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ABSTRACT. The Euler-Jacobi formula gives an algebraic relation between the
critical points of a vector field and their indices. Using this formula we obtain
an upper bound for the number of centers that a planar polynomial differential
equation can have and study the distribution of the critical points for planar
quadratic and cubic differential equations.

1. STATEMENT OF MAIN RESULTS

In this paper we apply the Euler-Jacobi formula to study two different kinds of
problems in the qualitative theory of ordinary differential equations: the num-
ber of centers for planar polynomial differential equations and the relationship
between the indices of critical points and their distribution.

This formula will be stated in the following section. Here we state the main
results in each of the subjects.

A. Centers for planar polynomial differential equations. We denote by 2,
the set of all polynomial vector fields X = (P, Q) such that the degrees of P
and Q are n and m, respectively. Without loss of generality we can assume
that n > m. We denote by E(-) the integer part function.

Our aim is to study the number of centers that X € 2, ,, can have. Define

Cn,m = maximum number of centers for X € 2, ,,,
Py, » = maximum number of points with index + 1 for X € 2, .,
N, ,m» = maximum number of points with index — 1 for X € 2, ,,.

It is obvious that C, ,, < P, ,» . The numbers P, , are studied in [K, CL].
We have that

(Rt Dm e s = m (mod 2),
Pa,m = nm2
> if n Zm (mod 2).

Our main result can be stated as follows:
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Theorem A. The number C, , for n > 1 satisfies
2 2
E(” 2“) <Cpn<Pin—1=07F" 1

We summarize the above results:

Theorem B. The numbers C, ,, satisfy
(1) Co,m =" if n#m (mod 2);
(ii) E(wzil')scn,mSPn,m“—' n+21)m ifn#m, n=m (mod 2);
(i) E(ZH) < Con<Pon—1=23_1ifn=m, n>1.

Note that for most values of n and m there is a gap between the given upper
and lower bounds for C, , . In fact except for the case n # m (mod 2) the
only C, ,n» knownare Cp o=0, C;,; =1, C;,,=2,and C3,3=5. Among
these four cases the first two are obvious. The third one is a classical result on
quadratic systems (see [C]), which is proved by studying the vector field on the
straight lines joining the critical points.

The proof that C3 3 = 5 and, in general, the proof of Theorem A, needs
more powerful tools. This is where we need the algebraic constraint given by the
Euler-Jacobi formula. In fact the proof of Theorem A shows that for X € 2, ,,
the vector field has at most P, ,—1 critical points with index +1 on the curve
divX =90P/0x+0Q/dy = 0. Hence, a result similar to Theorem A, with weak
focus instead of centers, holds.

On the other hand the lower bounds given in Theorems A and B are realized
by Hamiltonian vector fields, that is, for vector fields X = (0H/9x, —0H/dy)
€ Z,.m, where H is a polynomial of degree n + 1. In fact, it is proved in
[CGM] that for these Hamiltonian vector fields, the lower bound E (Mz“) is
actually the maximum number of centers that a planar polynomial Hamiltonian
differential equation in X, ,, can have. Conti has already observed that C, , >

E (%) and conjectured that the equality holds.
Finally we stress that the easiest problem that remains to be solved is to find
Cs.4. By Theorem A, 8 < (4 4<9.

B. Indices of critical points and their distribution. For quadratic systems, i.e.,
X € %, , we have the following:

Berlinskii’s Theorem (see [B]). Suppose that X € 25 , has four real critical
points. Ifthe quadrilateral with vertices at these points is convex then two opposite
critical points are saddles (index —1) and the other two are antisaddles (nodes,
foci or centers, index +1). But if the quadrilateral is not convex then either
the three exterior vertices are saddles and the interior vertex an antisaddle, or
vice-versa.

A proof of this theorem using coordinates can be bound in [C], and a different
one, using pencils of conics in [S].

