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ABSTRACT. Suppose @ is an appropriate Young’s function and w(x), v(x)
are nonnegative locally integrable functions. Let T denote one of three lin-
ear operators of special importance that map suitable functions on R” into
functions on R" .

For the Hardy operator T, we study the inequality

/ ” (T f(x)w(x)dx < C / @ (x)o(x) dx
0 0

and for the Hardy-Littlewood maximal operator or fractional integrals T , we
discuss the inequalities

/ ¢(|T(fv)(x)|)w(x)dx§C/ (S (x)Nv(x) dx.
R Rn

In all cases we obtain the necessary and sufficient conditions.

1. INTRODUCTION

We shall be concerned with integral inequalities of the form
(1.1) [ orsehdw<c [ orhdn,

where dw, du are positive Borel measures on R", ® is an even Young’s

function on R with ®(0) =0, and T is one of three linear operators of special

importance that map suitable functions on R” into functions on R”. Apart

from their intrinsic interest, such inequalities are important in application, since

they imply the boundedness of T as a map between the associated Orlicz spaces.

It is of particular interest to obtain estimates for the best constant C in (1.1).
The first of the cases we consider is the Hardy operator

(1.2) Tf(x)=/0xf(t)dt, X €R" = (0, o).
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Let ¢ be a nondecreasing right continuous function on R* with ¢(0+) =0,
and define @ to be Young’s function ®(¢) = "' #(s)ds. Let ¢~! be the

right continuous inverse of ¢ and set ¥(¢) = J" ¢ I(s)ds, the complementary
function of ®. (See [3] or [4] for the details of Young’s function and its
complement.) Our first result is

Theorem 1. Let w, v be nonnegative, locally integrable functions on R*, and
suppose that ® is a Young’s function such that both ® and its Young’s comple-
ment ¥ satisfy the Ay-condition, i.e.,

(1.3) DQ21) < AD(t), W(2t)< BY(1), forall t € R*.

Then, with T defined in (1.2), there exists a constant C, independent of f,
such that

(1.4) /000 (T f(x))w(x)dx < C/Ooo O(f(x))v(x) dx

if and only if there exists a constant K such that

(1.5) ([ewar)o([ ¢ () @) <&

forall ¢ >0 and all x >0.

Furthermore, if we denote the best constants in (1.4) and (1.5) by C and
K, respectively, then there are positive constants C,,C,, 0 < A4 <1 <A <
A3 < oo, and 0 < 6 <1 depending only on ® such that

CoKM  when K > 1,
(1.6) CIK<C<{ CGK"? when9<K<1,
C,K» when0< K < 6.

The special case ®(¢) = |¢[’ (1 < p < o) of Theorem 1 is the well-known
result of Muckenhoupt [5], which generalized the classical Hardy inequality

/ ( /fl)dt> dx<( )/ fx)Pdx for f(x)>0andp> 1.

Muckenhoupt’s theorem is that given p > | and a couple of nonnegative locally
integrable weight functions w(x) and v(x), the inequality

(/oc>o /0" f(t)dt pw(X)dx>l/p <C </0°° If(x)lpU(X)dx>l/p

holds if and only if

=) 1/p r 1/p'
sup (/ w(x)a’x) (/ v(x)~ V=D dx) =K<
r>0 r 0

and K < C < p'/?'(p")¥P'K , where 1/p+1/p’ = 1. In these cases the constants
K appearing in (1.6) and in Muckenhoupt’s theorem are equivalent.

Our second theorem concerns fractional integrals in R”. Following Sawyer
in [8], we work with general convolution operators of the form

(1.7) T(fw)(x) = K*(fu)(x) = . K(x —y)f(n)du(y),
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where the convolution kernel K(x) is a positive lower semicontinuous radial
function decreasing in |x| and satisfying the growth condition K(x) < CK(2x)
for every x € R". We shall write xg for the characteristic function of a set
E CR",and put |E|, = [ du. The Luxemberg norm || - ||g(,) on the Orlicz

space Loy = {f: [z ®(|f(x)])du(x) < oo} is given by

(1.8) 1 Nl = inf{0 >0 | @ (U%ﬂ) du(x) < 1} :

