOR CYLINDER FUNCTIONS ON B TO BE IN F(B)

In this section we begin with two necessary lemmas to prove the main results
of this paper.

Lemma 2.1. Let (H, B, v) be an abstract Wiener space. Let {hy, hy, ..., h,}
be a linearly independent subset of H and A: B — R" be defined by
(2.1) Ax)=((h, x)~, (ha, X))~ ..., (Bn, X))

Let w and n be C-valued Borel measurable functions on R*. Then

(i) w=n ae on R" ifandonly if wold=nol.
() w =n everywhere on R" ifand only if woiA=nol.

Proof. (i) Let J = {x € B: y(A(x)) # n(A(x))} and D = {F € R": y(F) #
n(A)}. Then we have J = {x € B: A(x) € D}. We note that pJ = A~!(pD)
for all p > 0. Since A is a nondegenerate Gaussian random vector, we see
that v o A~! is equivalent to Lebesgue measure on R”. Hence for all p > 0,
v(pJ) =v oA~ (pD) = 0 if and only if pD is null in R”. Therefore v =
ae.on R” ifand only if wodl=noAi.

(ii) Since A(H) = R", we have that v = n on R” if and only if w o A(x) =
noA(x) for all x € H. Further, we have that woA=no0A on H if and only
if w(A(x)) =~ n(A(x)) for all x € B. Hence we complete the proof.

Lemma 2.2. Let {h,, hy, ..., h,} be a linearly independent subset of H. Let
u € M(H) be such that

2Y(x +p)~ p~(x) foreverypelhy, ha, ..., hi]",

where [Al* is the orthogonal complement of the subspace of H spanned by A.
Then there exists a measure g € M(R") such that

2~ (x)=6((h, x)~, (ha, X)™, ooy (hny X)7).
Proof. Let peR! and p € [hy, ..., h,]* be arbitrary but fixed. Then by the

~

hypothesis, a~(x + pp) = fi(x). Thus we have
/H exp{i(h, x)~} du(h) ~ /H expi(h, x)~}duy(h),

where du,(h) = exp{ip(h, p)}du(h). Hence we have that 4~ =~ ;. By
Proposition 2.1 in [14], it follows that x4 = u,. By using a theorem in [17, p.
133], there exists a C-valued measurable function g with its absolute value 1
such that du(h) = g(h)d|u|(h). Thus du = du, can be written as

g(h)d|u|(h) = exp{ip(h, p)}g(h)d|u|(h).

=1 for |ul|-a.e.
=0 for |u|-a.e.

By the Radon-Nykodym theorem it follows that exp{ip(h, p)}
h . Since p was an arbitrary real number, we must have (&, p)
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h. Further, since p was also an arbitrary element in [hy, hy, ..., h,]*, we
have that

h€[h1,h2, ...,h,,]'L'L=[h1,h2,... ,hn] for |,u|-a.e.h.

Therefore the measure u is supported by [A, A, ..., h4].

Nowlet ¢: [A1, Ay, ..., hy] — R” be the homeomorphism defined by ¢(h) =
((h, ), ..., (h, hy)). Then the measure ¢ = uo¢p~! isin M(R"). Since u
is supported by [A;, ..., A,], we have

A (x) = /H exp{i(h, x)~} dpu(h) = /[ exp{i(h, x)~} du(h)

By Bl

=/{hwhn]exp{i(Z(h,h,)h,-,x) }du(h)

j=1

_ / exp{i(p(h), A(x))} du(h)
[hyy ..., hnl

= [ explily, Ax)}duo ™) = 6(A)),
where A(x) is as in (2.1).
Theorem 2.3. Let {hy, h,, ..., h,} be a linearly independent subset of H . Let
F: B — C be a cylinder function on B as in (1.3). Then
(a) F isin (B) if and only if there exists a measure o € M(R") such that
6=vy ae on R".
(b) F isin §*(B) if and only if there exists a measure a € M(R") such
that 6 = y everywhere on R”".
Proof. (a) Let F € F(B). Then there exists a measure p € M(H) such that
a~(x) ~ F(x). Since (hj,x +p)~ = (hj,x)~ forall j =1,...,n and
for all p € [hy, ..., hy]*, we clearly have that 2~(x + p) = 2~(x) for all
p €[hi, ..., h,]*. Hence by Lemma 2.2, there exists a measure o € M(R")
such that
B(xX)=6((h1,x)~, ..., (hp, X)™), X €B.