For X € 2, m we denote by Ay = A the set {p € R*: X(p) = 0} of critical
points of X . Given a subset of R?, B, we denote by B its convex hull, by
OB its boundary, and by # B its cardinal. ~

Set Ag=A,and for i > 1 set 4; = A;_; — (4;_y NOJA;_,); there is a last
integer p for which A4, = 2.
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FiGURE 1. Example of configuration (4; 4; 1)

We will say that 4 has configuration (Ko; K;; - - ; K,) where K; is the
natural positive number defined by

Ki=#(4;n04,).

Observe that this is not the definition of configuration used in [Ko]. For
example, if we take the system considered in [Ko], x = —x(1+ 1y —3y2+x?),
y=@+1)(y>*-y—2x?%),then X € Z5 3 and 4 ={(0,0), (0, £1), (£1, -1),
(1, 2), (£V3, —2)}. Using our notation its configuration is (4; 4; 1), see
Figure 1.

We will say that 4 has configuration (Ky; K;;--- ; K,; *) if we do not
specify for the values of K; for i between r+ 1 and p.

We are also interested in the study of the indices at the critii:al points of X .
We will say that critical points of X , which belong to 4; N9 A;, are on the ith
level.

If we assume that X € 25, ,, is such that # Ay = nm, then the indices are
%1, and in this case we substitute the number K; corresponding to the ith
level by (n!+, n2—, n}+, ..., n™-) where n/ are positive integers such that
> j n! = K;. When 4;n 6AA,- is a polygon, these numbers take into account the
number of consecutive points with positive and negative indices, viewing the
ith level oriented counterclockwise; n! corresponds to the string with largest
number of consecutive points with positive indices. If there are several strings
with the same number of points we choose one such that the next string (that has
points with negative indices) is as large as possible, and so on. When 4 NOA; is
a segment, the numbers n{. take into account the number of consecutive points
with positive and negative indices, beginning at one of its endpoints.

The example in Figure 1 has configuration (4+; +, 3—; +) where the num-
ber 1 is omitted.

In this notation, Berlinskii’s Theorem can be stated as follows:

Berlinskii’s Theorem. Assume that X € 25 , and # Ay = 4. Then
(1) Yseqix(a) = 0 if and only if the configuration of the set A is (4) =
(+ y Ty + 3 _)>
(2) 12 geqix(a)l =2 ifand only if the configuration of A is (3;1). In this
case it can be either (3+; —) or (3—; +).

In the last section we will give a proof of the above result, different from the
proofs that appear in [C, S]. We will also prove the following generalizations:
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Theorem C. (a) Assume that X € 23, and #Ax = 6. Then Y ,.,ix(a) =0
and only the following configurations are possible:
(l) (6) =(+’ > +1 > +, _):
(i) (4;2)=(2+,2—;+,-),
(i) 3;3)=R2+,—;+,2=) or (+,2—; 24, -).
Furthermore there exist X € 25 , with the above configurations.
(b) Assume that X € 25 3 and #Ax =9. Then |}, ,ix(a) € {1, 3}.
(b1) If |3 ,c 4 ix(a)| = 3 only the following configurations are possible:
(1) (5;3;1)=(5+;3—;+) or (5-;3+;-),
(i) (4; %) = (4+; %) or (4—; %),
(ii1) (35 %) =(3+; %) or (3—; ).
Furthermore there exist examples of configurations: (5;3;1),(4;4;1),
(4;3;2),and (3;6).
(b2) If | Y cqix(a)| = 1 there exist examples of the configurations: (8; 1),
(752); (65 3); (5:4); (5:3:1)5(455), (4545 1), (45 3; 2); (35 35 3).

Figures 2, 3, and 4 show examples of most of the configurations considered.
In these figures we plot the points of P(x, y) = 0 with continuous trace and
the points of Q(x, y) = 0 with discontinuous trace.