With these notations we have

Theorem 2. Let ® be a Young’s function as in Theorem 1, T be as defined in
(1.7), and dw, du be positive Borel measures on R". Then in order that there
exists a constant C independent of [ such that

(1.9) . O(T(fu)(x))dw(x) < C . O(f(x)) du(x)

for all f >0, it is necessary and sufficient that there is a constant C such that
both

(1.10) /R D(T(exou)(x))dw(x) < CP(e)|Q|y < o0
and
(1.11) 17 (xow)llwew < Cllxollyew) < oo

hold for all € > 0 and all dyadic cubes Q.

In [7, 8] Sawyer and Wheeden discussed fractional integrals on weighted L?
spaces. Our Theorem 2 is a generalization of Sawyer’s result in [8].
Finally, we discuss the celebrated Hardy-Littlewood maximal function

1
(1.12) M= sw o [ Iy,
XEQ, cube |Q| Q
In fact, we shall deal with the following variant of the maximal function due to
Fefferman and Stein (see [1]):

1
(1.13) Tf(x,t)=Mf(x,t)=sup —
o 1O
where the supremum is taken over all the cubes Q in R", containing x and
having side length 1(Q) > t. For this operator we obtain

/lf(y)ldy, XER", 10,
Q

Theorem 3. Suppose du is a positive Borel measure on R™!' = {(x, t):x €
R", t > 0} and w(x) is a nonnegative locally integrable weight function on
R". Let ® be a Young’s function that satisfies the A'-condition (see [4])

(1.14) O(uv) < CO(u)d(v) forallu,v >0

and its complement ¥ still obey the A,-condition. Then, for T defined in
(1.13), in order that there exists a constant C independent of f such that

(1.15) O(T(fw)(x, 1)) dp(x, 1) < C /R ®(f(x)w(x)dx,

n+l
R+




132 LAI QINSHENG

it is necessary and sufficient that there is a constant C such that
(1.16) /6<I>(T(wm)(x, 0)du(x, 1) < ClQl < o0

for all cubes Q, where Q = {(x,t):x € Q, 0<1<1(Q)}.

It is well known that the two-weight norm inequality for the Hardy maximal
operator defined in (1.12) has been characterized by Sawyer [9]. Later on, a
similar result for the Fefferman-Stein maximal function was obtained in [6].
Our Theorem 3 extends their results.

In this paper we need the following elementary properties of Young’s function
® and its complement ¥ (see [4] or [3]):

(1.17) t<d ' (OY () <2t
and
(1.18) O(t) ~ tp(1), (1) ~197(2),

when @ and ¥ both satisfy the A,-condition. The symbol ‘ ~’ means the ratio
of the two sides is bounded between absolute positive constants.
2. PROOF OF THEOREMS

Proof of Theorem 1. Necessity. If f > 0 and supp f C [0, x] for given x,
then from (1.4) it follows that
(2.1)

® (/Ox 0 dt) /:ow(t)dt < /Ooo (T f(1))w(t)dt < c/o)c O(f (1)) (1) dt

Set £(1) =~ (1/ev(t)x0, () - If [ f()dt =0, we have

(/xw 8“’) ¢ (/ox ¢"(1/8v)) —o0.

If [; f(t)dt = oo, then [ '¥(1/ev(t))ev(t)dt = oo because of (1.18). This
implies that there is a nonnegative g(¢f) such that [®(g)ev < oo and
fo t) (1/ev(t))ev(t)dt = oo. Thus inequality (1.4) ensures that for arbitrary

I[x, 00llew < [{s: Tg(s) > A}ew = [{s: P(T'g(s)) > P(A)}ew
1 © C © C
: m/o ®(Tg)ew < W)/o ®&)ev = Fry-

Therefore |[x, o]|zy = 0. Finally, we consider the case 0 < [ f(£)dt < 0.
Using (1.18) and (2.1), we obtain

(/ox¢"'(—l—))¢(/ (sv))/ w<C/ (T f)w
<c/ d>f)v<C/ ¢—( )"5(“5_1(5))”-

(2.2)

