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ABSTRACT. Let K/k be an elementary abelian extension of finite algebraic
number fields. The Hasse norm principle for K/k and its relation to the Hasse
norm principles for all proper subextensions of K/k will be discussed. The
central class field of K/k with k = Q will also be studied.

Let K/k be a Galois extension of finite algebraic number fields. We denote
by Jx and J the idele groups of K and k, respectively, and we write N
for the norm map Jx — J;,. The multiplicative groups K* and k> are
considered, in the usual manner, to be subgroups of Jx and J , respectively.
The group of global norms Nk, K> becomes a subgroup of Nk Jx Nk* with
finite index. We will say that “the Hasse norm principle holds for K/k ”, when
Ny Jxk Nk* = Nk K> . The classical Hasse norm theorem asserts that if K/k
is a cyclic extension, then the Hasse norm principle holds for K/k. We know
that if the Hasse norm principle holds for an abelian extension K/k, then it
also holds for each proper subextension F/k of K/k (cf. [6]). However, the
converse of this fact is not always true. In fact, there are well-known examples
of K/k such that k = Q, the Hasse norm principle does not hold for K/Q,
and the proper subfields of K are cyclic over Q (see [3, 7]). Moreover, when
the extension K/k is abelian, the most essential is the case where the Galois
group Gal(K/k) is an elementary abelian group (cf. [2, 6]).

Now, let / be a fixed prime number. Throughout the following, we assume
that Gal(K/k) is an elementary abelian /-group with rank n; [K : k] = [".
For an elementary abelian /-group A and for its subgroups 4, , 4, , we denote
by A; A A, the subgroup of the exterior square /\2 A of A generated by all
elements a; Aa, with a; € A,, a, € Ay

AiNAy=(a1Nay|a, € Ay, a; € A>).

Of course we identify A4; A A; with the exterior square /\2 A, of Ay, regarding
any elementary abelian /-group as a vector space over the finite field F;, with /
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elements. The dual space of each vector space V' over F, will be denoted by
| i

V* = Homg,(V , ).
Given any intermediate field F of K/k, we put Xr = Gal(F /k)*, for the sake
of simplicity. We moreover put G = Gal(K/k), whence Xx = G*. We denote

by 1 the linear isomorphism from A’ Xx onto (/\2 G)* such that
(xAx)(gng)=x(8)x'(&")—x(&)x'(8)

forany x, x’ € Xx and any g, g’ € G. For each prime v of k, D, denotes

the decomposition group of v for K/k. Let P denote the set of finite primes

of k ramified in K.
In the present paper, we will first prove:

Theorem 1. Let F be an intermediate field of K/k. Then

2 + 2
(Np/kaﬂkx)/Np/kF" = (ﬂ (/\Dv) ) ni (/\XF) ,

vEP
where (N’ Dy)* is the annihilator of N> Dy in (N*G)*.
By means of Theorem 1, we will next prove Theorems 2 and 3 below.

Theorem 2. Assume that n is odd. Then the Hasse norm principle holds for K [k
if and only if it holds for every proper subextension F |k of K/k .

Theorem 3. If n is even, then there exist infinitely many examples of K, with
k = Q, such that the Hasse norm principle does not hold for K/Q but does hold
for every proper subextension of K/Q.

1

This section is devoted to proving Theorem 1.
Put H = Gal(K/F). Let Cor, denote, for each v € P, the corestriction
map
Hy(DyH/H , Z) - H,(G/H, Z),

and let f be the homomorphism

D H:(D,H/H, Z) - Hy(G/H , Z)
vEP
defined by

f (Z Zv) =Y Coryz,,  z,€ HyD,H/H, Z).

vEP vEP
Then, it follows from Tate [7, p. 198] that

(NF/kJF nkx)/NF/kFx = COkCI'f
(cf. also [4, 5]). Note that the diagram
Hy(D,H/H , Z) ="~ H,(G/H, Z)

l !