/ \+
j‘ —— ___+_ S~ A+ \\ //+
S——¢-" ;\"ct;#
-
S N ’ AN
/

(6) = (+’ ) +7 -+, _) (4’ 2) = (2+’ 2_ 5 +, _) (3; 3) = (2+9 -+ 2_)

FiGURE 2. Configurations for X € 23 ;

FIGURE 3. (5; 3; 1) and (3; 6) configurations for X €
2.3 with ¥,y ix(a) =3




SOME APPLICATIONS OF THE EULER-JACOBI FORMULA 155

(3:3;3)

FiGURE 4. Configurations for X € 233 with }_  ix(a)=1

We remark that there are some problems that remain to be solved in con-
nection with the problem of determining the possible configurations of 4 for
X € Z5_3. One of the more interesting is whether it is possible to have (9) with
| Y 4caix(@)l = 1 occurring as a configuration. Note that we have not studied
all possible combinations of indices in the ith levels. For instance, the (6; 3)
configuration with ), ,ix(a) = 1 can have at least the two different distri-
butions of indices (2+, —,2+,—;—,+,—) and 3+, -, +, —;+,2-) as
depicted in Figure 5.

Some partial results can also be proved for n-dimensional vector fields by
using the same techniques. We have

Theorem D. Let X = (P, Py, ..., P,) be a polynomial vector field on R", with
degP, = degP, = 2 and degP; = | for i > 3. Then if # Ax = 4, the four
critical points are in a plane of R" (not necessarily invariant), and on this plane
Berlinskii’s Theorem holds.
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(2+9 ™ 2+y ==+, —) (3+, =+, =+, 2_)

FiGURE 5. Different examples of (6; 3) configurations

We omit the proof because it is essentially the same as our proof of Berlin-
skii’s Theorem.

2. PRELIMINARY RESULTS

Remember that for a simple critical point p of a differential equation in R?,
(X,y)=X(x,y) where X =(P, Q),
a(P, Q)
sin=det (G )
does not vanish and sgn(J(p)) is the index of X at p. As usual we will denote
itby ix(p) =i(p).

The Euler-Jacobi formula gives a nonobvious relation between the critical
points of a polynomial differential equation and their indices, assuming that all
of them are simple and lie in the complex plane. A proof of it can be found in
[AVG] or in [GH, p. 671].

First we enunciate a corollary of Bezout’s Theorem.

Proposition 2.1. Consider two algebraic curves P = 0, Q = 0 with degrees n
and m respectively. Then the number of nondegenerate solutions of the system
P = Q =0 is finite and less or equal than nm .

In fact Bezout’s Theorem ensures that in the complex projective plane (and
taking into account multiplicities), if this number is finite, it is exactly nm.

The Euler-Jacobi formula deals with the case in which all these solutions are
simple and lie in the finite part of the complex projective space. Now we can
enunciate this formula for the two-dimensional case.

The Euler-Jacobi formula (EJ formula). Consider a system of two real poly-
nomial equations of degrees n, m in 2 complex unknowns

P(x,y)=0Q(x,y)=0.
If we assume that the set of roots of the system A contains exactly nm ele-

ments, we have that J = deg(22:2)) does not vanish on 4. Then for every
d(x,y)

polynomial R of degree less than n + m — 2 we have
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Some results that relate critical points of a polynomial differential equation
with their indices can be found in [K], see also [CL)].

Theorem 2.2. Let X = (P, Q) be a polynomial vector field on R? with finitely
many critical points. Then

(1) | X seqix(@)| < min(n, m); furthermore, if # 4 = nm then we have
| > scqix(@)=nm (mod 2).

(i) If n # m (mod 2) and #{a € C?: P(a) = Q(a) = 0} = nm then

 Toed (@) =0

(iil) 344 lix(a)l < nm.

(iv) If n = m (mod 2), assuming that m < n, then Py sy, Ny.m <
(m+nm)/2.

(v) If n#m (mod 2) then Py ym, Ny m < nmj2.

From the work of Poincaré there is a geometrical way of knowing the indices
at the critical points.

Proposition 2.3. Let X = (P, Q) be an analytical vector field defined on R?.
Let p,q be two consecutive critical points on a real connected component of
P =0 such that J(p)J(q) # 0 and P = 0 has no multiple points between p
and q. Then J(p)J(q) <0.

This proposition is used systematically and without being explicitly men-
tioned in the construction of examples made in §3. A proof of it can be found
in [CL].

