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ABSTRACT. The paper deals with induced representations indf, o of a locally
compact group G where H is an open subgroup. Using “elementary intertwin-
ing operators”, we first describe the commutant indg a(G)" (also in the case
of realizing the induced representations with positive definite measures). Then
criteria for irreducibility and pairwise disjointness of induced representations
are given. Finally, special attention is devoted to abelian subgroups H .

INTRODUCTION

Induced representations of locally compact groups have been studied by
Mackey [7, 8], Blattner [1, 2], Kleppner [5], and many others. In particular,
the case where the subgroup is open yields various results concerning, for ex-
ample, the irreducibility and disjointness.

We will call an important tool “elementary intertwining operators”. They
have been used, for example, by Mackey [7], Corwin [3], and Kleppner [5, 6].
We briefly summarize the results in a slightly generalized version and give a
criterion for the boundedness of these operators. We note that induced repre-
sentations are irreducible or disjoint if there exists no nontrivial or no nonzero
elementary intertwining operator, respectively. Thus we get another proof of
the results due to Mackey.

Moreover, in many cases, the commutant is generated by the elementary
intertwining operators. (This was claimed by Corwin [3], but his proof seems
incomplete.) This result also gives a description of the commutant using the
realization of induced representations with positive measures (introduced by
Blattner [2]).

Inducing with finite-dimensional representations, we get an important simpli-
fication, which has been noted by Kleppner [5]. Besides Mackey’s and Corwin’s
criteria for irreducibility [7, 3], this also yields a generalization of Obata’s [10]
criterion for pairwise disjointness. Examples will demonstrate its use.

Section 4 is devoted to representations that are induced from abelian sub-
groups. The main result gives a criterion for the existence of uncountably many
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pairwise disjoint, irreducible induced representations.

Notation. Let G be alocally compact group, H (resp. H,, H;) open subgroups
of G, and o (resp. o, ;) continuous unitary representations of H (resp. H;
and H,) on a Hilbert space #° (resp. Z°, #°). (G/H) denotes a system
of representatives of the cosets G/H .

8l := (H,/H,ngH,g™") and 82_1 = (Hy/H N g~ 'Hg) for g€ G. If
H; = H, = H we simply write 6, or ©,_,.

As in [3], we define the subgroup

@y ={geG:[H:g'HgnH]<ocoand [H: gHg™' N H] < o0}.

indf, o (or simply ind ) is the induced representation on the Hilbert space

&, = {f: G—-#°: f(gh)=0a(h")f(g) forevery g€ G, he H;

Y Il < 00}

g€(G/H)

defined by ind% a(g)f(y) := f(g~'y) for fe€#, yeG.
For g € G and v € #° the function 0y € #5 is defined by

oy 'glv ifyegH,

0V G - X0, {
g ye 0 otherwise .

For g € G the representation o8 of g~'Hg is given by a8(h):=a(ghg™")
(for he g7 'Hg).

ﬂa(indgl o, ind,G,2 0,) is the set of all closed operators 4 such that {4} :
g€ G, ve# C D)), ind§ 0,(g)D(4) C D(4), and indf}, 02(g) - 4 =
A- ind,GL,l a.(g)|D(A) for every g € G, where D(A) is the domain of 4.

Z(#°, #P) denotes the set of bounded operators from #° to #°; and
L(H) =L (#°, #9).

For any representation 7 of G, let n(G)' denote the commutant of n(G).

1. ELEMENTARY INTERTWINING OPERATORS

Analogous to [7, 3], we define for 4 € %a(indfh g, ind,G,2 o) and g € G
the operator A, € &L (", #°) by Ag:v e Z° - A6Y(g7") € 4. Asin [3]
we see that A4 is determined by 4,, g € G. Since (Ag)* = (A4%)g-1 (cf. [3]),
Ajg is bounded by the theorem of Hellinger-Toeplitz.

