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ABSTRACT. In this paper we prove a formula that expresses the iterated total
squaring operation in terms of modular invariant theory and provide an alter-
native proof of a classical result of Mui’s.

1. INTRODUCTION
We start by recalling some notation from invariant theory (see [5]). Let
Pn=Tlt1,... ,tm];

(11 em=]"[(§:a,-z,») (Ai=0,1, Y 4>0).
i=1

We set ®,, = Pyle,']. The natural action of GL,,(F;) on the F,-vector
space spanned by ¢, ..., t, extends to an action on P, and ®,, (e, is fixed
in this action). Let 7,, < GL,, be the upper triangular subgroup. We want to
consider the rings of invariants

Am=®fr 5 Tp=0%n.

A, and I',, can be described as follows. We set

k
(1.2) Vst =H(Zliti+tk+1), Ai=0,1;
i=1
Vi
(1.3) Vy1 = —
%

and define the elements Q,, ; € P, inductively with the formulae

Qm,j =Qm—l,ij—l,0vm+Qr2n—l,j—l
subject to the conventions
1 if m=j>0,
Qm,j = . . .
0 if j<Oor m<j.
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If I=(iy,...,in) is a multi-index, with i; € Z , we set
—I=(=iy,..., —im)

and write v/ for the monomial vi'...vj (and similarly we write Sg’ or
Sqliv>-im) for the monomial Sq’' ...Sq~, where the Sq/’s are the Steenrod
squares). In particular, we have

Ap, =]F2[’U1i‘ P vr:};:l] > 1-‘m = ]F2[Q,::l,oa Qm,l s e Qm,m—l] .
We observe that
P, =2 H*(RP® x --- x RP>®) (m-copies) .

Here and in the sequel H* indicates the mod 2 reduced cohomology functor.
Hence P,, is acted upon by the mod 2 Steenrod algebra %/ and such an action
extends, in a unique way, to an action on ®,, (see [7]). ®,, is a graded object:
the grading is obtained by assigning degree 1 to each of the variables ¢, ..., ¢y, .
Now we consider the iterated total squaring operation S,, , defined as

Sm: H*(X) — &, @ H*(X) (X a CW-complex)

X Y (671Sq") - (tm S g (x)
i;>0

Sm can be constructed in a purely algebraic way (as in [3]) or geometrically
(e.g., see [2]).

Remark 1.4. If X isa CW-spectrum, S,, can still be defined, but ®,, H*(X)
should be regarded as a completed tensor product (as in [1, p. 441]). In fact,
when X is a spectrum, H*(X) is a stable &/ -module and S,,(x) is, in general,
an infinite sum.

In this paper we exhibit an explicit nice formula for S,,(x) as an element of
Ay, @ H*(X) . We show that

Smx)=3 v ®Sg'(x),  I=(i1,...,im);  i;20.
I

Moreover we construct a sequence of maps
Wm : Mr — Am s m Z 1 5

where %7, denotes the F,-dual of & . This construction allows us to give an
alternative proof of a normalized version of a result of Mii’s [3, Theorem 1,
p. 346]. In fact, we show that

(1.5) Sm(x) =) 0m(&®) ® K (x)

R
where the sum runs over the multi-indices R = (ry, ... , ry) such that r, > 0
foreach i=1,... ,k and k <m, &R =¢0 ... &¥ isa monomial in % and

&R indicates the corresponding element in the Milnor basis % of &/ . We then
show that the coefficient w,,(¢R) that appears in the RHS of (1.5) equals the

monomial Q,";""*Q;l | ---Q , and (1.5) becomes

Sm(x) =306 QN ... Q% ®ER(x) .
R
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This is the announced normalized version of Mui’s theorem. In particular, the
above formula expresses the properties of invariance of the operation S,, . For
related results, see also [4].

2. A NICE FORMULA FOR Sy,(X)

This section is devoted to the proof of the following proposition.

Proposition 2.1. Let x € H*(X). We have

(2.2) Sm(x) =Y _"v'®8q¢'(x), IT=(iy,...,0n); ij>0.
1

Proof. As v, = t; , the statement is trivial for m = 1. We use induction on
m . We will assume the statement true for m < n (n > 2) and prove it for
m = n. We have

(2.3) Sp(x) = (Zt“'Sq")( 3 (tz‘iZSqiz)...(t;i"Sqi")(x)).

l|>0 iz,...,inzo

Our inductive hypothesis tells us that

Su1(x) = Y (17284%) ... (17 Sq™)(x)
;>0

=Y v v @ Sql i (x)
2.4 b0
( : ) _ik+l

k—1
IT3,-0,1 (zj=1 Ajtj + tk)
k—
Mu o opei=0.1 521 a1,
> ui>0

® Sq(iz,...,i,,)(x) .

Il
.VM

oo

In the last step above we have simply substituted each v, with its rational
expression in the ¢;’s, using (1.1), (1.2), and (1.3). Therefore, using (2.3) and
(2.4), we get

(2.5)

— k41

[Ti,—0, | X2 Aiti + tinr

so=s| ¥ 11 (2 )
>0 k=1 IT =01 Z; 2 Kjtj
2<h<n S ui>0

® Sq(iz sy i,,)(x)

In the above formula we have applied our inductive hypothesis using the
set of variables {t,, ..., t,} instead of {¢;,...,t,—;} . Since S is a ring
homomorphism (as is well known and easy to prove using the Cartan formula)
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we get
S0= 3 kH: (H Z’}Isi(zj 5 fj‘(”‘“)))_%@ S1(Sq ) (x))
" S HCERG) oge

Here the 4,’s and the y;’s are as in (2.5), I stands for (iy,...,i,) and
we use again the fact that v; = ¢, . Hence we only need to check that

I [T(X4;51() + Si(tes1))
e 1> u;Si(;)

As t; is a one-dimensional class, we have
Sit) =tj+17'83, j=2,...,n (see[6, Lemma 2.7, p. 6]) .