We will use (sometimes also without being explicitly mentioned) this well-
known technical lemma (see [Ch]).

Lemma24. Let X = (P, Q) be a polynomial vector field with max(deg P, deg Q)
=n. If X has n critical points on a straight line L(x,y) =0, this line is an
isocline. If X has n + 1 critical points on L(x,y) =0 then this line is full of
critical points.

Finally we utilize Newton’s classification (see [BK]) to draw the sets P = 0
and Q =0, when P and Q are cubics. Following this classification a cubic that
contains no straight lines can be represented, in a suitable cartesian coordinate,
in one of the 4 normal forms:

I: xy’+exy=Py(x)=ax’+bx’+cx +d,

(x)
II: xy = P3(x),
III: y* = P(x),
Iv: y = P3y(x).

3. PROOFs OF THEOREMS A AND B
The lower bound for Theorems A and B is achieved by the following example.

Example 3.1. The Hamiltonian system

X=yy-1)--(y-(n-1)),
y=(-=1)""xx-1)(x = (m-1)),

has exactly E(2%tl) centers.
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Proof. Clearly this system has nm critical points. For all » and m the deter-
minant of the linear part at (0, 0) is positive, so ind(0, 0) = +1. Since the
indices on each straight line x—i=0 for i=0,..., m—1 and y—j =0 for
j=0,...,n—1 are alternated, we obtain E(2%tl) points with index +1.
Note that all simple critical points with positive index for a Hamiltonian system
are centers; so we obtain the desired result. O

An easy upper bound for C, ,, is given by the number of critical points of
index +1, see [CL, Theorem 1.3]. We state it in the next lemma.

Lemma 3.2. Let X bein 2, m. Then Cy m < P, m where

—(—Ejzlﬂ ifn=m (mod 2),
Prom = nm nm+ 1
T=E< 3 ) ifn# m (mod 2).

From Example 3.1 and Lemma 3.2, Theorem B(i) and (ii) follow. To finish
the proof, therefore, it only remains to study the case 2, ,. For this case we

have that
n?+1 n*+n
E ( 2 ) S Cn,n S 2 5

so we have to improve the upper bound, substituting it for P, , — 1.

Assuming that C, , = P, , = (n? 4+ n)/2 we will get a contradiction. We
will need some preliminary lemmas and will use the following notation: for
Ry, ..., R € R[x, y] we denote by V(R,, ..., Ry) the set of common real
zeros of all of them. When there is no confusion, given X = (P, Q), we will
denote by A =V (P, Q) and by A" (resp. A~) the set of critical points of X
that have positive (resp. negative) index.

Lemma 3.3. Let X = (P, Q) € Z,,» be a vector field with P, , critical points
with index +1. Then X has n? critical points and all of them are simple.

Proof. Let py,pa2, ..., P(n24+n)2 be the critical points of X with index +1,
and let q;, q>, ..., g, be the other real critical points of X. We claim that
r=(n?-n)/2.

Since the sum of the indices (resp. the absolute values of the indices) of X
at all its critical points is bounded by n (resp. n?), we have that Ej.:l ix(qj)+
(n24n)/2 < n (resp. Y |ix(g;)|+(n2+n)/2 < n?), and it can be easily deduced
that

r 2 _
(1) > ix(a)] = 5.
j=1

Let p(q;) be the multiplicity of X at g;. From [CL, Lemma 1.4] we have

that |ix(q;)| < /u(q;) < u(q;) foreach je{1,2,...,r}. Applying Bezout’s
Theorem we obtain

(n*+n)/2

2 r ,
?) : ;n +y @) S D up)+ Y ug) <nt
Jj=1

i=1 j=1
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From (1) and (2) we have that

nt—n . . d -n
5— = [2_ g0 < Dl <Y \/ulg Z :
j=1 j=1 j=1 j=1
i.e., all the inequalities are in fact equalities. In particular, )" =1 Vulg)) =
31 u(g;) . Since u(g;) > 1, we have that u(g;) =1 forall je{1,2,...,r}

and the equality 377, u(g;) = (n* — n)/2 implies that r = (n* — n)/2.
From the claim it is clear that X has n? critical points and in this case it is
known that all of them are simple. O

Lemma 34. Let X = (P, Q) € £, , with #V (P, Q)) = n*, and let R be a
polynomial with degree less than n. Then V(P, Q) ¢ V(R).

