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LE MAOHUA
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ABSTRACT. Let p be an odd prime, and let k be a positive integer with i <
k < (p —1)/2. In this note we give a formula for the number of solutions
(X1, ..., X¢) of the congruence x? +---+x2=0 (modp), 1<x; <<
X <(p-1)/2.

Let p be an odd prime, and let 4, ¢ (> 1) denote the class number and
the fundamental unit of the real quadratic field Q(,/p), respectively. Let k be
a positive integer with 1 < k < (p — 1)/2, and let N, denote the number of
solutions (xi, ..., xx) of the congruence

x2+--+x}=0 (modp), 1§x|<---<xk<—2—.

Agoh [1] proved that if p =1 (mod4), then

e =pa2-1+ayp,

where
1 (p—1)/2
a=—— |1+ > (-1N|.
p-1 k=1

In [3, 4], Sun gave a formula for N, when k =2, 3, and 4. For example, he
showed that

p—1, ifp=1(mod4),

4N, =
2 {0, if p=3 (mod4),

-1)p-17), ifp=1(mod8),
(p—1(p-11), if p=3(mods),
(p-1pP-5), ifp=5(mods),

-DE+1), ifp=7(mods).
In this note we give a general formula for N, as follows:

48N; =
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Theorem. Let A= +/(—1)P=V/2p, and let
1 k p—1
(1) Sk—z(—]+<;>A>, k—l,...,—i——-,

where (k/p) is the Legendre symbol. If
G’k=%(Ak+BkA), k=1,...,p—_1-,

satisfy
(2) g1 =$1, ko = 510y — 5202 + -+ (=1)" sy,

then we have

® m=p ((03) () )
By (1) and (2), we get
A= -1,
Ay = 3+ (-1)P7 ),
Ay= — L5+ (=1)P"D2p 4 (= 1)e=1/2+w*=1)/87py
and by (3), we obtain
Ny = (0 — (1 + (=)=,
Ns = g5(p = 1)(p - 8= (~1)P7D23 — (- 1)P= V207036,

which agrees with Sun’s evaluation. According to the theorem, we can determine
Ne (k=1,...,(p - 1)/2) in a recursive manner so 4 can be computed
algorithmically by means of Agoh’s formula.

Proof of the Theorem. Let .# , ¥ be the sets of quadratic residues and non-
residues mod p, respectively, and let .#,,.#, be the sets of all subsets of
A , ¥ with k elements, respectively. Let { be a pth primitive root of unity,
and let

(4) Op = Z Ci|+...+ik , k
{iv,...,ix} A

Since {{‘|i € #} represents Gal(Q({)/Q(A)), we see that g, (k=1,...,
(p — 1)/2) are algebraic integers in Q(A). Then we have

—
-

(5) ox = 3(Ax + Bid), Ay, By €Z, Ay = B, (mod?2).
Let
(6) Ik — Z Ci1+---+ik , Jy = Z Ci1+~--+ik )
{it,....ix}EA {iv, . ik}
i1+ +i, =0 (mod p) L+ +i 20 (mod p)
Then oy = Iy +Ji ,and N, = I since 12,22, ..., ((p—1)/2)? are all quadratic
residues mod p . Moreover, we get from (6) that
(7)
p—1 p—1
Jk=§ak,¢", ar €%, ap, >0, r=1,...,p—-1, k=1,..., -
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As {(-1+4)/2, (=1 -A)/2} is an integral basis of Q(A), there exist integers
b,by (k=1,...,(p—1)/2) such that

L [(-1+A\ = (-1-A ~ p—1
®  n=n (TR (F5E) k=gl

By (6) and (8), we get

9) A = 2N — by — By k=1,...,1%1.

On the other hand, by the well-known evaluation of the Gaussian sum, we
have

(10) ZC,-=—12+A’ chz—lz—A‘

ie# JEN

Since {, (2, ..., (P! are linearly independent over Q, we see from (7), (8),
and (10) that

by, ifred, _
ak,={_k . k=1,...,£—1.
bk, ifres,
Recalling that a;, > 0, we have

(11) Nk+(‘%l)(bk+5k)=|//k|= (“""k‘)/z) . k=1, B2t

by (5). Combining (9) and (11) yields (3).

Let :
_ ki _ p—
Sk—zc s k—l,...,T‘.
14
Then s, (k=1,..., (p—1)/2) satisfy (1) by (10). Thus, by Newton’s relations
between the coefficients of a polynomial and the sums of powers of its zeros,
o (k=1,...,(p—-1)/2) satisfy (2). The proof is complete.

Remark. On applying Waring’s formula (cf. [2, Formula 1.76]), we have an
explicit formula for oy :

k §hi
R SRy
ni!i"i
ny+2ny+--+kng=k i=1
n; >0, i=1,..,k
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