This is (1.5).
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Sufficiency. We need the following inequality: We will show that condition

(1.5) implies that
SCO™ | —x—
¥(ev) el w

holds for all ¢ >0 and all x >0.
Indeed, from (1.5) it follows that

(2.3) | —"z’)"’

fo 1(1/ev)
(2.4) S P <
“1(1/e [ w)

Setting 1 = 7, , such that ns‘l’(l/e S w) [Pw=1, we have

1 1 1
2.5 cmt | | ~ 07! -
2:3) n ¢ <8fx w) (nsfx w)
by use of (1.17) and (1.18). Substituting (2.5) into (2.4) and using (1.18), we
obtain . |

/0 \P(—sv(t)) nev(t)dt < C

thus

X10.x] <Scco ——loo :

€NV llwreny M ne [, w

Since ne = 1/(¥(1/¢ [°w) [*°w) is a continuous function of ¢ and takes
values from 0 to oo, we can have ne = & for J given arbitrarily, and we
conclude (2.3).

Now we can assume f > 0 and choose x; such that T f(xy) fo =

2k for all integers k if it is possible. Then we have

“orfw< S o) [T o) [ w
/ Sea [ Tuscy /

Xk Xk

=Czk:d></x:f(z)dt) /:w

Let k be fixed and set fi = f(¢)X(x,_, x(¢). The Holder inequality in Orlicz
spaces shows that for any ¢, > 0 given,

Xk

S < Clificlloew)

Xk—1

(2.6)

X[0,x]
&V

Y(exv) '
Choose &, such that [®(fy)e,v = 1. Then || filloe,w) < 1. Thus, from (2.3)

it follows that
Xk 1
[ rsco (],
Xk—1 9% f w

Xk

therefore,

X cC  _[O(f)v
(2.7) (D(/x_,f)sekf“’w_c u

k
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Substituting (2.7) into (2.6) and observing that the supports of the f, are dis-
joint, we have

/Ooocp(:rf)w < CEk:/d>(fk)v =c/0°°<1>(f)v.

To discuss the relation between the best constant C in (1.4) and K in (1.5),
we introduce some indices concerning ® and ¥. Define

do = 0 Gy < 0 G =P
L eu ) )

PR W) Tb W

(2.8)

Then 1/pp+1/pgy =1 and 1/ge+1/q5 = 1. Since both @ and ¥ satisfy the
Aj-condition, we have 1 < g¢, pp < oo (see [4]). Thus equalities (2.8) imply
that

29°d(u)
APed(u)

O(Au) < AP°®d(u) when i >1,

29
2:9) O(Au) < 1%°d(u) when i< 1

<
<
hold for any u# > 0. Also analogous inequalities hold for ¥ . By use of these in-
equalities, (1.17), and (1.18), it is easy to obtain the estimate (1.6). For example,
C| = qo/pe follows from the derivation of (2.2) since g < ud(u)/d(u) < py .
Moreover, the three power indices in (1.6) are 4, = 1 (i = 1,2, 3) when
®(u) = |u|P . This completes the proof of Theorem 1.

Proof of Theorem 2. If (1.9) holds, it is obvious that the dual norm inequality

(210) ”T(gw)“‘l’(eu) S C“g”‘l’(sw)

is true for all ¢ > 0 and all g > 0. With f =¢xp in (1.9) and g = xp in
(2.10), we obtain (1.10) and (1.11).

Conversely, suppose (1.10) and (1.11) hold and, without loss of generality,
that f is nonnegative and bounded with compact support. For every integer k
we consider the open set Q; = {T(fu) > 2¥}. From the Whitney decomposi-
tion lemma (cf. [8]), we obtain a sequence of dyadic cubes {Qj.‘} satisfying

(1) @ = U; Qf and (QF)° N (QF)° = & for i # j;
(2) RQ¥ c Q and 3R NQ # & forall k, j;
3y X30¢ < Cxq, forall k;
(4) the number of cubes Q% intersecting

a fixed cube 3ng is at most C;
(5) @ G Qf implies k > 5.