Proof. Suppose that V(P, Q) Cc V(R). Then #(V(Q, R)) > n? and from
Bezout’s Theorem it follows that @ and R have a common factor. Let C
denote a maximal common factor of R and Q and assume deg(C) =k < n.
Then we can write R = CR| and Q = CQ, , with degQ, = n—k and degR, <
n—k. Since P and Q have maximal intersection we get #(V(C, P)) = nk
and #(V(Q,, P)) = (n — k)n. Therefore #(V(R,, Q) > (n — k)n, because
A C V(R). Also from Bezout’s Theorem we get that R; and Q, have a
common factor. This gives a contradiction with the fact that C is a maximal
common factorof R and Q. 0O

In the following two lemmas we assume that n > 2.

Lemma 3.5. If X € 2, , has n(n+ 1)/2 critical points with positive index, the
corresponding n(n — 1)/2 critical points with negative index cannot belong to
any V(R) for R with degR<n-2.

Proof. Assume that X has n(n + 1)/2 critical points with positive index and
n(n — 1)/2 critical points with negative index, and suppose that 4~ C V(R)
with deg(R) < n—2. Then deg(R?) < 2n —4 < 2n -2 and we can apply the
Euler-Jacobi formula to R?. We get

R2(x) Z R(x) RY(x)
J(

< (x) T T & T

Since J(x) > 0 for all x € A%, it follows that R(x) = 0 for all x € A*.
Thus, we obtain 4 C V(R) in contradiction with Lemma 3.4. O

Lemma 3.6. For every set B of n(n — 1)/2 — 1 points of R?* there exists a
polynomial R € R[x, y] with deg(R)=n—-2 and BC V(R).
Proof. Since given a set B of k(k + 3)/2 points in R? there always exists a
polynomial R with degree k and B C V(R) (see [F]), it suffices to show that
nin-1)
2
which holds forall neZ. 0O

1<+ ) -2),

Proposition 3.7. If X has n(n + 1)/2 critical points with positive index then
they cannot belong to any V(R) for R with deg(R)<n—1.

Proof. Let R € R[x, y] with deg(R) < n— 1, and suppose that 4* C V(R).
Since #(A*) = n(n+1)/2, we have by Lemma 3.3 that #(4~) = n(n—1)/2.
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For all x € A~ let T, be the polynomial given in the above lemma such that
(A~\{x}) C V(Ty) and deg(7Tx) =n—2. Then deg(RTy)=2n-3<2n-2,
and we can apply the Euler-Jacobi formula to RT :

Tx(y)R(y) _ Tx(x)R(x)
0 = =
y; J) ()
Hence, R(x)T,(x) = 0. From Lemma 3.5, T,(x) # 0 and we obtain x €

V(R). Since this argument is valid for each x € 4~ we obtain 4 C V(R) in
contradiction with Lemma 3.4. O

Finally we will need the following theorem, which is proved in [CGM].

Theorem 3.8. Let X be a Hamiltonian vector field in Z, ,, . Then the maximum
number of centers of X is E (%“‘).

Proof of Theorem A. Now suppose C, , = P, , = (n*+n)/2 and we will derive
a contradiction. If n = 2 the assertion of Theorem A is well known. Assume
n > 2. Then A* Cc V(divX). If divX = 0 then the theorem follows from
Theorem 3.8. If divX # 0 then deg(divX) < n—1 and Theorem A follows
from Proposition 3.7. O

4. GENERALIZATIONS OF BERLINSKII’S THEOREM

The new proof of Berlinskii’s Theorem that we present gives the key ideas
that we will apply in the proof of Theorem C.

