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Abstract. The paper deals with induced representations ind^ cr of a locally

compact group G where H is an open subgroup. Using "elementary intertwin-

ing operators", we first describe the commutant ind# o(G)' (also in the case

of realizing the induced representations with positive definite measures). Then

criteria for irreducibility and pairwise disjointness of induced representations

are given. Finally, special attention is devoted to abelian subgroups H .

Introduction

Induced representations of locally compact groups have been studied by

Mackey [7, 8], Blattner [1, 2], Kleppner [5], and many others. In particular,

the case where the subgroup is open yields various results concerning, for ex-

ample, the irreducibility and disjointness.

We will call an important tool "elementary intertwining operators". They

have been used, for example, by Mackey [7], Corwin [3], and Kleppner [5, 6].

We briefly summarize the results in a slightly generalized version and give a

criterion for the boundedness of these operators. We note that induced repre-
sentations are irreducible or disjoint if there exists no nontrivial or no nonzero

elementary intertwining operator, respectively. Thus we get another proof of

the results due to Mackey.

Moreover, in many cases, the commutant is generated by the elementary

intertwining operators. (This was claimed by Corwin [3], but his proof seems

incomplete.) This result also gives a description of the commutant using the
realization of induced representations with positive measures (introduced by

Blattner [2]).
Inducing with finite-dimensional representations, we get an important simpli-

fication, which has been noted by Kleppner [5]. Besides Mackey's and Corwin's

criteria for irreducibility [7, 3], this also yields a generalization of Obata's [10]
criterion for pairwise disjointness. Examples will demonstrate its use.

Section 4 is devoted to representations that are induced from abelian sub-

groups. The main result gives a criterion for the existence of uncountably many
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pairwise disjoint, irreducible induced representations.

Notation. Let G be a locally compact group, 77 (resp. 77i, H2) open subgroups

of G, and a (resp. ox, af) continuous unitary representations of 77 (resp. Hx

and 772) on a Hilbert space X° (resp. X®, Xx°). (G/H) denotes a system

of representatives of the cosets G/H.

O2 := (H2/H2ngHxg~l) and 6>_, := (Hx/Hx n g~lH2g) for g £ G. If

Hx = H2 = 77 we simply write Qg or Qg-\ .
As in [3], we define the subgroup

&h := {g £ G : [77 : g~lHg n 77] < oo and [77 : gHg~l n 77] < oo}.

ind# a (or simply ind a) is the induced representation on the Hilbert space

Xa := j /: G -> X° : /(/jA) = a(h~x)f(g)  for every * G C7,  77 e 77;

£   IL/vs)ll2 < oo 1
ge(G/H) J

defined by ind£ a(g)fi(y) := /(£-'}>) for / e ^ , y g G.
For g G G and »e/° the function 8vg£Xa is defined by

«5-G^°,        y~\a(y~lg)V     ifyegH>

* (0 otherwise.

For g £ G the representation ag of g~*Hg is given by ag(h) := a(ghg~l)

(for h£g~{Hg).
f%a(fndGHx ax, ind#2 02) is the set of all closed operators A such that {Sg :

g£G, v £ Xf} c D(A), ind£, ffi(^)D(^) C D(A), and ind£2 a2(g) ■ A =

.4 • ind^ 0\(g)\D,A) f°r every g £ G, where D(/4) is the domain of A .

S?(Xf, Xf) denotes the set of bounded operators from Xf to Xf ; and

y(z°)>y(j°,z0).
For any representation it of tr, let 11(G)' denote the commutant of 7i(C7).

1. Elementary intertwining operators

Analogous to [7, 3], we define for A £ 3la(ind%x ax, ind#2 772) and g £ G

the operator Ag £ S?(XXQ, Xf) by Ag: v g Xx° ~ Adve(g~{) £ Xf . As in [3]
we see that A is determined by Ag, g £ G. Since (/1?)* = (-4*)#-i (cf. [3]),
Ag is bounded by the theorem of Hellinger-Toeplitz.