(2.11)

In (2.11), E° is the interior of set E, and RQ denotes the cube concentric
with Q with R times the side length, the constant R in (2.11)(2) being > 3
and depending only on the dimension 7.

As in [8], we choose an integer m > 2 sufficiently large, depending only on the
growth condition of K(x) defined in (1.7). Write EJ" = Qf N (e ym—1\Lksm)
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for all (k, j). It is established in [8] that

Ek <2-k/ T wd+/ T(xmw)d
(2.12) Bl < (3Q,k.\nk+mf Ugp)dn 3Q,*nnk+mf (kg dn
=27%(af +r}).
Let p € (0, 1), to be chosen later, and define
E={(k, j):|EFlw < BIQ¥|w},
F ={(k, j):|E¥|w > B1Q¥|w and o > r¥},
G ={(k, j):|E¥|w > B|Q| and o < r¥}.

Thus we have

Jerymdw < DO 1\ < € D IES @)
k,j

(2.13) ((Z oo+ > )|Ek|w<l>(2"

k,))EE (k,j)EF (k,j)EG
= C(I+11+1II).

For the term I, we have

I< ZBIQ}‘Im(z") <Cp Zq)(zk—l)lgk|w
(2.14) “ ‘

2k
sCﬂXk:/Zk (T (f1) > A} dD(2) Cﬂ/<1> (f1))

Now we estimate the term II:

ok ok
ESY IE"|w‘D< kfl ) > |EX, @ ( IE’j‘Iw)
]

(2.15) (k.J)eF
Cp ¥ |E4®@
< ﬂzl I <|Qk| /

where Cg = (2/B)P® by use of (2.9).
Let (k, j) be fixed and let & = & ; > 0. On writing R = 30¥\Q; ., , we
have

fT(XEj.‘w) dﬂ) s

304\ Q

| / |
— JT(xpew)dp < ——— I/ Xgelloem | T (Xgx ) (e
|Q5¢ |w 3Qk\Qk+m Ej sk,j |Q§( Iw Rj (8,‘1) Qj (Ell)

If &€ = g ; is chosen such that [®(fxge)er,dp =1 then ||fxpclloey <1,
J J
and from (1.11) it follows that

_ 1
(2.16) IT (G orw) ey < Cllxgrleewy < CO™H [ ——— | &,10% |-
J ! &k, i1 Q] |w
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Therefore, we obtain

1 / . 1
— fT w)du < CP — .
[0F], /T eI 21 (sk,le;flw>

On substituting the last estimate into (2.15), it follows that

11<Cﬂcz k1|Qk|w CZ/d) (fxr)d

<C | ®(f)dp
Rn
The last inequality holds since >, i xpe < C3) Xo0\,, < C(m+ 1) by
(2.11)(3).
To estimate the term III in (2.13), we need the following ®-inequality for
the dyadic maximal operator. For o a positive Borel measure on R", define

Mif(x)=  sup @ /Q f0)do(y) for f € Lig(o).

x€Q, dyadic cube

(2.17)

Then for any given Young’s function ® as in Theorem 2,

(2.18) OMEf)doC | ®(f)do

Rn R

holds for all f € Lg(0).
Indeed, it is known that the operator M? is weak type (1, 1) with the
constant 1 with respect to the measure o . It follows that

o(Mif)dosC | TUMES > 20),9(A) dA
Rn 0

gc/°° (l/{m)” |f|da> ";g-)dz
// &) 41 1do <c [ orpd

“ ®(4) L d(ru) Qw) (' di D)
(S ai- /Ot—zdtg 2.

Let HF = {i:Q*" N30k # 2} and LXK = {s:Q¥ N 3Q% # @}. Then for
given (k J)s

since

U 0 1240 u

3N Qumc Jomecy U o

i€H sELY ik mC Ok

Set 4% = (1/|1Q¥|,) Jor fdu. In [8] it has been obtained that

k k
(2.19) ri<C Z ( otom T(fow)d#> Alrm,
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Following the approach in [8], we shall prove that

(2.20) S EReey<c [ o)d
R

(k,j)EG
k>N, k=M(mod m)

with a constant C independent of the integers N and M , where N € (—o0, ),
0 < M < m. Theindices (k, j) are restricted by this convention until the proof
of (2.20) is completed.