First of all we remark that if a configuration exists for some X € 2, ,, with
# Ay = nm it is possible to construct the same configuration but interchanging
points with index 1 with points with index —1. It is enough to take Y =
(=X, X,) instead of X = (X;, X3). So in all cases we will restrict ourselves
to systems such that ) ., ix(a) > 0.

In all proofs we will denote by {P,, ..., P,,} the points of A if we have no
information about their indices, by {P;", ..., P/} the set of pointsin 4 with
positive index, and by {P, ..., P} the set of points in 4 with negative
index. Also we will put L for the straight line L}’f"j(x, y) = 0 through
the points P’ and P where v, w € {+,—, 2} and i€ {1,... .k}, j€
{1, ..., [}. Finally we denote by L any straight line through a point P} € 04
such that for all g € 4, LY(A4) >0, and it is zero only at ¢ .

New proof of Berlinskii’s Theorem. We have that X € 25 ; and #A4y = 4.
Assume that }° , ix(a) = 0. If we apply the EJ formula to L = L}, we
have that
L(P[) N L(P;) _
J(P)  J(Py)
Since sgn(J(P;)) = sgn(J(P;)) = minus, we have that L(P )L(P;) < 0
(note that |L(P[ Hl+ |L(P;)| must be different from zero because if X €
2., and #Ax < oo by Lemma 2.4 it is impossible that 3 critical points are
aligned). Hence P, and P; lie on opposite sides of L. Then 4 must have
configuration (4) =(+, —, +, —).
Now assume that the configuration of A4 is (4). Also we put the subscripts of
P; in such a way that P, P,, P;, P4 are ordered counterclockwise in 9A. Set

0.
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L; =L; i+, and consider the subscripts in Z/4Z. Again using the EJ formula

we have
Li(Pi+2) + Li(Pi+3)
J(Piy2)  J(Pis3)
Since sgnL;(P;y;) = sgnL;(P.3), we have that sgnJ(P;) # sgnJ(Piy3).
Hence configuration (4) mustbe (+, —, +, —) and, of course, ), ., ix(a) =0.
Assume that ), ix(a) = 2. Take the three straight lines L, = Lffz,
L, = L;"g ,and L; = L2++3 By the EJ formula for i =1, 2, 3 we have

Li(PY)  Li(P))
J(PF) - J(P)

Since sgnJ(P})J(P[) < 0, we have that P} and P lies on the same side of
L; = 0. Hence P must be in the interior of the triangle with vertices P;".
Then the configuration of 4 is (3; 1) =(3+; -).

Consider now that the configuration is (3; 1). Using exactly the same argu-
ments that in the proof of the case in which the configuration is (4) but only
for the points {P,, P,, P;} that are in 8 A4 we have that 3;1)=(3+;-),s0
Yacaix(@=2. O

Proof of Theorem C. The proof of this theorem will follow in two different
steps. In the first one we will give proofs of which configurations are possible
and which are not possible. In the second one we will give examples of possible
configurations.

Step 1. (a) From Theorem 2.2(ii) we see that if X € 23 ; then ) ., ix(a) =
0. Assume that the configuration is (6) and that the subscripts of thg points of
A are in such a way that P,, P,, P;, P4, P;, Ps are ordered in 4 in coun-
terclockwise sense. Also we consider the subscripts in Z/6Z . Take Q;(x, y) =
L; is1i(x, y)Lit2,i+3(x, y) . The EJ formula applied to Q; gives

Qi(Piya) + Qi(Piss) _

J(Piva)  J(Piss) ’
$0 J(Piy4)J(Piys) <0 forall i. Hence the indices of P; and P;,; are different
and the configuration of 4 mustbe (6) = (+, —, +, —, +, —).

Consider now that 4 has configuration (5, 1). Assume, for instance, that
the point of 4 — 94 has negative index. Then 9A4 has two consecutive points
with positive index P} and P; .

First of all note that if 4 has 3 points P;, P,, and P; on a straight line
L, taking Lss and applying the EJ formula to L(x, y)L4s(x, y) we have that
Ps € Lys, so the six critical points are on two straight lines. This case is easier
than the study of the general configurations of 4 and is not treated explicitly
during the proof.