Thus we have
w((hi, X)~, ooy (Mn, X)7) = 6((h1, X), ..., (Bn, X)7).

Hence by Lemma 2.1(i), we have that ¥ = 6 a.e. on R".
Conversely, let 0 € M(R") be such that ¥ = 6 a.e. on R”. Then by Lemma
2.1(i), we have

V/((h],X)N,... ) (hn,X)N)za'((hl,X)N, ey (hn’x)N)'
Define ¢: R” — H by ¢((r1, r2, ..., ) = 2;;, rihj. Set u=0go¢~!. Then

1 isin M(H) and is supported by [A;, h2, ..., h,]. Hence we have
3(x) = [ expliCh, %)} duth) = /{h  explilh, X"} do o 67

- /R exp{i(d(7), X)"}do(?) = 6((hi, X .. (o X))

from which F isin F(B).
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(b) Let F € §*(B). Then there exists a u € M(H) such that

ﬂN(X) = '//((hl B X)Ns cees (hna x)N)'

So a(h)=w({hi, h), ..., {(h,, h)) forall h € H. Using Theorem 8 of [4], we
have a ¢ € M(R") such that ¥ =46 on R".

Conversely, let ¥ = 6 on R" with ¢ € M(R"). Then by Lemma 2.1(ii),
w((hy, X)~, ooy (hn, X)) = 6((h, x)~, ..., (hp,x)~). Let u = 6o ¢!
where ¢ is as in the proof of (a). Then u € M(H) and

ﬂN(x) = a((hl 5 x)~ PR (hn > x)N)
from which F isin §*(B).

Remark 2.1. An alternative proof of (b) can be given as follows: Let f = F|y.
Then f € F(H) if and only if F € §*(B) (see [15]). But by Theorem 8 of [4],
f€F(H) if and only if ¥ =& on R” where g € M(R"). Hence the proof of
(b) follows.

3. COROLLARIES

In this section we apply our results in the preceding section to classical Wiener
space to obtain results in [4, 5] as corollaries and obtain further corollaries.

For simplicity, we consider the case (H, B, v) = (C’[0, ], C[O0, t], my),
where C[O0, ¢] is the Wiener space, m,, is the Wiener measure, and C’[0, {] =
{x € CI[0, 1]: x(s) = fg f(w)du, f € L*O0, 1]} is a real separable infinite-
dimensional Hilbert space with inner product (x;, x;) = fo' Dx,(1)-Dxy(t)dr,
where Dx =dx/dt (see [16]).

We first note (see [14, 16]) that if B = C[0, ¢] and H = C’[0, ¢], then for
heH and x€ B,

(h, x)~ = /O t Dh(s)dx(s),

where fot Dh(s)dx(s) is the Paley-Wiener-Zygmund integral of Dh .
In [2, 3] Cameron and Storvick introduced Banach algebras S and S* of
functions on C[O0, ] given by

S = {F:F(x)z/Lzm,”exp{i/otv(S)Jx(S)} du(v), ue M(L*0, tl)}

and

s={rrex [ eo{if 09 dx(0)} duto), we MO, ).,

F(x) = /Lz[o . exp{i/otv(s)cfx(s)} du(v) for all x € C'[0, ] } ,

and then showed [2, 3] that the analytic (resp. sequential) Feynman integral
exists for all elements of S (resp. S*).
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Remark 3.1. (1) Let I be the unitary operator from L?(R) onto C’[0, ¢] given
by Iv(1) = [y v(s)ds. If

t
F(x) z/ exp{i/ v(s)dx(s)} du(v)
L0, 1] 0
for some u € M(L?[0, t]), then we have
F(x)z/ exp{i(h, x)~}duoI~'(h).
c'o,1
Conversely, if
F(x)~ / exp{i(h, x)™} dn(h)
', 1]

for some n € M(C’[0, ¢]), then we have

F(x) =~ /Lz[o,z] exp{i/otv(s)dx(s)} dnol(v).

Thus we have that F € S if and only if F € F(C[0, ¢]) (see [14]). Similarly,
we have that F € $* if and only if F € §*(C[O0, ¢]).
(2) Let 4: C'[0, t] — C'[0, t] be the linear operator defined by

T
(3.1) ()0 = | g du.
Then we see that the adjoint operator 4* of A is given by
(3.2) (Ae)w) = gy = [ gwdu.

It is easily shown that A* is injective.
Throughout the rest of this section we assume that ¥ is a C-valued Borel
measurable function on R”.