Moreover, Ap,gn, = 02(h2)Aga1(hy) for A € %a(indgl g, indf,2 g,) and g €
G, hy € H, h, € Hy (cf. [3, Theorem 2]). So we define

Definition 1.1. 4 € .9?¢,(indgI o1, indg2 a,) will be called an elementary inter-
twining operator T(g, V) (where g€ G, V € Z(#°, 20)) if
4 = { oy(h)Vai(h) if m=hygh € HygH,,
"0 ifmé¢ HygH, .
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It is useful to note the two formulas (for f €%, , ve€ #°,and y, m € G)

T(g, V)f(y)= > oa(h)V f(yhe),
hee?
PR

heo!
4

T(g,V)opn

-1

We recall an important result due to Mackey [7]:

Proposition 1.2. (i) For g € G and V € Z(Z°, #,°) there exists an elementary
intertwining operator T(g, V) if and only if the operator V satisfies

(tg) o2(ghg="\WW =Vay(h) foreveryhe HNng 'Hyg

and

Y Vaith | < oo for every v € Z°,

hee' 1

S Vo (h w|* <o for every w € Z°.
heo?

(Sg)

(ii) Given A € ‘%,(ind,G,l o1, indg2 0,) and g € G, the operator A, satisfies
(tg) and (sg).
Remark. Concerning (s,), it should be noted that for V € Z(#°, #°) and
(hi)ie; C H; the following conditions are equivalent:

(i) YierllVar(hy N2 < 0o for every v € #°,
(ii) there is a constant ¢ > 0 such that

Z IVei(hy vl < (c-|lvl))*  for every v € Z°,
i€l
(iil) e;01(h)V*w; exists for every (w;)ie; C #° with 3, [lwill* < oc.

To prove (i) = (ii), consider T:v € Z° — (Voy(h7"))ier € 1’1, ),
which is continuous since its graph is closed. Also the other implications are
proved by common techniques of functional analysis.

Regarding the polar decomposition (resp. the spectral projections as in [11,
15.12]) we get the next proposition, which yields another proof of Mackey’s
criteria for irreducibility and disjointness.

Proposition 1.3. If there is a nonzero operator A € %’a(indf,l o, indg2 o,) (resp.

an operator A € ﬂa(indf, g, indg o) — C1) then there is a nonzero bounded in-
tertwining operator (resp. a nontrivial bounded operator in ind a(G)'). Thus
ind 6, and ind o, are disjoint (resp. ind o is irreducible) if and only if there
exist no nonzero elementary intertwining operators (resp. only the trivial elemen-
tary intertwining operators T (e, A1)).

Proposition 1.4. Let g € G and assume V € & (Z‘,’O, %0) to satisfy conditions
(tg) and (sg). If |8._| < 00 or |82] < oo, then the elementary intertwining
operator T(g, V) is continuous.

Proof. Take f € D(T(g,V)) C #, and [ € #;,, and suppose |6;_.| < 00.
By (sg) and the remark to Proposition 1.2, there exists a constant ¢* such that
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zheeg |V*a2(h~1)I(k)||> < c*?||l(k)||* . Using the inequality of Cauchy-Schwarz
we get

(T, V)f.Dl=| Y. 3 (oah)Vf(khg),l(k)

k€(G/H,) he®?

Yo D Ifkhg)l -1V ar (k™) (k)|

k€(G/H,) he®?

( > lef(khg)llz)l/2

ke (G/Hy) he®}

IN

IA

(2 Y. Wraa(h” k)”2)1/2

kE(G/Hy) he6}
g (=Y (W8 14

The last inequality holds because {khg: k € (G/H,), h € 8%} meets every
coset of G/H; in exactly |9;,_.| elements. (Note that H;g~! meets exactly
|8!_,| different cosets of G/H,.) Thus T(g, V) is continuous. If [83] <
oo, we similarly find that T(g~!, V*) = T(g, V)* is continuous, hence so is
T(g,V). O
Remark. In the following cases, all elementary intertwining operators are con-
tinuous:

(i) Hy = H, = H is an invariant subset in G,

(i) G/H, or G/H, is finite,

(iii) dimZ° or dim#° is finite;
for then |82 < oo or |B)_,| < oo for every g € G. Concerning (i), this
is obvious; concerning (ii), we note again that H,g~! meets exactly |8!_,|

different cosets of G/H,, and concerning (iii), this will be shown in Lemma
3.1.

