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ABSTRACT. Let x and y be two points in a metric space (X, p). The equidis-
tant set or midset M(x, y) of x and y istheset {p € X|p(x, p)=p(y,D)}.
If the midset of each pair of points of X consists of a finite number of points
then the metric space X is said to have the finite midset property, and if the
midsets of pairs of points in X are pairwise homeomorphic then X is said to
have uniform midsets. Generalizing earlier results, the main theorem states that
no continuum in the Euclidean plane can have both finite and uniform midsets
if it contains a triod. It follows that a plane continuum with finite, uniform
midsets must be either an arc or a simple closed curve.

1. INTRODUCTION

For each positive integer n, a metric space X is said to have the n-point
midset property, abbreviated as the n-MP, if for every two points x and y in
X the set M(x, y) of all points of X equidistant from x and y consists of
n points. Thus a space with finite, uniform midsets has the n-MP for some
positive integer n. A circle or, more generally, any simple closed curve in the
Euclidean plane E? that bounds a convex disk has the 2-MP. This 2-MP is
more commonly called the double midset property and is denoted by DMP. In
[4] it was proved that a continuum in the plane with the DMP must be a simple
closed curve, and it has been conjectured [8] that this result is true without
restriction to the Euclidean plane E2. It was also conjectured in [8] that no
continuum has the 3-MP, a property previously called the triple midset property
(TMP), and this was also verified for continua in E? [5, 6]. Theorem 3.1 of this
paper states that no continuum in E?2 that contains a triod can have the n-MP
for any positive integer n. The special cases n = 2 and n = 3 of Theorem
3.1 include Theorem 2.1 of [6] and Theorem 2 of [4], respectively. In another
paper [7], we show that no arc or simple closed curve in E? can have the n-MP
for n > 2.

No examples have been found of continua with the n-MP, except for the
cases where n € {1, 2}. Theorem 3.2 states that the only plane continua with
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the n-MP are arcs and simple closed curves. From Theorem 3.2 and [7] it
follows that no plane continuum can have the n-MP for n > 2. However, a
theorem of Bagemihl and Erdos [1] states that, given n, there exists a subset of
E? with the property that its intersection with every line consists of n points.
Such a set has the n-MP. Mazurkiewicz [9] used the Axiom of Choice to prove
the existence of a subset of E2? that meets every line in exactly two points.
Larman [3] showed that an F,-set E2 that meets every line at least once must
meet some line at least three times.

Midsets have also been called bisectors [2] or equidistant sets [11, 12], but
for subsets of Euclidean spaces it is helpful to distinguish between bisectors
and midsets. If a and b are two points of a subset X of EZ2, the bisector
B(a, b) of a and b is the straight line that bisects and is perpendicular to the
line segment joining a and b, while the midset M(a, b) is the intersection of
B(a, b) with X . Thus, E? - B(a, b) has two components; the one containing
the point a is called the a-side of B(a, b).

2. BASIC LEMMAS AND DEFINITIONS

A continuum is a compact, connected metric space containing more than one
point, and a plane continuum is a continuum that lies in the Euclidean plane
E? and has the subspace topology. The standard Euclidean metric p is used
for E%. An arc is a homeomorphic image of the closed interval [0, 1] on the
real line, while a triod is any homeomorphic image of the union of the closed
intervals [(~1, 0), (1, 0)] and [(0, 0), (0, 1)] in E?. The image v of (0, 0)
in a triod T is called the vertex of T, while the closures of the components
of T — {v} are called the legs of T . A simple closed curve is a homeomorphic
image of a circle in E2, and a triodic continuum is a continuum containing a
triod.

Lemma 2.1. A continuum with the n-MP is locally connected, path connected,
and locally path connected.

An indirect proof that a continuum with a finite midset property is locally
connected is easily obtained from [10, Theorem 11, p. 90]. For the remainder
of Lemma 2.1 see [13, Theorem 31.4].

A connected subset X of E? is said to cross a line (or simple closed curve)
L atapoint m € L if there are arcs 4’ and 4” in X such that 4'NA4" = {m}
and 4’ —{m} and A" — {m} lie on opposite sides of L. The set X is said to
bounce off a line (or simple closed curve) L at a point m € L if there is an arc
A in X such that m lies in the interior of 4, ANL = {m}, and 4 — {m}
lies in a single component of EZ — L. Also X is said to bounce off a bisector
B(a, b) at m to the a-side of B(a, b) if there is an arc 4 in X such that
m € B(a,b)NIntA and A — {m} lies on the a-side of B(a, b). An arc 4 is
said to hang to the side S of a line L at a point v € L if v is an end point of
A and (4-{v})CS.