As in [8], we select the “principle” cubes from {Q}‘} . Let Gy consist of those
indices (k, j) for which Q}‘ is maximal. If G, has been defined, for every
index (¢, u) in G, we select the maximal cubes Qf C Q! such that Aj? > 24! .
The indices of those cubes so selected form the set G, . Define I' = ;2 G,
and for each (k, j), define P(Qj-‘) to be the smallest cube Q! containing Qf
with (¢, ) e I'. Then we have

(2.21) (1) P(Q%) = Q! implies 4% < 24!;

' (2) QK c @} and (k, j), (¢, u) € T imply 4% > 24,
Observing that the cardinality of L is at most C and if Qf*™ c Q¥ with
(k+m, i) ¢T then P(Q¥*™) = P(Q¥), we obtain

(2.22)
k

> |E}‘de>(2")sCZ|E}‘|w<D( ' ) (by (2.12) and (2.8))

(k,))€G Q) lw

eS| Ay 5 ([ rugwan) 4]

SELX i:P(QF*™)=P(QF),
Qk+mCQk

1

zGH" (k+m, j)er

(by (2.19))

CE"wd)——— T(xpw)dyu | A<tm
cepmgelgs & ()]

J
s€Lk i:P(Q¥*™)=P(Q¥)
Q:( +mCQ_f

Koo | kem
+C Y |Ef,® T > l(/QM T(ijkw)d,u) A l

iEHJ’.‘:(k+m,j)€l'

=C(IV+V).
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To deal with IV, we deduce the following estimate for fixed (¢, u) € I.

(2.23)

> X e T X [(/Q HmT(xQ,,w)du)A{-‘*m
jlw i

k,j seLk:P(Qk)=0Q} iP(QF™)=P(QY),
Q{c+mCQk

DY |E,*|w<1>(Qk|w / T(xgw) du) (by (2.21)(1))

k,j seLjf:P(Qf)=Q,',

<c) N |E]’~‘|wd>(|Qk /TA;XQ, )dw)

k.j seLk:P(Qk)=0}

<C Z / k O(M(T(Alxg,m)))dw (since the cardinality of L¥ < C)

<C / (T (A xg 1) dw  (by (2.18))
< CY( AL)IQqu (by (1.10)).

Summing (2.23) over (¢, u) € I" yields

(2.24) IV<C Y ©4)0,
(t,u)er

Now we estimate V. For every (k, j) let T* = {izie H¥, (k+m, i) €T}
and P]k = Uierjf Qk+m . Then

1
V= Z |Ef|wd) W Z [( - T(Xwa)dﬂ) A{‘Hm]
Jj'w i

(k. )EG jerk
(2.25)

1
= Ef|u® _/ T(xgrw) A oem | A
Z | lw |Qﬂw Pt o Z i g

(k,j)€EG ierk

Let (k, j) be fixed and let ¢ = ¢ ; > 0. Using the Holder inequality in the
Orlicz spaces, we have

1
108 o T@) | 2 A7 xguem | di
J j iel‘f
(2.26)
|Qk|w”T( @ 0)lwien) || 30 AL X grom

lel"‘

D(eu)
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If &, is chosen such that [®(Y,cre A" xouem)er jdu =1, then
Jj i

D AT g S L,
ierk

D(ep)
and by use of (2.16) and (2.26) we have
o| L T(xgw) | > A ™ xgeem | du <
10flw Jpe "0 , 10
Therefore it follows that
|E|w

V<C Z —Jk—SC Z L
(k,j)eGEk’f|Q1'|“’ (k. e o

=Cc Y Y oo, <c Z D(4,)| Q% u

(k. J)EG i€ \wer

(2.27)

since any fixed Qﬁ‘*’" occurs at most C times in the above sum (see [7, 8]).
From (2.9) and (2.21)(2) it follows that for any fixed x

> o4, XQ,(x)<Csup<1> )Z - < C (M f(x)).
(t,u)er

Combining (2.22), (2.24), and (2.27) shows that the left side of (2.20) is bounded
by

C Y oG <C [ Y BA)rgx)du

(228) (t,u)el’ (t,u)er

<c [oaisxndusc [of)du by 218).
Let N — oo in (2.20) and then sum over M =0, 1, ..., m— 1 to obtain
(2.29) m<c / ®(f)du.