2

ADHIH) ——  NG/H)
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is commutative. Here the lower horizontal arrow is the homomorphism in-
duced by the natural injection D,H/H — G/H , and the vertical arrows are the
canonical isomorphisms. Thus, we obtain

2 L
(Npjede 0 k) [NepF* = ) (/\(DvH/H)) ,
veP

where (A\?(D,H/H))*# is the annihilator of A\*(D,H/H) in (\?(G/H))*.
Let

n: /\G—»/\G/H

be the surjective F;-linear map induced by the natural map G — G/H . Then
7 induces an injective F;-linear map

o) (i)

such that 7*(a) = aon, a € (A2 (G/H))*. In view of

dimp, H
2

- (;) — dimg, (/Z\(G/H)) ,

we obtain Kerm = G A H. Therefore

2 2
n! (/\(DvH/H)) = (/\D,,) +(GAH),

n* ((/Z\(DUH/H)) lﬂ) =(GAH)'N (/Z\Dv) l

Here (G A H)* is the annihilator of GA H in /\2 G)* . On the other hand,

XF is the annihilator of H in Xgx = G*, so that l(/\2 Xr) C (GAH)* . Hence
it follows from (1) that

dimg,(GAH) = ( ) + (dimg, H)(n — dimy, H)

(1)

namely,

(GAH)* (/\Xp)

Therefore, the injectivity of n* proves Theorem 1.
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2
To prove Theorem 2, we prepare the next lemma.

Lemma 1. Assume that Xy is spanned by xi, ..., xn over F;, let y be a
nontrivial element of /\2 Xk, and write

y= > mi(xiny), my€eF (1<i<j<n).
1<i<j<n

Let M, = M,(x1, ..., Xn) denote the skew-symmetric (n x n)-matrix whose
(i, j)-component is m;j, 1 <i< j<n. Then detM, =0 if and only if there
exists a proper intermediate field F of K/k such that y € /\2 Xr.

Proof. Let {gi}i<i<n be the basis of G over F, such that, for any i, j €

{1,...,n}, xi(gj) =1 or 0 according as i = j or not. Note that y € /\2 Xr
for some proper intermediate field F of K/k if and only if there is a nontrivial
vector (vj)i<i<n in F] such that

2

2) ye \Xr,
with F’ the fixed field of ([]_, &/") in K. However, as already seen in the

proof of Theorem 1,
2 n 1
i=1

Hence (2) is equivalent to the condition that

(3) 1(y) (g A Hg,") =0 forall geG.
i=1

Since

1(7) (gs /\Hg;'i) =1(7) (" > vilging)+ Y vilgs /\gi))
i=1

1<i<s s<i<n
= > (—mivi+ Y mgvi,
1<i<s s<i<n

(3) is satisfied by some nontrivial (v;)i<i<» € F/ if and only if detM, = 0.
The lemma is thus proved.

Proof of Theorem 2. Let n be odd and take the basis {x;}i<i<n Of Xk in
Lemma 1. Assume that the Hasse norm principle does not hold for K/k so

that, by Theorem 1, N, ¢ p( /\2 D,)* contains a nontrivial element, say ¢. Since
n isodd, det M,-,) = 0 where M, is the skew-symmetric matrix in Lemma

1 with y = 17!(c). Hence, by Lemma 1, 1~!(c) is contained in A> Xr for some
proper intermediate field F of K/k. This fact implies

(i) )i
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Theorem 1 then shows that the Hasse norm principle does not hold for F/k.
Therefore Theorem 2 is proved.

In the following, we will be concerned with the case k = Q. For any prime
p =1 (mod 2/), we denote by C®) the cyclic extension over Q of degree /
with conductor p.

Let U be a finite set of primes = 1 (mod 2/), and let S, T be subsets of
U. Then we let ®(U; S, T) denote the set of primes g = 1 (mod 2/) which
are not in U and satisfy, for each p € U, the following conditions:

(i) ¢ remains prime in C® if and only if p belongsto S,
(ii) p remains prime in C@ if and only if p belongs to T .

Lemma 2. In the above, ®(U ; S, T) is an infinite set whenever | > 2.

Let W be a finite set of pairs of distinct primes = 1 (mod 4) such that, for
any distinct pairs (p1, py), (P2, p3) in W, {p1, pi}n{p2,p3} =2. Let Y, Z
be subsets of W . Then we let ¥(W ; Y, Z) denote the set of pairs (g, ¢q') of
distinct primes = 1 (mod 4) which are not in W and satisfy, for each pair
(p, p') € W, the following conditions:

(iii) y=-1 ifandonlyif (p,p)eY,

(iv) )=-1 ifandonlyif (p,p)eZ,

(V) (&)=(Z) and (4)=(%)

where (-) denotes the Legendre symbol.

Lemma 3. W(W Y, Z) is an infinite set.