2. THE COMMUTANT ind d(G)’

Let J denote the linear space that is spanned by the elementary intertwining
operators and I’ 1= {S € Z(#;): ST = TS|p4)}. Define 7y := {g € G:
there exists a nonzero V € & (#°) that satisfies (sy) and (tg)}.

Lemma 2.1. J is a *algebra if |8,| < oo for every g € 7y .

Proof. The elementary intertwining operators are continuous by Proposition
1.4. Since (T(m, V))* = T(m™', V*), weget 7* C.J, and since |Q,| < oo
forevery ge G,wefind 97 CJ . O

Theorem 2.2. " = ind a(G)'. In particular, if |8g| < co for every g € 7y
(e.g., if o is finite dimensional, see 3.1) then J is weakly dense in ind a(G)' .
Proof. Since ind g(G) C J', we get one of the inclusions. Now take A4 €
ind 6(G) and S € J'. We will show AS = SA4, which yields the other
inclusion.
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As we have the formulas (Af)(y ZkGG/H A f(yk) and
1465117 = Z [P
keG/H

there is a net (4'),cg C J such that A'f(y) — Af(y) for every f € #;,
y € G and A'0Y, — AdY, forevery me€ G, v € #°. Now take k € G and
ve#O. As S €I’ we have SA'6) = A'So; . Since A'6; converges to A9y
and § is continuous, SA'd) converges to SAJ; in #;. But on the other hand,
SA'9) = A'S6; converges pointwise to ASJy . Therefore, SAJ; = ASS; (note
IA) = FON? < IIf = fII?), whence AS = SA. Applying Proposition 1.4 and
von Neumann’s density theorem, we complete the proof. 0O

Induced representations realized with positive definite measures. Assume G to
be discrete and ¢ to be a cyclic representation on #° with cyclic vector vy .
We define

(g(h)vy,v9) fg=heH,

g €G .
p: 8 "~ { 0 otherwise.

1Al == (Esee(Xges f(g)f(gs))p(s))!/? defines a seminorm on the space of
functions with finite support. Let /#, denote the corresponding Hilbert space.
Then A,(g)f(x) := f(g~'x) (for f € #,, x, g € G) is a representation of
G

Blattner proved in [2] that ind,G, o and 4, are equivalent. (Remark. He used
the formulas corresponding to the right invariant Haar measure.) For k € G
let J; denote the element of #, associated to the function

1 ifg=k,
eG .
& - { 0 otherwise.
Then a unitary operator intertwining ind ¢ and 4, is given by
U:% - %, 6" usih™.=g,,.

If ¢ is a (normalized) character then the commutant 4,(G)' is well known (see
[13]): For g € G let p,(g) denote the operator o(g)f(x) := f(xg). Then

Ap(G) = 0,(G)" .
But in general, g,(g) is not well defined. Nevertheless we can prove

Theorem 2.3. Let G be a discrete group and H a subgroup. If o is a finite-
dimensional, cyclic representation of H , then the set of all well-defined operators

Za,w(gz Za,fxg, % €C, g,x€G, neN, feX,,

is dense in the commutant of 4,(G).

