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ABSTRACT. Let (M, 9 M) be a compact n-manifold with boundary, orientable
over a field K with characteristic ¢. For f: (Y,0Y) —» (M,0M), with Y
compact, and (X, 8X) a compact pair, g: X - M ,let (P,3P)={(y, x) €
Yx(X,8X)|f(y) = g(x)} denote the fibered product, with p as the projection
to (X, 8X). In Cech-cohomology with coefficients K , we show that if H"(f)
is injective then so is H*(p)—and a number of strengthenings, which point to
a concept of g-essential map from one compact space to another.

Let (M, OM) be a compact n-manifold with boundary, orientable over the
ring R. For f:(Y,8Y)— (M,8M) and (X, 8X) a compact pair, g: X —
M,let (P,0P)={(y,x) €Y x(X,dX)|f(y) = g(x)} denote the fibered
product, with p as the projection to (X, 8.X). Also we fix a coefficient module
G over R for homology or cohomology, and any compact space in this paper
is assumed Hausdorff.

In [1] we showed that if (X, 8X) is a d-simplex, g one-to-one (this is
dispensible, by the methods of the present paper), M connected, and every-
thing is semialgebraic (M, 0M,Y,8Y, f, g, X,and 0X), then letting G, =
S[Hy(Y,0Y;G)] C Hy(M,0M;G) ~ G and G2 = p.[H,(P,0P;G)] C
H;(X,0X;G)~G,onehas G; CG,.

Here we restrict R to be a field and prove an equivalent result (i.e., showing
also that cycles can be lifted through p) without any of the above restrictions.
In particular, since we no longer have semialgebraicity, the formulation is rather
in terms of a weakly continuous cohomology theory H , so Y is also assumed
compact.

Theorem. If H"(f) is one-to-one then H*(p) is also.

Remarks. The result of [1] was a basic tool for [2]; in particular, one needed
arbitrary R to show in [2] that it was a specific game theoretic property—the
decomposition property—that forced one to use only fields R for defining sta-
ble sets. (Those results suggest a look at conjectures of the type: if a class of
essential proper maps from locally compact spaces to Euclidean spaces is stable
under products (and, say, homotopy invariant) then there is some character-
istic p (zero or prime) such that those maps are all essential in the sense of
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Cech-cohomology with compact supports and with coefficients Z, (with Zg =
Q).) Given that the decomposition property basically limits consideration to
fields R, the present result is the tool nneded for proving the “small worlds”
property mentioned in [2], as shown in a parallel paper [3]. The situation, nev-
ertheless, remains unsatisfactory in that we cannot simultaneously handle (even
in a semialgebraic framework) arbitrary coefficient modules and arbitrary com-
pact pairs. Here the point of getting rid of any semialgebraicity restriction is to
stress the purely topological nature of such properties.

Lemma 1. Foramap p: (P, 8P) — (X, 8X) of compact pairs, H*(p) is one-
to-one if and only if it is so for some vector space G’ of positive dimension over
the field R.

Remark. Therefore, this property depends only on the characteristic g (zero
or prime) of the field R, since G can always be viewed as a vector space over
the prime field Z,. Thus, we can assume G =R =1Z,.

Proof of Lemma 1. Use the universal coefficient theorem [5, VI.8.11] (torsion
products are zero since R is a field).

Remark. Similarly, orientability of the manifold when the ring R is an algebra
over a field K depends only on the characteristic of K and can be expressed
purely in terms of Cech-cohomology as the isomorphism of H"(M, M ; K)
with AHo(M ,0M ; K).

Lemma 2. Under the assumptions of the theorem (without the map g), there
exists a triangulable, compact, orientable ni-manifold M , a compact space Y , a
map f:Y — M with H"(f) one-to-one, and one-to-one maps i: M — M and
j: Y =Y such that for every compact pair (X , 8X) and everymap g: X - M,
the fibered product of io g and f equals (under j) that of g and f, with the
same projection p .

Proof of Lemma 2. First observe there is no loss in assuming also Y compact:
if it is not, let 9Y’ denote its closure, i: (Y,0Y) C (Y, dY'), f': (Y, dY') —
(M,dM). Then f = f'oi so H"(f) = H"(i)o H"(f'), hence H"(f') is also
one-to-one; we can work with Y’ instead of Y . By Lemma 1, we can now
assume G is the prime field. We first reduce the problem to the case where
M =0Y =92.

If OM # @, glue M to a copy of itself along M ; thus, (M+,9M™*) and
(M~,8M™) are two copies of M and OM™* and OM~ are identified. In
this way, one obtains M , which is clearly a compact manifold with subsets
M+, M~ ,and &M . Do the same with (Y, 8Y), obtaining a compact Y that
contains Y*+,Y~, and Y. Then f induces naturally a map f:Y — M.
Send (X, 8X) to the corresponding subsets of M+t C M. We identify M
with M* and Y with Y*. It follows that the problem will be reduced to
the case OM = Y = @ if we prove that M is orientable and that H"(f) is
one-to-one. By definition of orientability, and by [5, VI1.4.8], it suffices to prove
both points on each connected component separately, i.e., we can assume M
and M connected.