A point ¢ in a continuum X is a bounce point for X if there exist points
x; and y, in X such that ¢ € B(x;, ;) and X bounces off B(x;, y;) at ¢t. A
point e of X is called an end point of X if no arcin X has e in its interior,
and a line L is said to be a bisector for X if there exist points x and y of X
such that L = B(a, b).
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Lemma 2.2. If a continuum X in E? has the n-MP and X contains at most a
finite number of points that are vertices of a triod in X , then the set of bounce
points for X is countable.

Proof of Lemma 2.2. Suppose the set W of bounce points for X is uncount-
able. For each x € W it follows from the n-MP that there is an interval I(x)
in a bisector for X such that x is the midpoint of I(x) and I(x)NX = {x}.
There exists a positive integer m such that the set W, of elements x of W
with corresponding interval I(x) of length at least 1/m is infinite, and there
must be a sequence {x;} of pointsin W}, such that the corresponding sequence
{I(x;)} of intervals converges to a continuum H [10, Theorems 58 and 59].
Then H is a line segment whose midpoint p liesin X . Let N be a neighbor-
hood of p such that N N X is path connected (Lemma 2.1) and N contains
no end points of any I(x;), and let 4 be an arc in X N N from a point x;
to p. Then for infinitely many k, A must cross I(x;) at the point x; . Be-
cause x, € W), , there exists an arc B, in X such that Bj; bounces off the line
through I(x;) at x; . Then AU B; contains a triod. Since X contains at most
a finite number of vertices of triods that lie in X, this contradiction establishes
Lemma 2.2.

If X isa set with the n-MP and {x, y} C X, then a point ¢ in XNB(x, y)
is called a bad point of B(x, y) ifnoarcin X crosses B(x,y) at c. If ve X,
B(v) is defined as the collection of all bisectors B(x, y) such that v € B(x, y),
{x,y} C X, and some point of M(x, y)— {v} is a bad point of B(x, y).

Frequently used in the sequel, Lemma 2.3 gives three conditions each of
which implies the existence of bisectors containing bad points. Proofs for the
three parts are easily supplied based on the geometrical fact that if n—1 arcs in
the continuum X cross a bisector B(a, b) ateach of n—1 pointsin M(a, b)—
{v}, which happens if B(a, b) ¢ B(v), and X contains an arc that bounces
off B(a, b) at v, then, by moving one of either a or b slightly within X,
one can produce another bisector that intersects X in at least n + 1 points,
including two points near v. Of course this would contradict X having the
n-MP.

Lemma 2.3. If X isacontinuum in E*, X hasthe n-MP, C is a circle centered
at v, 7 is a component of E2 —C, a and b are points of CN X, and X
contains an arc A that bounces off B(a, b) at the point v, then any one of the
three following conditions implies B(a, b) € B(v):

(1) a and b are both limit points of 7 N X ;

(2) a is a limit point of both X NIntC and X NExtC; or

(3) A bounces off B(a, b) to the a-side of B(a, b) at v, and either a is

a limit point of X NExtC or b is a limit point of X NIntC.

While Lemma 2.3 is used to produce bisectors with bad points, Lemma 2.4
limits the number of such bisectors.

Lemma 2.4. If X is a locally path connected subset of E? with the n-MP for
some positive integer n and v € X, then B(v) is a countable collection of lines.
Proof of Lemma 2.4. Suppose B(v) is uncountable. Let g(v) = B. For each
B € B, there exist a point x and an interval I(x) C B such that x is the
midpoint of I(x), x is a bad point of B, X NI(x)={x},and x # v. Then
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B’ = {I(x)|B € B} is an uncountable collection of pairwise disjoint intervals,
50, as in the proof of Lemma 2.2, there exists an interval I(x;) € ' such that
some arc in X crosses I(x;) at x;. This contradicts the choice of x; as a
bad point of the bisector in § containing I(x;), and Lemma 2.4 follows.