Proof. Let a(h))vg, ..., a(h,)vy be a base of #°. Take 4 = T(g, V)
€7 . Forevery h € H there are o ; € C such that

n
> oy, i0(hi)vo = Va(h™" ).
i=1
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We compute
n
A= X G = S
heeg_l heeg—l i=1
Therefore ;
UAU™'0, = > 3 oy 05 (k7 gh™")o.

heo,_, i=1
As J, is a cyclic vector for 4, we get
n
(%) VAU = 3" Y oy i0p(h'gh7™Y).
heeg_, i=1

Theorem 2.2 yields the assertion. O
Using equation () as well as the results of the next section we also conclude
Corollary 2.4. If o is a one-dimensional representation of H then

"
= z Q(a(gh_l): g €@y and aglg-‘HgnH = alg"HgﬁH .
heeg_|

If additionally @y is the normalizer ¥/ (H) of H then
4o(G) ={0y(8): g € #/(H) and o = a}".

3. INDUCING WITH FINITE-DIMENSIONAL REPRESENTATIONS

A representation on a Hilbert space #° is called finite dimensional if
dim #° < oo. In this case, the summability condition (s,) can be simplified.

Lemma 3.1. Assume that V € Z(#°, %) satisfies the summability condition
(sg) for some g € G.

() If dimZ° < co and [H,: g 'HygN Hy] =00, then V =0.

(i) If dim#° < oo and [Hy: gHig ' N Hy) = oo, then V =0.
Remark. If dimZ° = dimJ#° = 1, this is obvious and noted by Mackey [7].
For arbitrary ﬁmte dlmensmnal 1rreduc1ble representations g, o, Kleppner

[5] and (for g, = g;) Corwin [3] have given a proof using the compactness of
the unit ball. We will present another short proof:

Proof. (i) Let {e;, e, ..., e,} denote an orthonormal base of #°. Then it is
well known that for every bounded operator U € Z(#°, #°) the inequality

" 1/2
Ul <Ull= (Z IIUef|I2>
i=1

holds, where |||U||| denotes the Hilbert-Schmidt norm of U.
In view of ||V (h=")|| = ||V, we get from (s;)

Y IviIFs Y ZIIVGI Jeill* = Z Y Wah el < oo

he®o!
g

he®!  i=1 i=1 he®'
-1 ¢! g1
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Thus V' =0 or |8;_,| is finite and (i) is proved, (ii) can be proved similarly. O

Thus, by Propositions 1.2 and 1.3 we get the following theorem, which can
be obtained from Kleppner’s paper [5] and generalizes results due to Obata [10]
and Corwin [3] (published later).

Theorem 3.2. Let g (resp. 0y, 0;) be a representation of the open subgroup H
(resp. Hy and H,).

(1) [3, Corollary 1] Assume o is finite dimensional. Then the induced rep-
resentation ind o is irreducible if and only if 08|g-1genp and olg-1ggny are
disjoint for every g € @y — H .

(i1) Assume a, and a, are finite dimensional. Then ind o, and indo, are
disjoint if and only if 0§ |g-1p,enn, and O\lg-11,gnn, are disjoint for every g € G
such that [H,: g 'HygNH|]< 0o and [Hy: gH1g7 ' NH] < 0.

(iil) Assume o, is finite dimensional (and o, of arbitrary dimension). Then
ind 0, and ind o, are disjoint if 0f|,-1p,enn, and 0ylg-1p,enpy, are disjoint for
every g € G such that [H,: g"'Hyg N Hj] < .

In each case it is sufficient to consider the elements g of a system of represen-
tatives of the double cosets H\ G/H or H,\ G/H,, respectively.

We will need the above generalization to discuss the following

Examples. (1) Let G be the Heisenberg group over Z. A realization of G is
given by Z x Z x Z endowed with (a,b,c)(a',b',c)=(a+a ,b+b,c+
c'+ab'). Let H:= {0} xZ xZ < G. Obviously it is abelian, the dual group
H is topologically isomorphic to T x T (where T := {exp(27ia) eC:0<a <
1}). From (ii) (and (i)) we conclude that ind$ (exp(27iB;) x exp(27iy;)) and
indZ(exp(Zniﬁz) x exp(2miy,)) are disjoint if and only if (8,— 81 +7Z)NZ = @
or y; # 7, (and that ind,G,(exp(ZniB) x exp(2miy)) is irreducible iff y ¢ Q).