Observe now M has a locally flat embedding into some space R, with
N >n -2+ max(8, n), i.e., such that every point of M has a neighbourhood
in RV that is an (N — n)-ball product-bundle with its intersection with M as
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base. (For example, choose for each point x an open neighbourhood U, with
a homeomorphism ¢, from U, to the open unit ball B in R”. Let h(r) =
min[1, 2(1 = r)*], Vi = {y € Uslllox)ll < 3}, ¥x: M = Ry (y) =
h(llex()ID(1, ¢x(»)) for y € Uy, yx(y) =0 for y ¢ Ux. yyx is clearly con-
tinuous and separates points of U, as well as separating each of them from any
point not in U, . Then let (x;);c; be a finite set such that the V;, cover M :
the function y = (wy,)icsr is the required embedding, with N = (#I)(n + 1),
choosing #I > 4 — %n to have N sufficiently large. Indeed w is clearly injec-
tive, and every point x of w(M) has a neighbourhood in w (M) of the form
V., on which the projection p to a subset of n coordinates separates points,
so that the N —n others are a continuous function 4 of those, allowing imme-
diately the construction of the (N — n)-ball product-bundle as W = {(x’, y') €
R" x R¥N="|d(x’, p(x)) < &, d(y', h(x")) < &}, with projection p on the first
factor (identified with W N M), where ¢ > 0 is choosen sufficiently small so
that W Ny (M\V;,) = @.) Therefore, by [6, 4.5], M has a normal bundle in
RY , i.e., an open neighbourhood O and a retraction p from O to M such that
(O, M,RN-", p) is a fiber bundle [5, I1.7] (using also invariance of domain
[5, IV.8.16] to be sure).

Consider then the open set U in M consisting of M* (= M) together
with an open collar [5, V1.2] of (M~ , 9 M), with the corresponding retraction
q: U > M+, Let V=p ' (U)and r: V - M:r=qop. Then r is a re-
traction from the neighbourhood V of M in RY to M. Embed Y in a cube
C =[0, 1}, and consider (Tietze) a continuous extension f of f from C to
RY . Consider the directed system of sets C, = Y, x [0, 1]/\= where J, is a
finite subset of I and Y, a polyhedron in [0, 1]% such that Y C C, . Since
the C, decrease to Y, there exists ag such that f(C,,) € U. Then define
fiCoqp— M as f=ro ﬁcao , and henceforth we consider only a > ag. Given a
collaring of dM [5, V1.6.2] one can construct a homotopy relative to M be-
tween the identity on M and a map sending a neighbourhood V of dM into
OM . Let f': C,, — M be the composition of f with this map; then f' is ho-
motopic to f as a map from (Y, dY) into (M, dM),so H"(f')#0; f' is
homotopic to f as a map from Y to M, so H*(f') = H*(f). It suffices thus
to do the proof for the map f’; i.e., we can assume that f: C,, — M maps
a neighbourhood U of dY into &M . This neighbourhood can, by compact-
ness, be chosen to depend only on finitely many coordinates, say J, (2 Ju,);
then let Y, = Y,, x [0, 117\ | C, = C,, : a sufficiently fine subdivision of
the triangulation of the polyhedron Y, will be such that, for any simplex o,
letting 6 = o x [0, 1]'\%=, if 6 NOY # @ then f(6) C M . Denote by 0C,
the union of all those 6 : we have (C,, 8C,) = (Ko, 8K,) x [0, 1]'\= | where
K, and 8K, are (the space of) a simplicial complex and a (full, by one more
subdivision) subcomplex, respectively. Let also i,: (Y, 3Y) C (C,, 8C,) and
fa: (Cx, 8C,) — (M, dM). Thus since H"(f) = H"(fy 0 i,) # 0, we have
also H"(f,) # 0. The system (C,, dC,) is directed downwards by inclusion,
with intersection (Y, 8Y); so the C, form a projective system with limit Y
and the maps f,: C, — M and f:Y — M commute with this system. By the
continuity property [5, VI. Example C.2, V1.6.6], it follows that H"(f) will be
nonzero if we prove that H”(f,) is nonzero for each «. Thus our problem is




516 JEAN-FRANCOIS MERTENS

reduced to the case where (Y, dY) = (K, 0K)x [0, 1}, with (K, 8K) a sim-
plicial pair. Now let a;: (Y, 8Y) — (Y, dY): h(k, (xi)ier) = (k, (txi)ier),
fi = foh, and m be the projection from (Y,8Y) to (K,0K): fo = dpon
and f are homotopic maps from (Y, 8Y) to (M, M), and similarly f, and
f are homotopic from Y to M. This thus reduces the problem to the case
where furthermore f = ¢om, where ¢ is a map from (K, 8K) to (M, OM).
Finally, since 7 is a homotopy equivalence, it suffices to consider the case where
(Y, 0Y) itself is a polyhedral pair. All homology and cohomology theories are
now equivalenton (Y, 8Y) andon Y [5,1V.8.10, V.5]and on (M, dM) and
on M singular cohomology and Cech-cohomology coincide, respectively ([5,
VI.8.8, V1.9.9, VI.1.7] and collaring). Thus we know H"(f) # 0 and want to
prove H” (7) # 0, all in singular cohomology.