Lemma 2.5. If X is a continuum in E? that contains an most a finite number
of points that are the vertex of a triod in X, e is an end point of anarc L in X
such that e is not a limit point of X — L, C is a circle centered at e, p and
q are points of CNX, N is a neighborhood of B(p, q) such that N contains
no vertex of a triod in X, e is the only end point of X or of L that liesin N,
and either one of the following two properties holds:

(1) p and q are limit points of "N X for some component 7" of E? —
(2) q is a limit point of "N X for each component 7" of E?* —

then X cannot have the n-MP for any positive integer n .

Proof of Lemma 2.5. Suppose X has the n-MP for some positive integer n
and the first condition in Lemma 2.5 holds. We may assume L — {e} lies on
the p-side of B(p, q). Since B(p, q) contains no end point of X , except for
e,and N contains no vertex of a triod in X, each point of M(p, q) — {e} is
either a bounce point of X or a point where an arc in X crosses B(p, g)—no
point of M(p, q) can be both. For each t € M(p, q) — {e}, let 4, and B, be
arcs in NN X such that 4,N B, = {¢t} and (4, UB;)NB(p, q) = {t}. Then
A; U B, either bounces off or crosses B(p,q) at t. Let F = {H|H = A, or
H = B, for some t € M(p, q) — {e}}, and choose open subsets P and Q of
X N7 whose closures contain p and g, respectively, such that M(x,y)C N
whenever x € PU {p} and y € QU {q}. By Lemma 2.2 there must exist
sequences {p;} and {g;} of points in P and Q that converge to p and ¢,
respectively, such that no arc in X bounces off either B(p, g;) or B(p;, q) for
any i. We assume, without loss of generality, that 7 = Ext C, from which
it follows that for every i, B(p, ¢q;) N L = &, while there is precisely an odd
number of points in B(p;,q)NL.

By reducing the size of N, if necessary, we may assume the only end points
of elements of F that are in N are those that belong to M(p, q). There
must be an integer j such that, for each H € F, either B(p, q;) or B(p;, q)
separates the end points of H. For B € {B(p, q;), B(pj,q)}, B contains
no bounce points of X . This means either BN H = & or B intersects H in
precisely an odd number of points for each H € F. Let CR be the number
of points of B(p, q) where X crosses B(p, q), and let BO be the number of
points where X bounces off B(p, q). Then, counting the point e separately,
n=1+CR+ BO. Let BO, be the number of points ¢ of M(p, q) where
B(p, g;) intersects both 4, and B;, and let BO, = BO—-BO, . Then B(p, q;)
intersects the arc 4, U B, an even, possibly zero, number of times whenever
A, U B, bounces off B(p, q) at t. Counting the points in B(p, g;) N X, first
those near the CR crossing points of B(p, q), we obtain

CR+1 BO, BO,
n= { > Qo+ 1)} {Zza,} = Z{Za, +Za,} +CR.

i=1
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On the other hand, the count for B(p;, g) N X yields

CR+1 BO, CR+1 BO,
n= { > (a)+ 1)}+{Z2a{} =2{ > a;+2a;}+CR+1,
i=1 i=1 i=1 i=1
where (2ag,, + 1) is the odd number of intersections of B(p;, q) with the
arc L. Equating these two expressions for », we obtain the contradiction that
n is both odd and even.

The proof of the second part of Lemma 2.5, where ¢ is a limit point of both
XNnIntC and X NExtC, is similar to the above, except that the points g; and
p; are selected to both converge to ¢ with p; and ¢; on opposite sides of C.
We leave it to the reader to fill in the details to obtain the same contradiction
that n is both odd and even. Lemma 2.5 follows.

3. NO TRIODIC PLANE CONTINUUM HAS THE n-MP

In the following theorem one may assume n > 1 since it is easy to show
(using, e.g., Lemma 2.3) that a triodic continuum cannot have each of its midsets
consist of a single point.

Theorem 3.1. If a continuum X in E? has the n-MP for some natural number
n, then X cannot contain a triod.