Moreover, Ahlghx = a2(h2)Agax(h\) for A £ 3la(fndQHx ox, ind#2 af) and g £

G, hx£Hx, h2£H2 (cf. [3, Theorem 2]). So we define

Definition 1.1. A £ ^(ind^ ax, ind^2 af) will be called an elementary inter-

twining operator T(g, V) (where g£G, V £&(Xf,Xf)) if

(a2(hf)Vax(hx)    if 777 = h2ghx £ H2gHx,

m~{0 if mi H2gHx.
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It is useful to note the two formulas (for fi £ Xax, v £ Xx°, and y, m £ G)

T(g,V)fi(y)=  £<72(77)F/(y/7g),

*ee§

T(g,V)8n\=   £  Svm°hfS>.
nee*  .

We recall an important result due to Mackey [7]:

Proposition 1.2. (i) For g £ G and V £ ^(Xf, Xf) there exists an elementary

intertwining operator T(g, V) if and only if the operator V satisfies

(tg) o2(ghg-{)V = Vax(h)    for every h£Hxn g~xH2g

and

£   ||Fo-.(/7->||2<oo    for every v £ X^,

Aee' .
(s )

zZ \\V*a2(h-l)w\\2<oo    for every w £ X2°.

heel

(ii) Given A £ ^(ind^ ax, ind#2 af) and g £ G, the operator Ag satisfies

(tg) and (sg).

Remark. Concerning (sg), it should be noted that for V g ^(X^, X2°) and

(77,),e/ C 77i the following conditions are equivalent:

(i) E,-67 ij^i^r'Mi2 < °°for every v£Xf,
(ii) there is a constant c > 0 such that

£ ||F<7,(/V>||2 < (c ■ \\v\\)2     for every v £ Xf,
ier

(iii) Y,i€lax(hj)V*Wj exists for every (wi)ieicX2(> with £/<=/ INill2 < oo .

To prove (i) => (ii), consider T: v £ Xf .-» (Vax(h7l)v)i€, £ l2(I,X2°),
which is continuous since its graph is closed. Also the other implications are

proved by common techniques of functional analysis.

Regarding the polar decomposition (resp. the spectral projections as in [11,

15.12]) we get the next proposition, which yields another proof of Mackey's

criteria for irreducibility and disjointness.

Proposition 1.3. If there is a nonzero operator A £ £%a(fndGHx ax, ind^2 af) (resp.

an operator A £ £%a{j.ndGH a, ind^ a) - Cl) then there is a nonzero bounded in-

tertwining operator (resp. a nontrivial bounded operator in ind a(G)'). Thus

ind ax and ind Of are disjoint (resp. ind a is irreducible) if and only if there

exist no nonzero elementary intertwining operators (resp. only the trivial elemen-

tary intertwining operators T(e ,X\)).

Proposition 1.4. Let g £ G and assume V £ ^f(X{°, X2°) to satisfy conditions

(tg) and (sg). If |6'_,| < co or \Q2\ < oo, then the elementary intertwining

operator T(g, V) is continuous.

Proof. Take / E D(T(g, V)) c X„x and / e Xai, and suppose |6^_,| < oo.

By (sg) and the remark to Proposition 1.2, there exists a constant c* such that
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Eftee* \\v*°i(h-x)l(k)\\2 < c*2||/(tc)||2 . Using the inequality of Cauchy-Schwarz

we get

\(T(g, V)f, l)\=      £     J2 (oi(h)Vfi(khg),l(k))

<     E     E Wf(khS)W •\\V*a2(h-'x)l(k)\\
ke(G/H2)h€el

< ( E  E u/(***)ii2)
\ke(G/H2) nee] J

' f    E     E "V*o2(h-l)l(k)\\2\
\ke(G/H2}h&e2g J

<l©i-.|- ll/ll -WlW-c*.
The last inequality holds because {khg: k £ (G/Hf), h £ O2} meets every

coset of G/77i in exactly |0'_,| elements. (Note that Hxg~l meets exactly

|6',| different cosets of G/H2.) Thus T(g, V) is continuous. If {O2,] <

oo, we similarly find that T(g~l, V*) = T(g, V)* is continuous, hence so is

T(g,V).   a

Remark. In the following cases, all elementary intertwining operators are con-

tinuous:

(i) Hx = H2 = H is an invariant subset in C7,

(ii) G/Hx or C7/772 is finite,
(iii) dim^° or dim^0 is finite;

for then \Q2\ < oo or |0'i| < oo for every g £ G. Concerning (i), this

is obvious; concerning (ii), we note again that Hxg~* meets exactly |0'i|

different cosets of G/772, and concerning (iii), this will be shown in Lemma

3.1.