By the universal coefficient theorem [5, V.5.3] H" and H, are dual finite-
dimensional vector spaces; so H"(f) being nonzero is equivalent to H,(f) #
0. Thus, let ¢ be a simplicial n-cycle on (Y, 8Y) that is mapped to a nonzero
singular cycle on (M, 8M) (using [5, IV.6.8])—thus, to a fundamental class
z since R is a field and (M, M) is compact and connected [5, VI.3.8].
Let ¢* and ¢~ denote the corresponding chains on Y* and on Y~ ; then
C=c*—c™ isan n-cycle on Y with image Z € H,(M; R). Z is nonzero,
e.g., because its image in H,(M, M — x; R) equals the nonzero image of z
in Hy(M, M —x; R) for x e MT\OM (cf. [5, V1.3.8]). This yields both the
orientability of M (again [5, VI.3.8]) and that H,(f) is nonzero.

Hence we can assume 0Y =M =o.

Recall now our previous normal bundle (O, M, R¥-" p) for M as em-
bedded in RY . In particular, M is a euclidean neighbourhood retract, and so
by [6, 1.3] the bundle contains a ball-bundle, i.e., there exists a compact pair
(“tubular neighbourhood”) (T, 8T), with T C O and M C T\OT, such that
the restriction of p to (T, dT) is a ball-bundle.

Apply now [5, VI.10.15] to obtain 6(1) nonzero in HN-*(RV, RM\M; R).
We want to show that the image U of 6(1) in (T, 8T) by inclusion and
excision (collaring and [5], IV.8.9) is an orientation of the bundle. It suffices
to do this separately for each connected component of M. For E C M, let
Tg=Tnp~Y(E), 0Tg = TendT, O is the restriction of (1) to (Tg, Te\E)
and Ug the restriction of U—or of 0g—to (T, 8Tg). For E = {m}, we
will write simply T,,, etc.

Thus assume we had U,, = 0 for some m. Since T, is contractible, the
connecting homomorphism in the functorial exact cohomology sequences for
(Tm, 0Ty) and for (Ty,, T,,\{m}) is an isomorphism; hence the inclusion of
the first pair into the second will induce an isomorphism because the inclusion
8T, C T,,\{m} does, being a homotopy equivalence. Thus we have also 8,, =

Denote then by 77 the collection of open sets of M that are homeomorphic
to R” and on which the bundle is a product bundle. For any V € 2 with
m € V we would still have 6y = 0 since the inclusion (7,,, T,\{m}) C
(Tv, Ty\V) is a homotopy equivalence. Hence 75 = {V € 77|60y = 0} would
be nonempty and any V € 75 disjoint from any V € 7°\7;; by connexity,
Zo =7 ; i.e., 6y =0VV € 7°. Assume now W is an open set in M with
Ow =0and VeZ.Let W=WuUV, S=WnV,and d =N —-n, and




ESSENTIAL MAPS AND MANIFOLDS 517
consider the exact Mayer-Vietoris sequence [5, V.4.9]:
H\(Ts, Ts\S) & HY(T;;,, T;\W)
— H(Tw, Tw\W) ® H'(Ty, Ty\V).

Since S C V', it follows that (T, T5\S) is a product-bundle, so by Kiinneth’s
isomorphism [5, V.6.1] H4~!(Ts, Ts\S) is zero. Hence 6y and 6y (which
are restrictions of 6;) being both zero imply that 65 = 0 also. Therefore,
by induction on k, we will have 6y = 0 for every union W of k elements
of 77 ; thus, by compactness, 0, = (1) = 0. This contradicts [5, VI.10.15],
since H*(M) is not identically zero.

Thus our ball-bundle is orientable.

By [5, V.7.6], the fibered product Y of f and p is then an (N — n)-ball
bundle with the projection ¢ to Y, and say f as projection to T, and U =
f *(U ) as orientation. Further our inclusion of M in T\OT vyields Y C
Y\8Y ,and f is the restriction of f to Y. Write also (M, 8M) for (T, dT).
Observe first that (M, M), as a tubular neighbourhood, is clearly a compact
manifold with boundary, and as embedded in RY , is orientable.

By the Thom isomorphism theorem [5, V.7.10] we have a commuting diagram

oy L HYY)
L v _ ! ay
HNMT,oM) L HNT,8Y)
with py(u) = p*(W)UU, ggz(n) = q*(n)uf”*(U) , and where the vertical arrows

are isomorphisms. Therefore f* being one-to-one would imply f * is one-to-
one. Actually, what we need is a version of this theorem in Cech-cohomology
(there are trivial examples that this matters, e.g., projection on S'! of the closure
of the graph of the curve sin(n?/6) (0 < || < =)): for such a version, cf.
e.g., [2, part II, Appendix IV], and use [5, V1.9.5] and the five lemma for the
isomorphism of singular and Cech-cohomology on M and on (M, dM).

Thus f: (Y, 9Y) — (M, 9M) issuch that HV(f) is one-to-one, that fy =
f and that f(Y\Y) and M are disjoint from M (here Y and M denote
the original objects). And (M, dM) is a compact N-manifold with boundary,
embedded in RV .