Proofs of Lemmas 2 and 3. For any prime ¢ = 1 (mod 2/), a prime p € U
remains prime in C9) if and only if the primes of Q({) above g remain prime
in Q(¢, \/p), where { is a primitive /th root of unity. Therefore, Lemma 2
follows from Chebotarev’s density theorem.

Next, we can take infinitely many pairs (g, ¢’) of primes =1 (mod 4) such

that
O-0-G-0- oo

(EL'
ql
aq’
&

p
q

(;3):(%) . (§)=(q_:)=-1 for (p, p') € Z\ Y,
(-G (-C)-s e
B0t B0 momerac

Such pairs (g, ¢’) satisfy conditions (iii), (iv), and (v).

S|

Proof of Theorem 3. 1t is well known that Theorem 3 holds for n = 2. Let
n > 4. We first consider the case / > 2. Let p; be a prime =1 (mod /), p,

aprime in ®({p;}; {p1}, @), and p3 a prime in ®({p\, p2}; {p2}, {p1, P2}).
Noting that any natural number v > 4 is uniquely written in the form

V=<l)+u withi>3, l<u<i,

2
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we can take a prime p, € ®({p;, p2, D3, --. ,p(;)}; Si,u> Ti,u), where

Si,u={pu} or {p(,zl)} according asy < 3or u >4,
T u= {p(;)} or @ accordingas =1 or u > 2.
Next, for each i € {1, ..., n}, put

i—1 n-2
fi=pi Moesyue or Tlpesy
b= u=1

accordingas i <3, 4<i<n-1,o0r i=n,and take a cyclic extension F; of
degree / over Q with conductor f;. We then let K = []i_, F;. The existence
of infinitely many such examples of K is guaranteed by Lemma 2.

Foreach i € {1, ..., n},let K; denote the maximal subfield of K with con-
ductor prime to f;: K; =[] j»i Fj - Further, take a genarator g; of Gal(K/K;)
and let h; , denote, for each p € P dividing f;, the element of Gal(K/F;)
such that the restriction 4; ,|K; coincides with the Frobenius automorphism

(%%Qi) . Then D, = (gi, hi ). Note that we can write uniquely

(4) hip=]]&/* witha;,€F,.

J#I
It also follows that {g;}i<i<» forms a basis of the vector space G = Gal(K/Q)
over F;. Let {xi}1<i<n be the basis of Xx suchthat, forany i, je€{l,..., n},
Xi(gj) =1 or 0 according as { = j or not. Given any j € {1, ..., n}, x; is
naturally considered an element of X, . We then put

yi(b) = xj ((F;)/ZQ>) for b € Z prime to f;.
Now, in (4),

w1157 = 001 = (12)15) =, ((F12)) = )

Consequently,

Dy = <gl,H ””(")> for peP, plfi, 1<i<n.
J#i
It follows from the choice of p, ..., P(*>)4n-2 that
2

wj(p1) #0 if and only if j=3,
wj(p2) #0 if and only if j=1or3,
wj(p3) #0 if and only if j=2or4,
and that, for each v = (3') + e {4, ..., (") +n—-2} with 1<pu<i-1,
vi(p,)#0 ifandonlyif j=porj=p+2=i+1.
Therefore we have

/\Dp. (811 83), /\Dpz = (—y1(p2)(&1 A &2) + v3(P2)(82 A 83)) »

/\DPJ = (—v2(P3)(&2 A &3) + wa(P3)(83 A 84))
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and, for v= (") +u>4, 1<p<i-1,
/2\1) _{ (gingy ifl<u<i-2,
e 1081 N &)+ Wir1(D)(&i A giv1)) Ifu=1i-1,
so that dimg,(A> Dp)per = (3) — 1, ie., dimg, N,ep(A’ Dp)t = 1. Put

n—1

y=) mi(xiAXit1)
i=1

with my =1, my =y (p2)ws(p2)~", and m; = '//i—l(P(;))Wiﬂ(ﬁ(;))"mi—l for
i€{3,...,n—1}. Then, from the definition of i, we easily see that

e (/Z\D,,)l, whence [ (/2\1),,)l = (1(y)).

DEP DEP

]

Moreover, it follows that
n/2

2
det M, = Hm2u—l #0,
u=1
where M, = M,(x1,..., xn) is the skew-symmetric matrix introduced in

Lemma 1. Therefore, Lemma 1 implies (ﬂpep(/\2 Dy)t)n 1(/\2 Xr) = {0} for
each proper subfield F of K. Theorem 1 thus concludes the proof of Theorem
3for 1>2.