Thus
k
1 (szsl(tj) +S,(tk+,)) = H(ij(t, +172) + iy +t;‘t,€+l)

4,=0,1 j=2
ok
=1 z. H(le(tltj + tjz) + ity + t,2(+l) .

Similarly

k
I1 Zﬂjsl(tj)=f_2k+l I witnt+6)

U2y s e=0,1 j=2

Therefore

(2.6) [ A81() + S1(tke)) _ [IEAi (0t + 1) + tites + )
' [1221S1(2)) t- M wiat +6) .

If we write A (B respectively) for the numerator (the denominator respec-
tively) of the RHS of (2.6) above, we want to check that

A=Viyr s B=e .
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We have
Vier= ] Gati 4+ At + tiesr)
4=0,1
= I +hn+ - +ht+ua) [[ Gata+- + At + i)
2,=0,1 4=0,1
= II (1 +hat2+ + At + ) Gata + -+ Aty + b))
4=0,1
= [I Gatita+- + Atitic + titiepr + (ata + - + Al + t11)?)
4=0,1
= (atity + -+ + Mttty + titgyy + Aot + -+ B2 +22,)
4,=0,1
(as A2=4 for A=0,1)
= [I tn+d)+ + bt + ) + 0t +3,) = 4.
4,=0,1

A similar argument shows that B = ¢, .

3. AN ALTERNATIVE PROOF OF A RESULT OF MUI’s

We recall that the dual of the mod 2 Steenrod algebra &/ is a graded poly-

nomial algebra
vv* =]F2[é]’ éz’ 63’ "']
with grading given by setting deg(&;) =2/ — 1.

As usual, for each multi-index R = (ry, ..., ri) with each r; > 0, we will
write &R for the monomial &['...&% . As it is well known, the elements of &
dual to the monomials &R with respect to the basis of admissible monomials
form a basis &% , called the Milnor basis of . . The element of & dual to &R
is indicated by &R,

We can define a map, which is formally identical to the iterated total squaring
operation,

Sm: & — A QYK CD, R,

o — Zv"@Sq’oa,
1
with the proviso that A,, ® & and ®,, ®./ should be thought of as completed

tensor products (as in Remark 1.4), because &/ is stable as a graded % -module
and S,,(a) is, in general, an infinite sum.

Definition 3.1. Let w,,: & — A,, be defined as follows. Let ¢ € &, , ie.,
& - F, isan & -map, where F, has the trivial &7 -action. We set

o) = (([deE)oSw)(1) (le).
In other words, w,, is defined by the following diagram

o A 00 YA, @F, = A,

1 — om(é) .
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As
Sm(1)=3 v’ ®Sq" (an infinite sum)
T
we have

wm(€) = (id®¢) (Zv"@bSq’) Zv (g, Sq')
1

where (¢, Sq') is the value of the map & on Sq’.

Proposition 3.2.  w,, is a ring homomorphism.
Proof. This is a straightforward calculation.

= Z'U_l
I

where the sum runs over the multi-indices 1 of the form

Proposition 3.3.

(3.4)  I=(0,...,0,251,0,...,0,252 ..., 1,0,...,0),
thatis, I is the multi-index (2=, 2%=2,...,2,1) with m—k zeros inserted
somewhere.

Proof. & isdual to M, = Sq?'Sq?"...Sq' and it is easy to check that
M, does not appear in the admissible expression of any other monomial in %/ .
Therefore (&, Sq’) = 1 if and only if Sq’ = M, i.e., if and only if I is of
the form (3.4).

Proposition 3.5.
Om(&k) = Q;,E()Qm,k €ElmCAn Ym2>1.
Proof. See [2, Proposition 1, p. 39].

In other words, Q;,l,on,k is the sum of all monomials v~/ with I of
the form (3.4). From Propositions 3.2, 3.3, and 3.5 we deduce the following
statement.

Corollary 3.6.
om(ER) = QT O 1O (R=(r1s e 1))

In [3] Miii defines a non-normalzzed version of S,,, which he calls F,,. By
non-normalized we mean that F,, does not preserve the degrees; in fact, if
x € H*(X), the degree of F,,(x) is 2™ .n while S,,(x) has degree n. Mii
proves the following result [3, p. 346].

Theorem 3.7.
= 20T QO

(R=(r1,..., ), >0, xe H'(X)).

Corollary 3.6 allows us to give a very simple alternative proof of a normalized
version of Theorem 3.7 above, using S,, instead of F,,.
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Theorem 3.8.

Sm(x) =Y 0,7 Q0 | ...Q0%  ®ER(x)
R
(R=(r1y... ,re) , 1720, k<m).

Proof. We know, from (2.2), that
Sm(x) = Zv" ®Sql(x) .
I

But the Milnor elements X form a basis for & , therefore we have an ex-
pression of the form
Sm(x) =Y a(&R) @ ER(x)
R
where the o(ER)’s are suitable elements of T, C A,, . More precisely, for each
R, a(&R) is the sum of all the monomials v~/ with I suchthat &x(Sq/) =1,
i.e.,
a(ER) = wm(ER)
=Q "-TkQn o (by Corollary 3.6) .

m,0 m,1° " Xm k
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