Observe also that connected components of M and M correspond to each
other. Consider then a cube in R¥ containing A, and subdivide its triangu-
lation until every simplex that intersects M is contained in M\OM . Let K
be the union of those simplices. Subdivide the triangulation further such that
every new simplex that meets K is contained in M\0M . Let K be the union
of those simplices. A further subdivision yields a regular neighbourhood L of
K in K—or in the cube, with further L C M\0M . Hence, by [4, 3.10], L
is a compact PL-manifold with boundary &L ; further M C L\OL, and the
connected components of L correspond bijectively to those of M and of M,
by construction. N

Let OM = (M\L)U &L. We want to show that i*: HN(M,oM) —
HY (M, M) is one-to-one. It clearly suffices to prove this on each connected
component separately. There both spaces are the underlying field R (the first
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by excision), so it suffices to prove i* # 0. Including a small cube in front
and our large cube at the end would otherwise yield by composition that i* is
still zero when L is a small ball included in a bigger ball M , contradicting
homotopy invariance. Let j: (Y, 8Y) C (Y, dY), with Y = f 1(8M ), and
let f/:(Y,0Y)— (M,dM) equal f. Then f oi*=j*o f*,so H¥(f) is
also one-to-one. .

Finally, let (M',0M') = (L,0L) ¢ (M,dM) and (Y',8Y') =
i, oM c (Y, 6)7). By [5, VI.6.5], both inclusions induce isomor-
phisms in Cech-cohomology; so, with [ (Y',0Y) - (M',0M') equal to
f, we also have HM(f') one-to-one. As before, f i}, = f and f'(Y'\Y) and
OM' are disjoint from M. And now (M’, OM') is a compact, orientable
P L-manifold with boundary.

Finally, repeat the beginning of this proof with those objects to remove the
boundaries.

Proof of the theorem. By Lemmas 1 and 2, we can assume that G = R is the
prime field (the theorem being trivially true in the zero-dimensional case), and
that M is a PL-manifold, with M = 8Y = 0. Further, by [5, V1.4.8], we
can assume M connected. We will first prove the result in the case where g
is one-to-one. X can then be viewed as a subspace of M and (P, 8P) as the
inverse image by f of (X, 08X) in Y, with p the restriction of f to this
space.

We first reduce this problem to the piecewise-linear case.

Fix a triangulation of M and view M as the space of this simplicial com-
plex, thus as a subcomplex of the simplex A; on the set of vertices of the
triangulation. By [5, III Example A.1] M is a neighourhood retract in Ay, i.e.,
[5, I Example C.1] there is a neighbourhood U of M in A, and a retraction
r from U to M. Embed Y inacube C =0, 1], and consider a continuous
extension f of f from C to A, . For every finite subset J of I, denote by
n; the projection from C to [0, 1}/, and let C; = n;‘(n,(Y)); since the C;
decrease to Y , there exists J such that f(C 1) € U. Define then f on Cy, as
f=rof.Now f: C 7, — M , and henceforth, we consider only J 2 Jy. For any

Jo 2h),let Co=Cy,, foa=fic,» (Pa, 0Py) = f7H(X,0X), fo= fip., 0P, -
Since f: Y — M factors into an inclusion and f,, it follows that H"(f,) is
one-to-one also. So if the theorem was established for the C, and f,, the
weak continuity property [5, V1.6.6] will imply the result for Y since (P,, 0 P,)
decreases to (P, 9P). Thus we can assume Y = Yy x [0, 1]/, with Y, finite-
dimensional. The same argument shows that we can replace Y, by a compact
polyhedron containing it, and similarly that we can replace (X, dX) by the
complex of all simplices intersecting it, for some sufficiently fine subdivision of
a triangulation of M . We are thus in the case where (X, dX) is a pair of full
(using one further subdivision) subcomplexes of M, and Y = Y, x [0, 1]/,
where Y is a finite simplicial complex. If the result were not true, we would
have v € H*(X,8X), v #0,and f*(v) =0 in H*(P,dP). Use then the
weak continuity property as above to find a sufficiently fine subdivision of the
triangulation of M such that, denoting by (X;, dX,), the simplicial neigh-
bourhood of (i.e., the union of all simplices of the subdivision intersecting)
(X, 8X),onehas v =i*v, for v, € H*(X,,0X,), i: (X,8X)C (X, 8X;),
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and such that f*(’Ul) =0 in H*(Pl , 0P)), with (P, 0P)) = f_l(Xl ,0X1).

Note that [, as a continuous map to a compact metric space, depends only
on a countable set Iy of coordinatesin /. Since projections on Yyx[0, 1]% and
on (P,dP)x[0, 1] are homotopy equivalences, we can assume I countable.
Then Y is compact metric, and there exists & > 0 such that the image of
every ball in Y of radius < ¢ is contained in some star of the triangulation
of M. So there exists a finite subset, Iy of I, and J > 0, such that for any
ball C of radius < J in Yy x [0, 1], f(n~!(C)) is contained in some star of
the triangulation of M, using n for the projection from Y to Yy x [0, 1]%.
Since Yy x [0, 1]% is a polyhedron, we can think of it as Y, itself; and can
then subdivide its triangulation such as to have that the star of every vertex
has diameter < §; now Y, is a polyhedron, I is countable, and f(n~!(C))
is contained in some star of the triangulation of M for every star C in Y
(m projects Y to Y;). We now use the simplicial approximation theorem.
Consider the map ¢ mapping every vertex x of Y, to some vertex of M such
that f (star(x)x[0, 1}f) C star(4(x)), extend ¢ by linearity to Y, , and define
f:Y > M as pom. ¢ is clearly a simplicial map, and for every y € Y the
simplex spanned by f(y) contains f(y).