In (2.14) choose B so small that CB < 1. It is easy to conclude (1.9) from
(2.13), (2.14), (2.17), and (2.29). Hence for arbitrary f > 0 we obtain (1.9) by
the monotone convergence theorem. This completes the proof of Theorem 2.

Proof of Theorem 3. The proof of the necessity is easy and we omit it. For the
sufficiency, first, we prove the theorem for the relative dyadic maximal operator

Nf(x,z)=sup@/g|f<y>|dy, XeR", 120,

where the supremum is taken over the dyadic cubes in R" containing x and
having side length at least ¢. In addition, assuming the side length at most
R, we denote the associated operator by NR. Obviously, NRf(x, ) =0 for
t>R and im NRf(x, ) = Nf(x,t) (R— ).
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We shall prove that (1.15) is true for N® with constant C independent of
R if (1.16) holds for all dyadic cubes. Once this is proved, a limit argument
shows that (1.15) holds for N.

Suppose f > 0. For every integer k let Q; = {(x, 1): NR(fw) > 2k}.
According to a decomposition lemma in [6], there exists a family {Q}‘} jes, of
dyadic cubes such that

(1) (1/|Qf|)fo fw > 2k,
(2.30) (2) the interiors of Q¥ are disjoint;
(3) Qk = Uje]k Qj(

Writing EX = Qk\QkH we have

O(N(fw))dp < CY_ ®(2*)u(Ef)
k.

<cxueho(Gr) e (g [, )

J

R1+|
(2.31)

by use of (2.30)(1) and the A’-condition. For every integer s let

s 1 s+
F,:{(k j)2<®<IQk|w/Qkfw>§2 1}, G, = U ok,

(k,j)€ETs

Since all the cubes in the doubly indexed family {Q}‘: (k, j) € T's} have side
length < R, every cube will be contained in a maximal one. Let {Q;}icr; be
the subfamily formed by these maximal cubes. Then G; = U;er @i C {x €

R™: ®(M?2 f(x)) > 2°} . Therefore the right side of (2.31) is bounded by

¢ ¥ ¥ ueho(iGe)o (o [ )
s=—o0 jeI" (k, j)€Ts, IQ,' |Qj|w Qf
QfCQi

<Y Y Y 2S+'/ O(N(xgw)(x, 1) du(x, 1)

s=—o00 i€l (k, j)eT,

gico
(2.32) <C225+‘Z/ D(N(xo,w)(x, 1)) du(x, t)
i€l
<CY 23" |Qilw  (by (1.16))
s ier

< CY 2 |{x € R OME(f(x)) > 2Ha

< C/cb(Mgf)wdxg C/d>(f)wdx (by (2.18)).
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The rest of the proof follows easily from the following variation of Sawyer’s
lemma that appeared in [6].

Lemma. Define for each y € R"
1
INf(x, 1) = sup o /Q ()l du,

the supremum being taken in all cubes Q with x € Q, side length more that t,
and such that the set Q —y = {x —y:x € Q} is a dyadic cube. Then
23n+l

19(0, 24+2)| Jg(0, 26+2)

where Q(0, 2k+2) = [—2k+2  2k+21" and by M" we mean the maximal operator
obtained by considering cubes with side length less than r. Then we have

MY f(x, 1) < YNf(x, t)dy,

DM (fw)(x, 1) du(x, 1)

R:+l
C 23n+l ) f ., ;
< Nf(x,t
hS R'l“ |Q(0 2k+2 ) Jowo. 26 ( )dy | du
<1000, 257 (N ,0))d ,1)d
‘IQ(0,2"+2)| w0.200n g DCNIIE D) dutx, ) dy
< C/Q(f)w dx.

By letting k — oo we conclude (1.15). Theorem 3 is proved.
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