Proof. Suppose X is a continuum in E? such that X contains triod T and n
is a natural number such that X has the n-MP. Let the vertex of T be v, and
let W;,for i=1, 2,3, denote the legs of T. For each r > 0 let C(r) denote
the circle of radius r that has its center at v, and choose # > 0 such that
C(u)NW; # &, for each i. Then YT contains a triod 7 with vertex v and legs
L; such that, for i=1,2,3, L; C W; and L; has an end point ¢; such that
L;NnC(u) = {e;}. For p € E?, let C(p) = C(p(v, p)). Although most of the
following sixteen numbered assertions are stated relative to the vertex v, some
of them are later applied as well at other vertices of triods in X . The proof of
assertion (16), the last one, uses Lemma 2.5 to produce a contradiction.

(1) If, for some r > 0, C(r)NX contains an arc and ¢ is a point of C(r)NX,
then ¢ cannot be a limit point of both X NIntC(r) and X NExtC(r).

Proof of (1). Suppose there exists r > 0, an arc 4 C C(r)N X, and a point
¢ € XNC(r) such that ¢ is a limit point of both XNIntC(r) and XNExtC(r).
For each m € A—{c}, X must contain an arc that bounces off B(m,c) at v.
It follows from Lemma 2.3.2 that B(m, ¢) must contain a bad point. Then the
uncountable set {B(m, c¢)|m € A—{c}} lies in the set B(v), which contradicts
Lemma 2.4. (1) follows.

(2) If, for some r >0, C(r)N X contains an arc A4, then the end points of
A cannot both be limit points of either X NIntC or X NExtC.

Proof of (2). The proof is much the same as for (1).

Definition. An annulus at a point v’ is the open annulus between two circles
centered at v’, and an arc A is said to span an annulus U if IntA Cc U and
the end points of A4 lie in different components of BdU .

(3)If U isanannulusat v and 4,, 4,,and A; are disjoint arcs in X such
that each A4; spans U, then, for each circle C(r) lying U, each component of
C(r)Nn X is a point.
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Proof of (3). Suppose there exists an r such that C(r) C U and C(r)Nn X
contains an arc. It follows from (1) that, for each i € {1, 2, 3}, there exists an
arc 60; such that 8; C 4,n C(r) and from (2) that one end point a; of §; isa
limit point of L;NInt C(r) and the other end point b; of 6; is a limit point of
L;NExtC(r). If each 6; is given an orientation from a; to b;, then some two
of them, say 6; and 6, must have the same orientation on C(r), and with
no loss in generality, it may be assumed a;b,1a,b; is the clockwise orientation
on C(r). Let w be the clockwise rotation about v such that w(a,) = a,, and
choose an arc ¥ in w(6;) N 6, such that a; € ¥. For each x € ¥, B(a,, x)
separates a; from a, and there exists an arc in 7" that bounces off B(q,, x)
at v. For i € {1, 2}, define ¥; = {x € ¥: there is an arc A, C T such that
Ay bounces off B(a;, x) at v to the a;-side of B(a;, x)}.

For each x € ¥,, it follows from Lemma 2.3.3 that B(a;, x) contains a
bad point. This means ‘¥, is countable because B(v) is countable (Lemma
2.4). Since ¥ =¥, UY, and ¥ is an arc, ¥; must be uncountable. For each
x € ¥, the point w~!(x) = x’' € 0; has the property B(a;, x) = B(x', a3).
But g, is a limit point of X NIntC(r), so B(x’, a;) contains a bad point
by Lemma 2.3.3. This contradicts Lemma 2.4 because the set {B(a;, x)|x €
¥} = {B(x', a;)|x' € o !(¥;)} is uncountable. (3) follows.

(4) If r € (0, u), then each component of C(r)N X is a point.

Proof of (4). (4) is an immediate consequence of (3) and the fact that each L;
spans the open annulus C(u) — {v}.

(5) If X contains a triod 7’ with vertex v’, U is an annulus at v’, and
there exist arcs 4,;, A, A3z in X, each of which spans U, such that for every
X € Ay, points y € A, and z € A; exist with the following properties:

(@) p(v', x)=p(v',y)=p(v', z) and

(b) {B(x,»), B(y, z), B(x, z)} C B(v'),
then there exists an annulus U’ in U at v’ and three arcs X;, X,, X3 such
that, for each i, X; C 4;, X; spans U’, and X;U {v’} lies in a straight line.