(2) Let Sy be the infinite symmetric group. Choose an n € N and define
H:={feS:f({l,...,n})={1,...,n}}. Let g, be a finite-dimensional
and o, an arbitrary representation of H. As [H: gHg 'NnH]< x iff g€ H,
the induced representations are disjoint if (and only if) ¢, and o, are disjoint.

(3) Let G = Ao N be a semidirect product of two infinite discrete groups,
and let ¢ and t be representations of 4 and N, respectively. If ¢ or 7 is
finite dimensional then ind$ ¢ and ind$ t are disjoint.

4. INDUCING FROM AN ABELIAN SUBGROUP
In this section we assume G to be a discrete group. For an abelian subgroup
H of G, H denotes the (compact) dual group (i.e., the set of irreducible, one-

dimensional representations of H), u the Haar measure of H. Define for
g € G the following subgroup of H :

K;:={h™'ghg™':he g-'HgnH}.

Let #(g) be the centralizer of g in G. We note that [H : F(g) N H] =
|[{h='gh:h € H}| and that [H : % (g)NH] = forevery g € G— H if and
only if |Kg| =00 forevery ge @y — H.

Theorem 3.2 yields
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Theorem 4.1. Either K; = {e} for some g € @y — H and hence ind g is
reducible for all 6 € H, or ind o is irreducible for every faithful character
ceH.In particular, if [H:%(g)NH) = oo forevery g € G— H, then ind o
is irreducible for every faithful character o € H .
Lemma 4.2. Let G be discrete. R

(i) Take g € G. Then |Kg| = oo if and only if {c € H : 6|k, =1} is a set of
measure zero, where 1 is the unit representation of Kg .

(ii) Take gy € H and g € @y. If |H| = oo then {0 € H : 0o|y-1pgnp =
Olg-1Hgnu} IS a set of measure zero.
Proof. For g ng define Hg 0= ={oeH: olk, = 0}. By [4, 24. 12], Hg 0o #
@, and for o € H,,, wehave Hy , = aHg .. Hence u(H, ,) = (Hg ,) . But
H= UgeK Hg o, and as |Kg| = oo iff |Kg| oo and as 0 < u(H) < oo, we
get (i). (ii) is proved with the same arguments. O

Together with Theorem 3.2 we conclude

Theorem 4.3. Let G be a discrete group, H an abelian subgroup, and assume
@y/H to be countable.

(1) indg o is irreducible for u-almost every a € H ifand only if [H:%(g)n
H)= o forevery g€ G- H.

(ii) Let g € H. If |H| = o then ind o and ind o, are disjoint for p-almost
every € H . In particular, there are uncountably many pairwise disjoint induced
representations ind o .

Remarks. (1) Even if 1H: #(g) N H] = o for every g € G — H there may
exist characters 0 € H such that ind ¢ is reducible (consider ind§ 1 in the
following example (1)).

(2) If @y/H is uncountable, this theorem fails in general.

Corollary 4.4. If H is torsionfree, then either K, = {e} for some g € @y — H
and ind o is reducible for every o € H, or ind ¢ is irreducible for u-almost
every c € H.

Examples. (1) Let G = 4 o; N be a semidirect product of an abelian invariant

group N and a countable group 4 (each endowed with the discrete topology).
Then the following conditions are equivalent:

(i) |{n“(o(a)n neN} =oo forevery ac 4, a#e,
(ii) mdN o is irreducible for u-almost every o € N.
(2) Let G =SL(2, Z) be the special linear group over Z and put

Cp— 8 a . —
H.-{(O 8).8—:!:1, an}.

Then for u-almost every o € H , and in particular for every faithful character
o, the induced representation ind o is irreducible.
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