So (P, 0P) = f l(X, 0X) is a pair of subcomplexes of Yo(x[0, 1]/) with
(P,,8P,) C (P;,8P)). Thus the linear homotopy connecting f and f is
a homotopy both for maps from Y to M and for maps from (P, dP;) to
(X,, 8X,). Hence our assumption on f still applies to f, and the following
diagram is homotopy-commutative:

(P, 0P) L (P, 0R)
Lr . Lr
(X, 0X) 4 (X1, 0X))

Then f*(v,;) =0 implies 0= (j*o f*)(v) = f*(i*(vl)) = 7*(11); the result is
also not true for the map f =¢on.

Since 7 is a homotopy equivalence, it follows finally that the result is also
false for the simplicial map ¢ from the polyhedron Y; to M: it suffices to
prove the theorem when (X, 8X) is a pair of (full) subcomplexes of M, Y
(the space of) a finite simplicial complex, and f a simplicial map. (P, dP) is
then also a polyhedral pair, so that now all homology and cohomology theories
are equivalent.

Next we show how to reduce the problem to the case X = @.

Since we are in the simplicial case and coefficients belong to a field, the
universal coefficient theorems yield that H, and HY are dual finite-dimensional
vector spaces, so f* being one-to-one is equivalent to f, being onto. We have
to show that every cycle on (X, 8X) can be lifted to a cycle on (P, dP).
Let S' = [-1, 1], where 1 and —1 are identified, and let Y’ = Y x S!,
M =MxS'",and f' = fxidg. For x € X let x* = (x,d(x,0X)) e M’
and x~ = (x, —d(x, X)), using for d a piecewise linear distance of diameter
< 1. X* and X~ are the images of X in M’ under those maps and note
80Xt =0X" = 0X. Also, by the Kiinneth formula, our assumptions are still
valid for Y', M’ ,and f’. Thenif ¢ isa cycleon (X, 8X), it can be viewed
as a chain on X% ; subtracting the corresponding chain on X~ yields a cycle
¢ on X'=X*UX";let & beacyclein P’ mapped to ¢’. If ¢ denotes the
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chain ¢’ where the coefficients of all simplices that are not sent to X* are set
to zero, then ¢ is a cycle on (P*, 8P) mapped to the cycle ¢ on (X*, 8X).
The homeomorphism setting the S!'-coordinate to zero yields the conclusion
for the original sets (X, 8X) and (P, dP).

Observe finally that it suffices to prove the theorem in the case where X is
connected; otherwise, X splits into finitely many connected components whose
inverse images in Y are separated, so that all homology and cohomology groups
decompose into the corresponding direct sums [5, IV.4.5, V.4.10]: it suffices to
have the result on each connected component separately.

Consider now v € H4(X), v # 0. By the above-mentioned duality between
homology and cohomology, there exists z € H;(X) with vnz #0 [5, V.6.19].
Now follow the proof of [5, VI.10.15]: by [5, V1.9.2], Lemma VI1.10.14 still ap-
plies; use V1.9.8, VI1.9.9 and V1.9.2 to find V and v’, and the above-mentioned
z instead of using VI.3.12. One thus obtains u € H"~¢(M , M\ X) such that
uUv e H* (M, M\X) is nonzero.

By [5, VL.1.11, V.6.8, and the definition of the cup product before VI.10.15],
one obtains the commutative diagram

HYX) & H M,M\X)
Ll Ly
HAP) YS9 gy, v\P)

Since uUwv # 0, to prove f*(v) # 0, it suffices to prove that the right-hand
map f* is one-to-one.
The functoriality of the cohomology sequence [5, V.4.13] yields the commu-

tative diagram .

H"(M,M\X) & H"(M)

Lre Lre

H"(Y,Y\P) — H"(Y)
Hence, the right-hand map f* being one-to-one by assumption, the left-hand
one will also be—thus finishing the proof-—as soon as we show that i*:
H"(M, M\X) — H"(M) is one-to-one. By the universal coefficient theorem [5,
V.5.3, R is afield], i* is the transpose of i,: H,(M)— H,(M, M —X), so it
suffices to prove the latter is onto. Because singular homology has compact sup-
ports [5, IV.4.6], applying the five lemma to the exact homology sequence yields
that H,(M, M — X) is the direct limit of H,(M, M —V) when V varies over
the open neighbourhoods of X . Thus by taking a sufficiently fine subdivision

of the triangulation of M , it suffices to show that i.: H,(M) - H,(M, M — IO/)
is onto where V is the union of the stars of all vertices of X . Denote by V' the

closure of V' andlet 8V =V —V . By excision, H,(M, M -V)=H,(V,dV)
and (V, dV) is an n-dimensional pseudomanifold with boundary [5, III. Ex-
ample C] because M is an n-manifold and the subcomplex X is connected.
The result is now obvious in simplicial homology theory: there are no bound-
aries in dimension n, the space of n-cycles on (V,dV) is (at most) one-
dimensional [5, IV. Example E.1], and for the same reason a nonzero n-cycle
in M (which exists, by orientability) assigns a nonzero coefficient to each sim-
plex, hence its restriction to (¥, 8V) is a nonzero n-cycle.
This proves thus the result when g is one-to-one.
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Consider now the general case, but assume first X is finite-dimensional; i.e.,
X can be embedded in Rk . Denote by & such an embedding in S, and let
(Y,oY)= (Y/,vaY)xS", (M,dM)=(M,dM) xSk, f fx]lsk,and &=
(g,h): X > M. Our previous result can be applied to (M BM ,9Y, f,
X,0X, g) sothat p: (P,9P) — (X, dX) is one-to-one in cohomology. But
(P, c‘)P) projects (homeomorphlcally) to (P, 6P) say by a map g (inverse
given by h),and p=pogq,so H*(p) = H*(q) o H*(p): H*(p) is also one-to-
one.