Proof of (5). Since B(v’) is countable by Lemma 2.4, the collection B’ of all
ordered triples of elements of S(v’) is also countable. Let 7;, i=1,2,3, ...,
denote the elements of #’, and for each i, define M; to be the set of all points
x € A; such that there exist y € 4, and z € 43 with (B(x,y), B(y, z),
B(x, z)) = T;. By hypothesis, 4, = U;’:l M;, and it is not difficult to prove
that each M; is closed. A Baire category theorem [11, 25, p. 185] shows the
existence of an integer k and an arc X| in A4; such that X| C M, . Since v’
is the vertex of a triod in X, (3) can be applied at the vertex v’ to see that X
cannot lie in a circle at v’. This means there exists an open annulus U’ in U
at v’ and a subarc X; of X| such that X; spans U’. Let (By, B, B3) =Ty,
andlet R;, for i € {1, 2, 3}, be the reflection of E? in B;. If the composition
R, o R, is denoted by w, a rotation about v’, then R3R,R;(x) = Ryw(x) for
each x € X,. However, the reflection Rj3 changes the orientation of three
noncollinear points while @ does not. Since the composition R3 o @ is the
identity map on X, the point set X; U {v'} must be collinear. To complete
(5), let X5 = Ry(X;) and X3 = Ry(X>).

6)If 0<t<r<u, L isanarcin X from v to a point ¢ € C(r), and
Lc C(r)yuIntC(r), then LN C(t) contains no more than two points.
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Proof of (6). Suppose there exist an arc L asin (6) andacircle C(), 0<t<r,
such that C(r)N L contains three points. Impose an order on L with v as the
first point. Since ¢ < u it follows from (4) that each component of LN C(t) is
a point, so an annulus U exists at v such that L contains three disjoint arcs
Ay, Az, A3 each spanning U and U C IntC(r). Assume A, < Ay < A3 in
the order on L, and assume further that if 4 is an arc in L that also spans U
such that 4 # 4;, for i € {1, 2}, then 4 < 4 on L. From (4) and Lemma
2.3.1 one sees that (5) applies, and from (5), it may be assumed, without loss of
generality, that each of the sets 4; U {v} lies in a straight line. For each i, let
BdA; ={a;, b;} where a; < b; in the order on L. This means b, lies between
v and a, on the line B through 4,U{v}. If x <y in L the interval notation
[x, ¥] is used to denote the subarc of L joining x to y.

Let R be the reflection of the plane in B, let K be the component of
E? —([v, a3] € R([v, a3])) containing b,, and note that K c IntC(r). Since
by e K cIntC(r) and e € C(r), the arc [b,, e] intersects BdK at some point
x in R((v, a;)). Then B(x, R~!(x)) = B, which contradicts the n-MP since
A C B. Then (6) follows.

(7) For i e {1, 2,3} and t€ (0, u], C(t)NnL; is a point.

Proof of (T)w. Suppose (7) false. By construction C(u)NL; is a point for each
i, so there exist ¢ € (0, u) and j € {1, 2, 3} such that L; N C(¢) contains
two points. But since C(f) separates the end points of L;, it follows from (4)
that there must exist # near ¢ such that L;NC(#') contains three points. This
contradicts (6), and (7) follows.

(8) For i € {1, 2, 3}, L; is a straight line segment.

Proof of (8). From Lemma 2.3 and (7) it follows that each bisector B(x, y),
where x and y are chosen equidistant from v and in different legs of T,
lies in B(v). From (7), the collection Fj, = {B(x,y)|lx € L, y € L,
{x,y} c C(r), and 0 < r < u} is a continuous family of lines in B(v).
If Fj, contains two distinct bisectors, then it contains uncountably many be-
tween them. Therefore, since B(v) is countable by Lemma 2.4, Fj, consists
of a single line B;. The analogous sets F,3 and Fj3 similarly consist of single
lines B, and Bj, respectively. As in the last part of the proof of (5), this
means L; transposes to itself under the composition of a rotation about v and
a reflection in B3. Unless L; is a line segment, this is a contradiction, and
similarly, L, and L; must be segments. From this, (8) follows.