2. The commutant ind a(G)'

Let ZT denote the linear space that is spanned by the elementary intertwining

operators and y := {S £ SP(Xa): ST = TS\D{A)}. Define %:={ge G:

there exists a nonzero V £^f(X°) that satisfies (sg) and (tg)}.

Lemma 2.1. IT is a *-algebra if \Qg\ < oo for every g £CVH ■

Proof. The elementary intertwining operators are continuous by Proposition

1.4. Since (T(m, V))* = rfm"1, V*), we get ^* C7", and since |6g| < oo
for every g £ G, we find JF Cj.   □

Theorem 2.2. &~" = ind a(G)'. In particular, if \Qg\ < oo for every g £ Th

(e.g., if a is finite dimensional, see 3.1) then £T is weakly dense in ind a(G)'.

Proof. Since ind a(G) C ST', we get one of the inclusions. Now take A £

ind a(G)' and S £ ^'. We will show AS = SA, which yields the other

inclusion.
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As we have the formulas (Af)(y) = zf,k€GiHAkf(yk) and

p<a2= £ \\Ak->v\\2,
k€G/H

there is a net (A')l€& c !T such that A'f(y) -* Af(y) for every fi £ Xa,
y £ G and Al8vm -» A8vm for every w G C7, »e/°. Now take k £ G and

v £ X° . As S £ 9"' we have 5^'^ = ^'Stf" . Since A'8vk converges to A8vk

and S is continuous, SA'8k converges to SA8k in Xa . But on the other hand,

SAl8vk = AlS8vk converges pointwise to AS8vk . Therefore, SA8vk = AS8vk (note

11/00 - fi(y)\\2 < Wfi - /II2)» whence AS = SA. Applying Proposition 1.4 and
von Neumann's density theorem, we complete the proof.   □

Induced representations realized with positive definite measures. Assume G to

be discrete and a to be a cyclic representation on X° with cyclic vector Vo .

We define
eG^\(o(h)vo,Vo)     if g = h£H,

\ 0 otherwise.

11/11 := (zZsecCzZgeGf(g)f(8s))<P(s)y/2 defines a seminorm on the space of

functions with finite support. Let Xp denote the corresponding Hilbert space.

Then X(f(g)f(x) := fi(g~xx) (for f £ Xf, x, g £ G) is a representation of

G.
Blattner proved in [2] that ind^ a and Xv are equivalent. (Remark. He used

the formulas corresponding to the right invariant Haar measure.) For k £ G

let 8k denote the element of Xp associated to the function

Jl     ifg = k,
g £ G i-+ <

I 0    otherwise.

Then a unitary operator intertwining ind a and Xf is given by

U: Xa -» Xv ,       8"g(h)Va ~ U8°g{h)Vo := 8gh .

If cp is a (normalized) character then the commutant X9(G)' is well known (see

[13]): For g £ G let Q<p(g) denote the operator g(g)f(x) := f(xg). Then

X9(G)'= 6v(G)".
But in general, Qv(g) is not well defined. Nevertheless we can prove

Theorem 2.3. Let G be a discrete group and H a subgroup. If a is a finite-

dimensional, cyclic representation of H, then the set of all well-defined operators

n n

Ea'^(^)/(x):=Ea'/(-x^')'        a/SC,  gj,x£G,  77 GN,  fi£Xip,
i=i ;=i

is dense in the commutant ofi X9(G).