Corollary 3.1. Let F;: C[0, t] —» C be given by

Fix)=vw (/Otvl(s)x(s) ds,..., /Ot Un(8)x(s) ds) ,

where {vy, ..., v,} is a linearly independent subset of L?[0, t]. Then

(1) FLeS ifandonly if w =6 a.e. on R" where 0 € M(R").
(2) FLeS* ifandonly if w =& on R" where 0 € M(R").

Proof. Let hj(t) = [;vj(s)ds for j=1,2,...,n. Then h; € C'[0, {] and
{hy, hy, ..., hy} is a linearly independent subset of C’[0, f]. Let kj(t) =
(A*hj)(t) for j=1,2,...,n,where 4* isasin (3.2). Since A* is linear and
injective, {k, k2, ..., k,} is an independent subset of C’[0, ¢]. Further we
note that

(A*h,-,x)~=/0 D(A*hj)(s)a?x(s):/o x(s)v(s) ds.

Hence Fi(x) = w((4*hy, x)~, ..., (A*h,, x)~) is a cylinder function on
C[0, t]. Therefore the proof follows by Theorem 2.3.
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Corollary 3.2. Let F,: C[0, t] — C be given by

FEx)=y (/Osl x(s)ds, ..., /Osnx(s)ds> ,

where 0 < 51 < 53 < -+ < 8y <t. Then the conclusions (1) and (2) of Corollary
3.1 are true for F,.

Proof. Apply Corollary 3.1 with vj(s) = 1j,s5;;(s) for j=1,2,...,n.
Corollary 3.3. Let F3: C[0, t] — C be given by

1 S1 1 $2 1 Sn
Ex)=y (a/o x(s)ds, o /s] x(s)ds, ..., m_—l/sn_lx(s)ds) ,

where 0 < sy <53 <--- < 8, <t. Then the conclusions (1) and (2) of Corollary
3.1 are true for F;.

Proof. Apply Corollary 3.1 with

1

vils) = 1 (S
j( ) Sj—Sj_] 1[5,-.5,]( )

for j=1,2,...,n,where s =0.

Remark 3.2. Let n be a finite Borel measure on [0, ¢]”. Let 6: [0, {]"xR" - C
be given by

6(F, ) = /R expl{i(d@, @)} doy(1D),

where {o;7, 7' € [0, ¢]"} isa family from M(R") such that for every B € B(R")
o#B) is Borel measurable in 7, and where |g7|| € L!([0, ¢]*, n). Then by
Theorem 1 of [7], we have that the functions on C[0, ¢] given by

F4(x)=/[0,l]"0(§‘, /Os' x(s)ds,...,/os"x(s)ds) dn(s)

Fs(x) = /[0 . 0 (5‘, /Osl x(s)ds, ..., /sn x(s)ds) an(s)

n—1

and

are both in S'. Furthermore, exp{Fy(x)} and exp{Fs(x)} are also both in S.
Corollary 3.4. Let Fyz: C[0, t] — C be given by

Fio) = v ( [ o) dx(s), . / 09)dx(s)

where {vy, ..., v,} is a linearly independent subset of L*[0, t]. Then the con-
clusions (1) and (2) of Corollary 3.1 are true for Fg.

Proof. Let I be as in Remark 3.1. Then we have

F6(x)= l//(([’l}],x)N, cees (I’U,,,X)N).

So by Theorem 2.3 it follows that Fg € F(CI[O0, t]) (resp. §*(C[O, ¢])) if and
only if there exist a ¢ € M(R") such that ¥ = & a.e. (resp. everywhere) on
R” . Hence from Remark 3.1 we complete the proof.
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Corollary 3.5. Let 0 <s; <5y <---<S$, =1 be a partition of [0, t] and let

Fr(x) = w(x(s1), x(s2) = x(51) 5 - - » X(Sn) = X(Sn—1)) -
Then the conclusions (1) and (2) of Corollary 3.1 are true for F;.
Proof. Apply Corollary 3.4 with v;(s) = Tis;- ,sj](s) for j=1,2,...,n,where
S0 = 0.
Corollary 3.6. Let 0 <s; <s$,<---<S, =1 be a partition of [0, t] and let

Fg(x) = w(x(s1), x(s2), ..., X(sn)).
Then the conclusions (1) and (2) of Corollary 3.1 are true for Fg.
Proof. Apply Corollary 3.4 with v;(s) = To,5,1(s) for j=1,2,...,n.
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