Assume now (X, 8X) = (Xp, 0Xp) x [0, 1]/, with X, finite-dimensional,
g = goom, m denoting the projection of (X, 8X) onto (Xy, dXg). Then
also, (P, 0P) = (Py, Py x [0, 1) and p = py x idy, 1y . The previous case
yields that H*(p,) is one-to-one: hence (e.g., by the functoriality of Kiinneth’s
formula for Cech-cohomology), H*(p) is one-to-one also.

In general, view (triangulation) as before M as a subcomplex of Ay and X
as a subset of the cube [0, 1]/, with as first (k+1) coordinates the compositions
of g with the coordinate mappings of A, denoted by I,. Denote by ny the
projection on [0, 1], let Xy = 7mo(X): g can be viewed as a (continuous)
map, say g, from X, to M, so we can extend g to nO"(Xo) by g = goong.
For any finite subset I, of I containing Iy, let (X,, 0X,) = [Ta(X, 0X)] x
[0, 1)\ the (X,, 0X,) decrease to (X, 8X), the corresponding (P,, F,)

o (P,0P), and the maps p, that all commute with those inverse systems
satisfy for all o that H*(p,) is one-to-one, by the previous case. Thus, by the
weak continuity property [5, V1.6.6], it follows that also in the limit H*(p) is
one-to-one. This finishes the proof.

We obtain the following sharpening (similar to the previously mentioned ap-
plication) only under an additional assumption of metrisability, which “should
not” be there.

Proposition 1. If in addition X is metrisable there exists a closed subset P of
P such that HO(p): HO(X) — HO(P) is an isomorphism and such that for the
fibered product p of P withany map g: X — X, where (X X ) is a compact
pair, one has that H*(p) is one-to-one.

Proof. We first assume (X, 8X) an orientable d-manifold with boundary.
Increasing the dimensions of Y and M, as at the end of the proof of the
theorem, we can assume g is one-to-one, hence the inclusion X C M. For
each of the finitely many connected components (X,, 0X,) of (X, 8X), let
(Ya, 8Y,) = f1(X,, 0X,), and let £, be the restriction of f to (Y,, dY,)
(and (X,, 0X,)). By the above theorem, we know H?(f,) is one-to-one. Let
n = {Og|B € B} be an open partition of Y, and 00s = O3 N 9Y,. Then
HY(Y,,8Y,) = IIgH?(Op, 30p), by [5, V1.4.8] to be extended by exactness
and five lemma to pairs. Hence, there exists O, € © such that H4( £ is one-
to-one, letting f* be the restriction of f* to (O, 80;). Denote by % an
ultrafilter over the partitions n, and let V = lim% 0 Clearly V is compact
and connected. Further, let Vu e %, K,=cl(U , with 0K, = K,ndY,,

7!6“

vV = vV naY,. Then HYX,,0X,) — Hd(Ku, 8K ) is injective for all
u € % since its composition with H4(K,, 0K,) — H4(0y, 80;) is so for
n € u. Since (V,0V) = ey (Ku, 0K,), it follows then from [5, VI.6.6]
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that H4(X,, 8X,) — H(V ,dV) is one-to-one. Now select such a set ¥ (or
V,) for each X, , and denote by P their union: then H*(p): H¥(X, 8X) —
H*(P, 8P) is one-to-one for k = d, and thus is so in all dimensions by the
above theorem, and H°(p): H°(X) — HO(P) is an isomorphism.

Now consider the general case.

Embed X in the cube [0, 1]V, as at the end of the proof of the theorem,
with g = go o my, where 7y is the projection on [0, 1]¥, X, = mo(X), and
8o: Xo — M. As in the beginning of the proof of Lemma 2, gy can then be
extended as a continuous map—still gg—from a neighbourhood ¥, of X, to
M . Construct now inductively a decreasing basis of neighbourhoods W, of X
in [0, 1N, with W, = U, x[0, 1]N\= | I, ={1,..., k+n}, (U,, dU,) aman-
ifold with boundary, and a pair of subcomplexes of a subdivision of [0, 1] .
Note first that using the regular neighbourhood theorem [4, Proposition 3.10],
every compact subset of a compact, triangulated manifold with boundary has
a basis of neighbourhoods that are compact manifolds with boundary and sub-
complex pairs of some subdivision of the triangulation (find first an appro-
priate neighbourhood that is a subcomplex in some subdivision, next use the
cited theorem). Thus let X, = n,(X), with =, the projection on [0, 1] and
obtain so inductively U, as a neighbourhood of X, contained in ¥, with
du, X,) < % for all ¥ in U,, denoting by d the maximum distance, and let
I/n+l = Uy x [0’ 1]1,,+|\I,, .

