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ABSTRACT. Let p be a fixed prime, f(x;, ..., xs) a polynomial over Z,,
the p-adic integers, ¢, the number of solutions of f = 0 over Z/p"Z, and
Pr(t) = 372 cat" the Poincaré series. Explicit formulas for Py (¢) are derived
for diagonal forms.

1. INTRODUCTION

Let p be a fixed prime and f(x;, ..., x;) a polynomial with coefficients in
Z,, the p-adic integers. Let ¢, denote the number of solutions of f =0 over
the ring Z/p"Z, with ¢y = 1. Then the Poincaré series P, (t) is the generating
function

o0
Pr(t) =) cat".
n=0

This series was introduced by Borevich and Shafarevich [1, p. 47], who con-
jectured that Pr(t) is a rational function of ¢ for all polynomials. This was
proved by Igusa in 1975 in a more general setting, by using a mixture of analytic
and algebraic methods [2, 3]. Since the proof is nonconstructive, deriving ex-
plicit formulas for Py(#) is an interesting problem. In this direction Goldman
[4, 5] treated strongly nondegenerate forms and algebraic curves all of whose
singularities are “locally” of the form ax? = fy?, while polynomials of form
> x,fi" with p {d; were investigated earlier by Stevenson [6], using Jacobi sums.

In this paper we discuss, by means of exponential sums, the general diagonal
form as

(1) f(x)=aix® + -+ a;x®,

where s, d,, ..., ds, and n are positive integers and a,, ..., a; are the units
in Z,.

It is clear that ¢, = p"¢—1 if d; =1, for some i, 1 <i <s. Therefore we
assume that d,, ..., d; are all integers greater than 1.

Throughout this paper, we set d = lem{d,, ..., ds}, fi=d/di, r= fi +
...+j;’ and Cn =p—n(s—l)cn .
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2. EXPONENTIAL SUMS
Let m > 0 and define
em(u) = e2miulr™ | UeEZ,.

The function e,,(u) defines an additive character mod p™ and has the follow-
ing simple properties:

(2) eo(u)=1, eu(u)=-en) ifu=u modp™,
3) em(up’) = em—j(u) (0 j<m),

p™ ifu=0 mod p™,
) > em(uz) = { 0  otherwise.

z mod p™

For k > 1, we define

Sm(u, k)= em(uz*),  So(u,k)=1.

z mod pm
It is clear that if m > j > 0 then
(5) Sm(upj7 k) =ijm—j(ua k)

The following lemmas are useful in the proof of the main theorem.

Lemma l. Let (u,p)=1, m>k>1,and (p, m,k)#(2,2,2),(2,3,2),
and (2,4,4). Then

Sm(uak)=pk_lsm—k(u’k)'
Proof. Suppose ord,k =/ > 0. From m >/+1 and (p, m, k) # (2,2, 2)

it follows that m >/ + 1 and {z mod p™} = {y + xp”~!~!|y mod p"~!-!, x
mod p/*'} . Using the Binomial theorem, we have

k
k o
m—I—1\k _ k—i i ,i(m—I—1)
(v +xpm™='h) —Z(l)y x'p :
i=0
If />3 then p' > 2(/ + 1). From this it follows that m > k > p! > 2(/ + 1),
im—-1-1)>2(m—-1-1)>m, and

(6) ord,,('j)ﬂ(m—l—l)zm, l<i<k.

For / =0, 1, and 2, it is not difficult to show that (6) is true except for p = 2,
m=23, k=2 and p=2,m =k = 4. Hence, under the conditions of the
lemma, we have

(y+xpm—l—l)k Eyk +kyk—lxpm——l—l mod pm

and
Smu, kY= > emwyt) D en(uky*T'x).

y mod pm—l—l x mod pl+l

Since ord, k =/, by (4), the inner sum = 0 unless y = 0 mod p, in which case
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it has the value p’t!. Hence, we have, by setting y = y;p, y; mod p™~!-2,

that
Sm(u, k) =p*' Y en_i(uyf).

y1 mod pm—I—Z

From this it is easy to see that S,,(u, k) = p*~'S,,_x(u, k) when m — k <
m—I[-2.If m—k>m-1-2 then k=1[1+1, it follows that k =p=2.In
this case, from m > 4 it can be seen that if y; = y, mod 23 then y? = y2
mod 2”2, in which case

Sm(u,2)=22 > ema(wy))=2 > em-a(uy}) =2Sm_2(u,2).
y1 mod 2m=3 y; mod 2m—2

The proof is complete. O

From Lemma 1, we distinguish two cases.
Case A. p is an odd prime or d; #2,4 foreach i, 1 <i<s.
CaseB. p=2 and d;=2 or4forsome i, 1 <i<s.

