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ABSTRACT. Let L be an ample line bundle on an abelian surface 4. We prove
that the four conditions: (1) L is base point free, (2) L is fixed component
free, (3) L®? is very ample, (4) L®? is normally generated, are equivalent if
(L?) > 4. Moreover we prove that L®? is not normally generated if (L2) = 4.

1. INTRODUCTION

Let B be an abelian variety defined over an algebraically closed field, and let
M be an ample line bundle on B. The theorem of Lefschetz says that M®”"
is very ample if n > 3. If a polarized abelian variety (B, M) is isomorphic
to (B; x By, (8, x B, + B; x D;)) where O, is a principal polarization of
By, dim(B;) > 0, and dim(B;) > 0, then M®? is not very ample. Therefore
the Lefschetz theorem gives a best possible condition for the very ampleness of
M®" | The above example, however, is the only example for which A®2 is not
very ample (see Ohbuchi [3]). The condition that M®”" is normally generated
is also given (see Koizumi [1], Sasaki [5], Sekiguchi [6-8]) and n = 3 is best
possible in this case too. As for M®2 if M is base point free then M®? is
normally generated (see Ohbuchi [4]). In this paper we consider the difference
between this very ample condition and this normally generated condition. The
result is the following:

Theorem. Let L be an ample line bundle on an abelian surface A defined over
an algebraically closed field with characteristic 0. If (L?) > 4 then the following
conditions are equivalent

(1) L is fixed component free,
(2) L is base point free,

(3) L®? is very ample,

(4) L®? is normally generated.

If (L?) < 4 then the above conditions are not equivalent. If (L?) =2 then
L®? is not very ample, and therefore is not normally generated. In the last part
of this paper, we prove that L®? is not normally generated if (L?) =4.
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2. PROOF OF THE THEOREM

To prove the above theorem, we prepare several lemmas. Throughout this
paper, we assume that L is an ample line bundle on an abelian surface A
defined over an algebraically closed field.

Lemma 1. Let B be an abelian variety and M be an ample line bundle on B .
M®? s not very ample if and only if the polarized variety (B, M) is isomorphic
to (By x By, @(Dy x By+ By x D;)) where B, and B, are abelian varieties with
dim B, > 0 and D, and D, are ample divisors with dimI'(B,, @(D,)) = 1.

Proof. See Ohbuchi [3]. Q.E.D.

Lemma 2. L is fixed component free if and only if L®? is very ample.

Proof. We may assume that (L?) > 2. We assume that L has a fixed com-
ponent. Let F be a fixed part of a complete linear system |L|, and put
|L| = |[M|+ F. If (M?) > 0 then M is ample. Moreover, L ~ M ® @(F)
implies (L?) = ((M + F)?). Therefore (M - F) = (F?) = 0. This is a con-
tradiction because M is an ample line bundle. Hence (M?) = 0. Moreover,
we can see that (F?) = 0. In fact, we assume that (F2) > 0. In this case, if
x€e€K(L)={x€A, T{L~L} then x € K(F) = {x € A, T;F is linearly
equivalent to F} = {x € A; TF = F}. By (F?) > 0, the order of K(F) =
(dim; I'(4, @(F)))> = 1. Hence (L?) = 2. This is a contradiction. Therefore
(A, L) isisomorphicto (4;xA;, &(DyxA,+A;xD,)) where 4y = A/K°(M),
A; = A/K°(F), K°(M) = the connected component of K(M) >0, K°(F) =
the connected component of K(F) > 0, and D;, D, are divisors correspond-
ingto M, F. As F is a fixed part, dim; I'(4,, @(D,)) = 1. Therefore, we
obtain this lemma by Lemma 1. Q.E.D.

Lemma 3. Let B be an abelian variety of dimension g, and let M be an ample
line bundle whose base points are at most a finite set. If (M#) > (g")? then M
is base point free.

Proof. We assume that the set of all base points Bs|M| is not empty. Let
p € Bs|M|. We consider the set K(M) = {x € B; T;M ~ M}. By the
definition of K(M), p+ K(M) C Bs|M|. Hence ((M#)/g!)? < (M#) because
the order of K(M) is ((M#)/g!)?. Therefore this lemma is obtained. Q.E.D.

Lemma 4. Let M be a symmetric ample line bundle on a g-dimensional abelian
variety B. Let a, B € B (= the dual abelian variety) and let u € B be an
element such that 2u = a — . Then T'(B, M?*® %) I(B, M*® Pg) —
I'(B, M4®9?’a+ﬂ) is surjective if and only if n+u is not contained in ¢ (Bs|M]|)
for every n € B[2] = {x € B; 2x = 0} where & is a Poincaré bundle and
ép: B — B is a dual map.

Proof. See Ohbuchi [4]. Q.E.D.

Proof of the theorem. The implications (2) — (1) and (4) — (3) are obvious.
By Lemma 2, the conditions (1) and (3) are equivalent. By Lemma 4, (2) — (4)
is obtained. By Lemma 3, (1) — (2) is obtained if (L?) >4. Q.E.D.
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If (L?) =2 then L is a principal polarization. Therefore L®? is not very
ample, so L®? is not normally generated. If (L2) = 4 then the above equiva-
lence does not hold because L always has base points. But in this case, as for
L®? | we can show that L®? is never normally generated and that L®? is very
ample provided that L is fixed component free. We check this result.

Lemma 5. If (L?) = 4 and L is fixed component free, then a general C € |L|
is smooth.

Proof. By Bertini’s theorem (see Zariski [9]), a general member C € |L| is
smooth at p € C — Bs|L|. Let p € Bs|L|. Since p + K(L) C Bs|L| and
the order of Bs|L| < 4, it follows that Bs|L| is a 4-point set. For every
p € Bs|L|, the intersection multiplicity at p = (L-C), > 1. Hence C is
smooth at p € Bs|L| because (C?)=4. Q.E.D.

Lemma 6. L®? is not normally generated.

Proof. We may assume that L is fixed component free. We also assume that
Bs|L|>0. As K(L) = Bs|L|, Bs|L| is contained in A[2]. Let C be a smooth
member of |L|. Let i1: 4 — A be a morphism defined by 1(x) = —x. In this
case we obtain that *C = C. Because the condition *C # C implies that
C and 1*C have a same tangent direction at every p € Bs|L|, it follows that
(d1)p: Ty(A) — T,(A) is multiplication by —1. Therefore (C-1*C), > 2. This
is a contradiction. Hence C is a symmetric divisor on 4. By Lemma 4, we
obtain this lemma. Q.E.D.
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