Proof. Let a(hx)vo, ... , a(hn)vo be a base of X°. Take A — T(g, V)

£ 3~. For every 77 G 77 there are a/, , G C such that

n

Y^ahJa(hi)vo= Va(h~l)vo.
7=1
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We compute

A8f= y, #r*= e ix^u-
Aee^_, Aeeg_, <=i

Therefore
n

UAU~l8e=   Y,   zZah,iQ<p(h7Xsh-x)8e.

As f5e is a cyclic vector for Ap we get

(*) UAU~l=   £   YjcxH^hf'gh-1).
Tiee^-, 7=1

Theorem 2.2 yields the assertion.   G

Using equation (*) as well as the results of the next section we also conclude

Corollary 2.4. If a is a one-dimensional representation of 77 then

K(G)'=\   E   6v(sh~l): g£^H andag\g-ifignH = a\g-IHgnH\   .

If additionally &h is the normalizer JV(H) of 77 then

K(G)' = {Q9(g): g 6 S{H) and a* = a}".

3. Inducing with finite-dimensional representations

A representation on a Hilbert space X°   is called finite dimensional if

dim^° < oo . In this case, the summability condition (sg) can be simplified.

Lemma 3.1. Assume that V £ ^(Xf, Xf) satisfies the summability condition

(sf) for some g £ G.

(i) If dim^° < oo and [77, : g~lH2g n 77,] = oo, then V = 0.

(ii) If dimXf < oo and [H2 : gHxg~l n 772] = oo , 777<>77 V = 0.

Remark. If dim^° = dim^° = 1, this is obvious and noted by Mackey [7].

For arbitrary finite-dimensional irreducible representations ox , a2, Kleppner

[5] and (for ax = af) Corwin [3] have given a proof using the compactness of

the unit ball. We will present another short proof:

Proof, (i) Let {ex,e2, ... ,en} denote an orthonormal base of Xf . Then it is

well known that for every bounded operator U £ Jzf(Xf, X2°) the inequality

\\u\\< \\\u |||= (Ell^'H2)

holds, where ||j U\\\ denotes the Hilbert-Schmidt norm of U .

In view of ||F<7i(/7_1)|| = ||K||, we get from (sg)

E \\yw2< E Eii^(*->iBa = E E F*.(/ry,ii2<°o.
Ziee1  , he&  . /=» 1=1 heel_.

g i g i g ■
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Thus V = 0 or |0'_, | is finite and (i) is proved; (ii) can be proved similarly.   □

Thus, by Propositions 1.2 and 1.3 we get the following theorem, which can

be obtained from Kleppner's paper [5] and generalizes results due to Obata [10]

and Corwin [3] (published later).

Theorem 3.2. Let a (resp. ax, af) be a representation of the open subgroup 77

(resp. Hx and Hf).
(i) [3, Corollary 1] Assume a is finite dimensional. Then the induced rep-

resentation ind a is irreducible if and only if a g\g-\HgnH and a\g-\HgnH are

disjoint for every g £@H-H.

{fix) Assume ax and a2 are finite dimensional. Then indax and inda2 are

disjoint if and only if a^\g-iHlgnHx and ax\g-iH2gnHx are disjoint for every g£G

such that [Hx : g~lH2g n 77,] < co and [H2 : gHxg~l n 772] < co.

(iii) Assume ax is finite dimensional (and a2 of arbitrary dimension). Then

ind rj! and ind a2 are disjoint if a^\g-,H2gnHx and ax\g-iH2gnHx are disjoint for

every g £ G such that [Hx : g~lH2g n 77j] < oo.

7t7 each case it is sufficient to consider the elements g of a system of represen-

tatives of the double cosets H \ G/H or H2 \ G/Hx, respectively.

We will need the above generalization to discuss the following

Examples. (1) Let G be the Heisenberg group over Z. A realization of G is

given by ZxZxZ endowed with (a, b, c)(a' ,b',c') = (a + a', b + b', c +

c' + ab'). Let 77 := {0} xZxZ < G. Obviously it is abelian, the dual group

77 is topologically isomorphic to T x T (where T := {exp(27na) G C : 0 < a <

1}). From (ii) (and (i)) we conclude that indH(exp(2nif}x) x exp(27r/yi)) and

ind^(exp(27i//52) xexp(27r7>2)) are disjoint if and only if (P2-fix + yxZ)C\Z = 0

or yx ± y2 (and that ind^(exp(27T7'/?) x e\o(2iiiy)) is irreducible iff y $. Q).