Definitions and Notation. With T fixed, let I'r = {#|C(u) meets each of the
three legs of a triod containing 7" in precisely one point}. Since X is compact,
I'r has a least upper bound ur, and it follows from (8) that there exists a
triod T* in X N(C(ur)UIntC(ur)) such that T C T* and the legs of T*
lie on lines through v. Now let T vary; define I' = {ur|T is a triod in
X N(C(ur)uIntC(ur)) with vertex v}, and let u be the least upper bound
of I". To see there is a triod 7** in X N (C(u) U IntC(u)) with v as its
vertex, suppose not. Then there must be an infinite sequence {I;} of straight
line segments in X N (C(u) UInt C(u)) such that v is one end point of each
I; and {diam I;} converges to u. Since X is compact, some subsequence of
{I;} converges [10, Theorems 58 and 59] to an interval I that also must lie in
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X . Butthen M(v, x), where v and x are the end points of I, must contain
infinitely many points of X , contrary to the n-MP.

In the sequel, let C denote the “maximal” circle C(u), let T denote the
“maximal” triod T**, and for each i, let L; denote a leg of T. For i €
{1, 2, 3}, let 6; denote the component of X N C containing the end point e;
of the line segment L;. From the choices of C and T, it follows from Lemma
2.1 that not all three of the sets 6; can contain limit points of X NExtC .

(9) The legs of T may be named such that 6§, = {e;} and 6, = {e;}.

Proof of (9). Suppose two of the sets, say 6, and 6,, contain more than one
point. Without loss of generality, assume the arc L, U L3 bounces off B(e;, e;)
to the e,-side of B(e;, e;) at v. Then, because of (8), there is a subarc 65 of
0, such that L, U L; bounces off B(e;, x) to the x-side of B(e;, x) at v for
all x in 6. Because e, is a limit point of X NInt C, it follows from Lemma
2.3.3 that B(e;, x) € B(v) for every x € 6;. But this contradicts Lemma 2.4,
and (9) follows.

(10) Without loss of generality, e, is not a limit point of X N (CUExtC).

Proof of (10). By the choice of 7 and C as the maximal triod and circle at
v, respectively, (see the remarks following the proof of (8)) one of the three
points e¢;, e,, and e3, say x, is not a limit point of X NExtC . If x cannot
be chosen to be ¢;, then ¢; is a limit point of X N ExtC and it follows from
(1) that 63 = {e3} . Then x cannot be a limit point of X N C. In this case
rename the legs of 7 and their end points such that x = e;, and (10) follows.

(11) The point e; is not a limit point of X — L, .

Proof of (11). Suppose (11) is false. Then by (10), e, is a limit point of X N
IntC —L,. Let A be an arc in X joining e; to a point f € IntC such
that ANL, =@ and f ¢ L,. By (10), we may assume 4 — {e;} C IntC.
For each a € 4, let a’ be the unique point of L, N C(a), and note that, by
Lemma 2.3.2, B(a, a’) € p(v), for each a € A—{e,}. Also note that e] = e;;
and B(e;, e}) € f(v) by Lemma 2.3.1. Since every line between B(e;, ej) and
B(f, f') is a bisector B(a, a’) for some point a € A, the set {B(a, a')|a € A}
is an uncountable subset of B(v). But this contradicts Lemma 2.4, and (11)
follows.

(12) If T" isa triod in X N(CUIntC) and v’ is the vertex of 7’, then
v=uv'.
Proof of (12). Suppose X contains a triod 7" as in the statement of (12) such
that v/ # v. As with T, it follows from (8) that the legs of 7’ are line
segments, so the interiors of all three legs of 7’ lie in Int C. Furthermore, at
least one of the three legs of 77, say G, is not linear with the point v. Then
there is an open annulus U at v and three disjoint arcs A; C Ly, 43 C L,,
and A3 C G that span U such that U ¢ CUIntC. Applying (5) at the point
v, we obtain the contradiction that the subsegment A3 of G lies on a line
through v . (12) follows.

(13) If v’ is a vertex of a triod in X, then there is a circle C’ at v’ and a
triod 77 in X with vertex v’ and legs L}, L), L} such that:

(a) foreach ie{1,2,3}. Ljc C’'UIntC’" and LiNC' # &;
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(b) eachof LiNC’ and L, N C’ is a point;

(c) no point of Lj — {v'} is a limit point of X — L} ; and

(d) the component of XN(C’'UInt C’) containing v’ is the union of finitely
many line segments each with v’ as an end point.