From m >0, put T, =p™™ 32, ,m)=y Sm(var, di) - Sm(vas, ds) .
Lemma 2. T,,; = p?~'T;, for j > 0 in Case A and for j > 1 in Case B.
T;=p?" —pi==1 in Case A.

Proof. For j>1,if di=2 then d; +j >4 andif d; =4 then d;+/j > 6,
and Lemma 1 gives

Sayj(u, di) = pH4=NS;(u, d)), i=1,2,...,s.
Evidently, this is true for j =1 in Case A. Therefore,
Ty, = p~ @+ Z Sarj(var, dy)---Sayj(vas, ds)

(v, pd+i)=1
=p s %" pr “Vsj(va;, di) =p?~"T;.
(v, pd+i)=1i=1

In Case A, we have

Ti=p™* ) f[sd(va,-, d;)

(v,pd)=1i=1

N
Z Hpﬁ(d‘_l)So(’Ua,', dl) =pd—f _pa'—r—l .o

(v.pd)=1i=1

3. MAIN RESULTS
Theorem 1. For any prime p and f(x) as in (1), we have
(i) recursion: For n > 2, Cpoq=c+pi~"Cp;
(i1) the Poincaré series is given by

P() = (1-ps—'t (zfﬂol cit') + cpld+Dis=d+2 _ pds_’l‘d(l — (1 + 1)

(1= p ) (1 = p=71d) ’
where ¢ = ¢4, —p?~"C, is a constant depending only upon the polynomial f(x).
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Proof. (i) From (4), we have
G=p" ) Y en(u(@x( + -+ axd))

X1 5 ..., Xs mod p" u mod p"

Y Sa(uai, d)---Sy(uas, ds).

u mod pn

In the summation ¥ mod p”, we may set u =vp"™™,  0<m <n, v mod p”
and (v, p) =1. From (5) one has

n
e =p"N"p™ N Sp(var, dy)-- Sm(vas, ds)

m=0 (v,pm)=1
n
— pn(s—l) Z T .
m=0

For n > 2, by Lemma 2, we have

n+d d+1

Cpad = ZT —ZTM+ZTd+m

=C441 + Z pd_’Tm =Cg41 +pd_’(E,, — E[) =cC +pd”E

m=2

(i) Put p*~'t =, , then

00 d+1
P(t) = Zc,,t" Zc,t’ +Zc s
-0
d+l d+1
= Zc,l’+2c’,,+dt”+d th’+2(c+pd TCq)thtd

d+l
=Y at'+etf P —0) +pl T (P() - 1 - ait).
i=0

This gives the result of the theorem. 0O

In Case A, by Lemma 2, we have

d
Ca= Y Tw=Car+Ty=Cqy—p""" +p"7,
m=0
d+1
Car1= Y Tm=Ca+ Ty =Ca+p"'T,
m=0

= =P 4 p T p (@ - 1) =T - P e

Set ¢’ =C4_; —p?’"!; then ¢’ = c. The preceding discussion suggests that
we may take Co, ¢y, ..., Cq—; as the original values of the recursion relation
of ¢,, and we have
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Theorem 2. Suppose that p is an odd prime or p =2, d; # 2,4 for each i,
1 <i<s. Then we have

(i) recursion: For n >0, Cpq=¢ +p?"Ch;

(ii) the Poincaré series is given by

_ L=p (i ) + cpdt-hid
(1 —ps=1e)(1 = pds=rd) ’

where ¢’ = C4_; — p?~""' is a constant depending only upon the polynomial

f(x).

P(1)
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