In the case [/ = 2, let (p;, p;) be a pair of distinct primes = 1 (mod 4),

(P2, p3) a pair of primes in ¥({(p:, p})}; {(p1, P})}, @), and (ps3, pj}) a pair
of primes in

Y({(p1,p1), (P2, P2)}; {(P2, P}, {(p1, DY), (P2, P)}).
For each v = (;)+u with i >3 and 1< u<i, we take a pair (p,, p,) in

Y1, p1), (2, 22), (3, 23), - () Py} Yisws Zisw)

where

Yiou = {(pu: 2L} o {(p(s). Py} according as u <3 or > 4,
Zi,= {(1’(;) , pE,-))} or @ according as u = 1 or u > 2.
2

Next, putting for each i€ {1, ..., n},

i—1
d plpla Hp‘l+ﬂ l| Hp"'_hu nl

accordingas i <3, 4<i<n-1 or i=n,welet

K=QW4d,..., Vdy).

Then, quite similarly as in the case / > 2, we can prove Theorem 3 for / =2
by using Theorem 1 and Lemmas 1 and 3.
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3

In this section, we assume k = Q from the beginning. Let K denote the
maximal unramified central extension of K in the narrow sense, i.e., the max-
imal extension of K such that K is a Galois extension over Q, the center of
Gal(K /Q) contains Gal(K /K), and any finite prime of K is unramified in K.
We denote by % the genus field of K in the narrow sense, i.e., the maximal
abelian extension over Q containing K such that any finite prime of K is
unramified in Z . For each intermediate field L of K/% , put

X, =Gal(L/Z)*.
It is known (cf. [1, 6, 4]) that
(5) Gal(K /%) = (NkjqJk N Q*)/Ni/gK*.

As studied in the previous paper [4], there exists a F;-linear map p from /\2 G
onto Gal(K/%Z') such that
plolk Atlk) =oto 17K, o, 1€ GalK/Q),

where K is the Hilbert class field of K in the narrow sense. Let p* denote
the injective linear map from X; into (A*G)* induced by p:

pr(B)=PBop, BeiXi
The following Theorem 4 is a modification of Theorem 1 in [4].
Theorem 4. Let F be a subfield of K , and let F denote the maximal unramified

central extension of F in the narrow sense. Then FX is the maximal central
extension of F in K and

o= (0 (o) ) (i)

Proof. We may consider F to be the same as in §1, whence we use the notation
H = Gal(K/F), n, n*, etc. Let L be the maximal central extension of F

in K. Put & = Gal(K/Q) and # = Gal(K/F). Then Gal(K/L) = [¥, #].
Noting that the correspondence
(6# ,1#) - ota~ 77 [%, #], g, 1€%,
defines a skew symmetric bilinear map from & /# x& /# onto [&,Z)/[Z,#Z],
we obtain a linear map r from /‘\2 (G/H) onto Gal(L/.%Z) such that
r((g|K)H A (1|K)H) = (ata~ 't Y)|L, o, 1€¥%.
Let r* denote the injective linear map from X, into (/\2 (G/H))* induced by
r:
r'=Bor, B e XL
Since the diagram

~ p 2
GalR/Z) —— AG

! [

Gal(L/7) —— A(G/H)
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commutes, with the vertical arrow on the left the restriction map, it follows that

ntor(B) = p*(B), BeXxL.
Hence we find that

2 + 2
p*(%L) C Imp*nimz* = | ) (/\D,,) ni (/\Xp).
pEP
On the other hand, X, = (Nr/qJF NQ*)/NpF* (cf. (5)) so that, by The-

orem 1,
1

PH(%py) = ﬂ(/z\Dp) m(/Z\XF>.

pEP
Theorem 4 now follows from L D F.% .

Corollary. Let y be an element of N* Xx with 1(y) € ﬂpe,,(/\2 Dy)*. Then

there exists a unique cyclic extension L of degree | over % contained in K
Sfor which p*(Xr) is generated by 1(y). Moreover, if F is a subfield of K such

that y € /\2 Xg, then L is a subfield of F% .

We conclude the paper with a result immediately obtained from Theorems 2
and 3.

Proposition. (i) If n is odd, then K is the composite of the genus field % of
K in the narrow sense and the maximal unramified central extensions F in the
narrow sense of all proper subfields F of K :

K=|J]F|=.
FgK

(ii) If n is even, then there exist infinitely many examples of K such that

K2(JIF)=.
F;K
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