Proof of (13). Since v was chosen as an arbitrary vertex of a triod in X, it
suffices to show that the above properties hold with the primes removed. The
first property in (13) is clear, the second follows from (9), and the third from
Lemma 2.1, (11), and (12). From (8), the component of X N (C U IntC)
containing v is the union of line segments. Suppose there are infinitely many
line segments in X N (C U IntC), each with v as an end point. Then say
infinitely many such segments lie on the e;-side of B(e;, e3), and a point e}
can be chosen in Lj close enough to e3 that B(e;, e3) intersects more than n
of these segments near v . This contradicts the n-MP, and the fourth property
of (13) follows.

(14) There are at most two points of X that are vertices of a triod in X .

Proof of (14). Suppose that in addition to T there are two triods 7’ and T”
with distinct vertices v’ and v” neither of which is v. By (8) it may be
assumed that the legs of all three triods are straight line segments. Without
loss of generality, assume p(v, v') < p(v, v”), and to obtain a contradiction,
suppose p(v, v') = p(v, v”). On one side of C(p(v, v’)) there is an open
annulus U at v and three segments in legs of 7’ U T” that span U. Then
from (5) these three segments, and hence the legs that contain them, are collinear
with v . Since no two legs of either 77 or T” can be collinear with v, thisis a
contradiction. Thus p(v, v’') < p(v, v”) and similarly, p(v’, v") # p(v’, v).

Let A be an arcin X from v to v”. Suppose v’ ¢ A. Then there exists
an open annulus at v on one side of C(p(v, v’)) that is spanned by three arcs,
two lying in legs of 77 and one in 4. By (5), two legs of 7" are collinear with
v, a contradiction. This means v’ € 4.

Suppose p(v’, v") < p(v’, v). Let K be the circle at v’ of radius p(v’, v"”).
Then for one side S of K, circles concentric with K and in S all intersect
A and two legs of T”. By (5) these two legs of T” are collinear with v’'. A
similar contradiction results if p(v’, v"’) > p(v’, v), and (14) follows.

(15) The continuum X has only finitely many end points.

Proof of (15). Suppose {d;} is an infinite sequence of distinct end points of
X, and for each i, let 4; be an arc in X from v to d;. By (13), applied
at v, there must be a line segment in X from v to a point of C that lies in
infinitely many of the arcs 4;. Since no 4; contains two end points of X, this
means there is a triod in X with its vertex v’ different from v. From (14),
the point v’ must be the intersection of infinitely many otherwise disjoint arcs
in X . But this contradicts (13)(d) when (13) is applied at the point v’. Then
(15) follows.

(16) X cannot have the n-MP.

Proof of (16). There must exist points p and ¢ in T — {v} such that B(p, q)
contains the point ¢; . To see that p and g can also be chosen such that no
end point of X, except e, lies in B(p, q) and no vertex of a triod in X
lies in B(p, q), consider the collection of circles K(r) of radius r centered at
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e;. There must exist positive numbers s < ¢ and two legs L and M of T
such that K(r) intersects L and M at points p(r) and g(r), respectively, if
s < r < t. Since that is no r such that L; lies in B(p(r), q(r)), it is clear
that {B(p(r), q(r))|r € (s, t)} contains an uncountable set of bisectors for X .
From (14) and (15) the union E of the end points of X with vertices of triods
in X is a finite set; so clearly points p and ¢ exist as claimed. Let N be a
neighborhood of B(p, g) such that NN E — {e;} = @, and observe that, with
the use of (11), Lemma 2.5(1) follows, with K(r) = C, since both L and M
are segments. Then Lemma 2.5 applies to yield a contradiction. This completes
(16), and Theorem 3.1 follows.

Theorem 3.2. If a continuum in the Euclidean plane has the n-MP for n > 1,
then it must either be a simple closed curve or an arc.

Since a locally connected continuum is either an arc, a simple closed curve,
or is triodic [10, Theorem 75, p. 218], Theorem 3.2 follows from Lemma 2.1
and Theorem 3.1. In [7] we use the results here to prove the stronger theorem
that if a planar continuum X has the #»-MP for n > 1, then either » = 1 and
X isanarc,or n =2 and X is a simple closed curve. With a few additional
pages it would be possible to include a proof here that no arc or simple closed
curve has the n-MP for n an odd integer greater than 1, but the odd and even
cases are done together in [7].
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