Apply then the previous case inductively, to obtain subsets P, of the fibered
product of f and g, in U, xY , with g,: U, —» M the composition of the pro-
jection and gy, such that, for the corresponding projection p,: P, — U, one
has H*(p,): H*(U,, 8U,) — H*(P,, dP,) is one-to-one and HO(p,): H°(U,)
— HO(P,) is isomorphic (to construct P,,;, use p, for f and the prOJectlon
from U,,; to U, for g). Let P, = P, x [0, 1]N\l" | B, = p, x 1: P, — W,:
by homotopy equ1valence those have still the same properties. And since
P and W, decrease to Poo and X, we have indeed from [5, VI.6.6] that
H(poo): HO(X) — HO(P,,) is an isomorphism. For a compact pair (X, 8.X),
with g: XX , apply the previous theorem with each p, as f and go simi-
larly to the limit.

Remark. One way to reformulate the above is to define the following concept
of “homologically onto in characteristic p

Definition. A map f: X — Y (both spaces compact) is p-essential iff for every
compact pair (Z,dZ) and any map g: Z — Y, H*(q) is one-to-one, where
q is the projection on (Z, 8Z) of the fibered product Q of f and g, with
00=q7'02).

(Ground ring is a field of characteristic p.)

Then we obtain the following properties, either straight from the definition
or from the theorem (the first of them shows that we indeed generalise exactly
the usual concept where Y is a manifold).

(@) If f:(Y,8Y) — (M,dM) is as in the theorem, then f:Y — M is
p-essential.

(b) If f: X - Y is p-essential and Y C Y, with dX = f~1(8Y), then
H*(f): H*(Y,dY) —» H*(X, dX) is one-to-one.
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(¢) If f: X — Y is p-essential and g: Z — Y, then the projection from
the fibered product of f and g to Z is p-essential.

(d) A composition of p-essential maps is still so.

(e) fog p-essential implies f p-essential.

In addition, the proposition suggests the conjecture that if f: X — Y is
p-essential, there exists a compact Xy C X, with fy: Xo — Y still p-essential,
and H°(f;) isomorphic. The above proof establishes this conjecture only when
Y is a neighbourhood retract in the Hilbert cube_ or slightly more generally,
under this assumption, any projection as sub(c) from the fibered product to Z
(metrisable) will have this property.

Remark. The proposition is not fully satisfactory since, for instance in the pre-
viously mentioned apphcatlon one knows X\0X is connected and one needs
a subset P with P\BP connected. (There, connexity is equivalent to variants
like: every compact subset has a compact connected neighourhood.) This we
try to improve in the following. We first prove essentially another version of
the above conjecture (Proposition 2), and Proposition 3 will give the results in
the form that is actually needed.

Proposition 2. Assume f: (Y ,0Y) — (M, M) is as in the theorem and that
the X, are compact metric spaces, with g,: X, — X,_, (and Xy = M), with
X, connected for n > 1. Let h, = gooh,_1, hg = 1p. Denote by Z, the
fibered product of f and h,, and by p, the projection from Z, to X,.

Then there exist compact connected subsets P, of Z,, with (g, x 1y)(Py) C
P,_1, such that, denoting by p,, the restriction of p, to P,, for any compact pair
(X,0X), any n, and any map g: X — X, , the projection g, from the fibered
product (Qn, 8Q,) of D, and g to (X, dX) is injective in Cech-cohomology.

Further, the choice of P, can be made completely independently of the X;
and g; with i >n.

Proof. As in the proof of Proposition 1, construct first inductively an embedding
of X, in [0, 1]N and a decreasing basis of neighbourhoods V! = U} x [0, 1]’
of X, in [0, 1]N such that each (U}, dU}) is a connected manifold with
boundary, such that g, can be viewed as a continuous map from V,/ to V/_,
for each 7, and such that ¢}, = Projyi  og, is defined on U, (with Ul=M).

[For this, construct first of all U}, as in Proposition 1. Once all U!_, are
constructed (viewed as the spaces of simplicial complexes) rank first the com-
positions of g, with the coordinate mappings of U,)_,, then with those of
U, 2 _1» etc. Denote by ¢; the corresponding sequence. Intersperse the ¢; with
whatever sequence of continuous maps from X, to [0, 1] is needed to separate
points of X, , and use the resulting sequence to define the embedding of X,
in [0, 1]N. Then extend g, as a continuous map from [0 I]N (as containing
X,) to [0, 1]N (as containing X,_;), and let W) = g, ( '_1). Then select
Ji=1{ji, ji+1,...},and U} an appropriate (as in Proposmon 1) neighbour-
hood of the projection of X, on [0, 1]N\/» such that in addition (by taking j}
sufficiently large) one has ¥,/ C W/} and that the compositions of g, with the
coordinate mappings of all U" i for k < i belong to N\J}.]

Then select for each i, by induction over n, using each time, e.g., Propo-
sition 1, a compact connected subset Pi(C Ui x Y) of the fibered product of
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p._, and ¢!, with pi: Pi — U} the corresponding projection (P, the fibered
product of f and 1,, is not necessarily connected) such that H*(p.) is one-
to-one.