Take Q(x, y) = LT (x, y)Ly(x, y). By the EJ formula

=0.

=0.

3 -
Q) _
2 J(PT)

but this is in contradiction with the fact that all P lies on the same connected
component of R? — {Q(x, y) =0} and J(P[) <0 for i=1,2, 3. Hence if
X €253 5, Ax has no (5, 1) configuration.
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Assume now that A has (4; 2) configuration. Denote by P,, P,, P;, and P,

the points of 84, ordered in counterclockwise sense. Applying the EJ formula
to Q(x 5 y) = Ll ,2(x 5 y)L3,4(x 5 y) we have

Q(Ps) , Q(Fy)
J(Ps)  J(Fs)
Since Ps and Pg lie on the same connected component of R?2—{Q(x, y) = 0},
we have that Ps and Ps have opposite indices. Then in 9 A there are two points
with positive index P and Py and two points with negative one P and P; .
Now we will prove that configuration (+, —, +, —; +—) is not possible.
Assume that this is the case and that P;", P, P}, P; are the points on 94
counterclockwise.
By the previous consideration we can assume that 84 is a quadrilateral.
By applying the EJ formula, iteratively, to

L-l*.2+(x, y)Ll_z_(xa y)s L-]F2+('xa y)Ll_3+(x’y)7 L-]F2+(x’ y)L2_3+(X, y),
Ly (x, )L (x,»), and L7 (x, y)L3(x, ),

we obtain that there is no place for P; in A , so we have a contradiction.

Now consider that the conﬁguration of the set A is (3;3). If P, P, and P;
are the critical points on A4, then by applying the EJ formula to Q(x, y) =
Li5(x, y)Lys(x, y) and since P4, Ps have to be in the same connected compo-
nent of R — {Q(x, y) = 0}, we obtain that they have different indices. So we
can assume that (3; 3) has configuration (2+, —; +, 2—) and the proof follows.

(b) That |}, ,ix(a)l € {1, 3} if X € 23 3 follows from Theorem 2.2(i).

Assume that ), i.(a) = 3. First of all we will prove that there are
no critical points with index —1 in dA. Assume that P~ € dA. Take
C(x,y) =L (x,y)(Ly (x,»))?. Since C(Pt) >0, i=1,...,6, apply-
ing the EJ formula to C we get a contradiction. Hence #(AN 8AA) < 6 and the
configuration of 4 must be (K+; x) with K <6.

Consider the case in which #(4N84) = 6. Applying the EJ formula to
Clx,y) = L& (x,y)L3f(x,y)LE (x,y) we have a contradiction, so
#(A4N8A) < 5. Assume that #(4NHA) =5, put (P}, Py, P}, Py, P}} =
AN A, and take a conic Q(x, y) through them. Since all these points are in the
boundary of a convex set, we have that the other four critical points are in the
same connected component of R2—{Q(x, y) = 0} . Assume now that there is a
point PJ in the Ist level of 4. Taking L{ 7 where Pg is a point in AN A,
contiguous with P¢" and applying the EJ formula to Q(x, y)L{ (x, y), we
get a contradiction; so the configuration of 4 is (5+;3—; +).

Step 2 (Examples). In most examples instead of explicitly giving the two
polynomials P(x, y) and Q(x, y) such that

(X,y)=X(x,y)=(P(x,y), Q(x,»))
has the configuration considered, we present a picture of the real points of
P(x,y)=0 and Q(x, y) = 0; see Figures 2, 3, and 4.
Examples of configurations for systems X € 235 , are shown in Figure 2.
Consider now X € 23 3 and ) ,.,ix(a) = 1. Examples of configurations
(5; 3; 1) and (3; 6) are given in Figure 2. Configuration (4; 4; 1) is realized for
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the system considered in the introduction. The configuration (4; 3; 2) follows
from the perturbation X = —x(1+3y—2y?+x%), y = (y+1)(y? -y —-2x?) —ey
for ¢ > 0 of the above system (see [Ko]). We remark that the example with
configuration (3; 6) comes from [YY], where the configuration is called type
(6;3). O
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