(2) Let Sn be the infinite symmetric group. Choose an « e N and define

77 := {/ G 5^ : f({l, ... , n}) = {1, ... , «}}. Let ax be a finite-dimensional
and <72 an arbitrary representation of 77. As [77 : gHg~lr\H] < oo iff g £ H,
the induced representations are disjoint if (and only if) ax and o-2 are disjoint.

(3) Let G - A os N be a semidirect product of two infinite discrete groups,

and let a and t be representations of A and /V, respectively. If a or x is

finite dimensional then ind^J a and ind^ t are disjoint.

4. Inducing from an abelian subgroup

In this section we assume G to be a discrete group. For an abelian subgroup

H of G, H denotes the (compact) dual group (i.e., the set of irreducible, one-

dimensional representations of 77), p the Haar measure of H. Define for
g £ G the following subgroup of 77:

Kg:={h-lghg-l:h£g-{HgnH}.

Let W(g) be the centralizer of g in  G.   We note that [77 : W(g) n 77] =
\{h~xgh :h£H}\ and that [77 : W(g)DH] = oo for every g £ G - 77 if and
only if \Kg\ = oo for every g £ Sn - 77.

Theorem 3.2 yields
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Theorem 4.1. Either Kg = {e} for some g £ @n - 77 and hence ind a is

reducible for all a £ H, or ind a is irreducible for every faithful character

a £ H. In particular, if [77 : W(g) n 77] = oo for every g £ G - H, then ind a

is irreducible for every faithful character a £ H.

Lemma 4.2. Let G be discrete.

(i) Take g £ G. Then \Kg\ = oo if and only if {a £ H : o\ks = i} is a set of
measure zero, where i is the unit representation of Kg .

(ii) Take ao £ H and g £ €n. If \H\ = co then {cr G 77 : oo\g-iHgnH =

a\g-lHgnFi} Is a set of measure zero.

Proof. For Q £ Kg define Hg,e := {a £ 77: a\Kg = q} . By [4, 24.12], Hg<e /

0 , and for a £ Hg<e we have Hg>e = oHgl. Hence p(Hgte) = p(Hgtl). But

ff = Ucf Hgn , and as \Kg\ = oo iff \Kg\ = oo and as 0 < p(H) < oo, we

get (i). (ii) is proved with the same arguments.   □

Together with Theorem 3.2 we conclude

Theorem 4.3. Let G be a discrete group, 77 an abelian subgroup, and assume

$h/H to be countable.

(i) ind# a is irreducible for p-almost every a £ H if and only if [77 : ^(g) n

77] = oo for every g £ G - H.

(ii) Let oo £ H. If \H\ = oo 777^7? ind a and ind oo are disjoint for p-almost

every a £ H. In particular, there are uncountably many pairwise disjoint induced

representations ind a.

Remarks. (1) Even if [77 : W(g) n 77] = oo for every g £ G - H there may

exist characters a £ H such that ind a is reducible (consider ind^ 1 in the

following example (1)).
(2) If &h/H is uncountable, this theorem fails in general.

Corollary 4.4. If H is torsionfree, then either Kg = {e} for some g £&H - H

and ind a is reducible for every a £ H, or ind a is irreducible for p-almost

every a £ H.

Examples. (1) Let G = A os N be a semidirect product of an abelian invariant

group N and a countable group A (each endowed with the discrete topology).

Then the following conditions are equivalent:

(i)  |{77~'^(a)77 :77 G N}\ = oo for every a £ A, a ^ e,

(ii) ind^ a is irreducible for /7-almost every a £ N.

(2) Let G = SL(2, Z) be the special linear group over Z and put

Then for /^-almost every a £ H, and in particular for every faithful character

a, the induced representation ind a is irreducible.
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