Let Q) = Pix[0, 1])/» C V,ixY , with ¢.: Q) — V! the projection: H*(g}) is
also one-to-one and Q) compact connected. Further g, maps Q) into Q! .
Extract now a subsequence of i’s such that, for each n, the Q) converge, say
to P,, in the Hausdorff topology on compact subsets. Then P, is a compact,
connected subset of X, x Y, with the projection p,: P, — X,, such that
H* (p,) is one-to-one, and with g, x 1y mapping P, into P,_,. (In particular,
P, C Z,, and is independent of the X; and the g; with i > n.)

Finally, given a compact pair (X, 8X) and amap g: X — X, , apply the
theorem to the fibered product of ¢.: Q) — V;} and g, and go as above to the
limit over i using weak continuity.

Propesition 3. Assume f: (Y ,0Y) — (M, M) is as in the theorem and that
(X, 0X) is a compact metric pair, where each compact subset of X\0X is
contained in a compact connected subset. If g: X — M there exists a compact
subset P of the fibered product of f and g such that, with p as the projection
to X and 8P =p~'(8X), one has that

o P is the closure of P\OP and P\OP is connected,

e for every compact pair (Z,0Z), with h: Z — X and h~'(0X) C
0Z, the projection q from the fibered product (Q, 8Q) of p and h to
(Z,8Z) is cohomologically one-to-one.

Proof. Let K, be a sequence of compact, connected subsets of X\@X with
K, Cint(K,;) and |J, K, = X\0X. Let 0K, = K,,\ Int(K,,) .

Use Proposition 2, with the inclusion maps g,: K, C K, , to construct for
each n

o first P, o C {(y, x) € Y x K,,|f(y) = g(x)} compact connected,;

e then, Vi< n, P, ; C P, i+1 N (Y x K;) compact connected such that
the projections p, ;: P, ; — K are essential in the sense of Proposition
2.

In particular, letting (X, 0X) = (K;, K;) with the identity map for g, we
obtain that 4y ; is one-to-one, with g, ;: (Pn i, 9Py i) — (K;, 9K;) being the
projection.

Go to the limit [(P;, O P;), q;] along a subsequence of indices n along which,
for all i, P, ; and AP, ; converge in the Hausdorff topology. Then the P;
are compact connected, with P, C Py Nn{(y,x) € Y x K;|f(y) = g(x)},
qi(0P;) C0K;, and g; one-to-one.

Let P be the closure of |J; P in Y x X, with projection p on X, and
OP =p~1(0X). Clearly P isa compact subset of the fibered product of f and
g; since (|J; P,)NOP =@, it follows also that P is the closure of P\OP and
that |J; P; is dense in P\@P, and hence that P\@P is connected since each P;
issoand P,C P;,;.

Let 0X, = X\int(K,), 8P" = p~'(8X,), and p": (P,0P") — (X, 0X,).
Then N,0X, =0X, (), 0P" = 0P, and, because of the excision isomorphism
(Kn, 0K,) C (X, 0X,) and the inclusion (P,, 8 P,) C (P, 8P"), the injectivity
of p; follows from that of g .

Similarly, let 8Z, = 0Z U h~'(0X,), 0Q, = q~'(8Z,). Then the 0Z,
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and the 8Q, decrease to Z and 8Q. Also, by Proposition 2 and excision,
let Ok , denote the fibered product of py ,: P ., — X andof h: Z — X, with
dk . asprojectionto X ,and 80y , = qk‘,'n(BZ,,). Then H*(gy ,): H(Z ,0Z,)
— I:I*(Qk,,, , 00k n) is one-to-one. The Hausdorff convergence of P, , to
P, , together with weak continuity, and the inclusion of limy(Qx ,, 0Qk »)
in (Q,8Q,), therefore, yield the injectivity of H*(q,): H*(Z, 8Z,)
— H*(Q, 8Q,), and hence the result by a last use of weak continuity.

ACKNOWLEDGMENT

The author is indebted to an anonymous referee for a very helpful suggestion
on how to remove a triangulability assumption on M .

REFERENCES

1. J. F. Mertens, Localisation of the degree on lower dimensional sets, CORE DP 8605, Uni-
versité Catholique de Louvain, Louvain-la-Neuve, 1986, Math. Oper. Res. (to appear).

2. ., Stable equilibria—a reformulation, CORE DP 8838 Université Catholique de Lou-
vain, Louvain-la-Neuve, 1988, Part I: Definition and basic properties, Math. Oper. Res. 14
(1989), 575-625; Part 1I: Discussion of the definition and further results, Math. Oper. Res.
(to appear).

3. ___, The “Small Worlds” axiom for stable equilibria, CORE DP 9007, Université
Catholique de Louvain, Louvain-La-Neuve, 1990, Games and Economic Behaviour 16
(1991) 694-753.

4. C. P. Rourke and B. J. Sanderson, Piecewise linear topology, Springer Verlag, Berlin, Hei-
delberg and New York, 1982.

5. E. H. Spanier, Algebraic topology, McGraw Hill, New York, 1968.

6. R. J. Stern, On topological and piecewise-linear vector fields, Topology, vol. 14, 1975, pp.
257-269.

CENTER FOR OPERATIONS RESEARCH AND ECONOMETRICS, UNIVERSITE CATHOLIQUE DE Lou-
VAIN, B-1348 LOUVAIN-LA-NEUVE, BELGIUM

DEPARTMENT OF EcoNoMics, SUNY, SToNy-BrRoOOK, NEwW YOrk 11794




