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POINCARE AND SOBOLEV INEQUALITIES IN PRODUCT SPACES
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(Communicated by J. Marshall Ash)

ABSTRACT. Some local Poincaré and Sobolev inequalities involving weights in
product spaces are established.

Recently there has been some interest in considering local Poincaré and
Sobolev inequalities involving weights; the purpose of this note is to establish
these results in the context of product spaces.

Let w(x, y) be a nonnegative locally integrable function, or weight, defined
in the product space R" x R™. We say that the weight w satisfies Mucken-
houpt’s A,(R"” x R™) condition, or that w € A,(R" x R™), 1 < p < oc,
provided that

<%//Pw(x,y)dxdy> (r},—l//Pw(x,y)"/“"”dxdy)(p_” <c,

where P is the parallelepiped P = IxJ,and I C R" and J C R™ are arbitrary
open cubes with sides parallel to the coordinate axes. By the Lebesgue differ-
entiation theorem it readily follows that if w € 4,(R" x R™), then w(x, ) €
Ap(R™) for almost every x € R", with A, constant independent of x ; simi-
larly for w(-, y).

Given a measurable set E C R"xR™ , we denote by |E| its Lebesgue measure
and u(E) = [ [w(x, y)dxdy. Itis also convenient to introduce the notation
u(x, A) Jyw(x, y)dy for measurable 4 C R™; similarly for B C R" and
wB,y).

We say that w, or u, is doubling if

u(2P) < cu(P), 2P =2Ix2J, all P.

For 0 < a, B, p, g < oo, we consider pairs of weights w, v, dv(x,y) =
v(x, y)dxdy, which verify

1\ a/n "y B/m n\ 1/4q "\ H/p
o) )
1] /1 v(P) u(P)
where ¢ is independent of P’ = I’ x J' C P and P. Again by the Lebesgue
differentiation theorem it follows immediately that if w, v satisfy relation (1),
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then for almost every y in J,

o ()G e G
and for almost every x in I,
o (B ()"

Finally, if f(x, y) is defined in an open subset of R"” x R™ , we denote by
Vif(x, y) the partial gradient of f containing the x-derivatives; similarly for
Vaf(x, y), the partial gradient of f containing the y-derivatives.

We may now state our results.

Theorem 1 (Poincaré’s Inequality). Assume f is a Lipschitz continuous function
on a parallelepiped P, and suppose that the weights w , v satisfy the following
conditions: v is doubling, w € A,(R" x R™), and (1) holds with a+ B < 1 and
1<p<qg<oco.If fp denotes the average of f over P then

(;:T)/A'f(x’”—fpl"du<x,y>>l/q

(4) < cliin (ﬁ [ [1see i duc, y)).,,,

1 /p
+cJ‘/'”<——//V x, fdulx, ) ,
11 (P) PI 2f (x, y)Fdux, y)
where c is independent of f and P.

Theorem 2 (Sobolev’s Inequality). Under the hypothesis of Theorem 1 and the
additional assumption that f is supported in P, we have

(%//Plf(x,y”qdy(x’y))l/q
(5) <clIjtn (ﬁ//})lvlf(x, WP dulx, y))l/p

welam (i [ [ 19aste P dut, y))l/p ,

where ¢ is independent of f and P.

Theorem 3. Inequality (5) holds under the hypothesis of Theorem 1 provided
that f vanishes on a subset E of P with |E| > n|P|, and now the constant c¢
depends alsoon n, 0<n<1.

We pass now to the proofs, beginning with some preliminary results.

Lemma 1. Suppose f is a Lipschitz continuous function in P = I x J and
(x,y)€ P. Then |f(x,y)— fp| does not exceed

ﬁ//,,qv.f(u, Dl = x| +1Vaf(u, 2){1z = ¥])

) I|V/n 1/m \ "tm
><m1n<| | /] ) dudz,

lu—x|" |z -y|
where ¢ is a constant independent of f and P.
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Proof. 1t is clear that |f(x, y)— fp| < A+ B, say, where

1
A=I71’_|//p/0 Vi f(x +tu—x),y+1(z =)l |u-x|dtdudz,

and the expression for B is obtained by replacing V,; by V, above; since both
integrals are handled in a similar fashion we only consider 4. If yp denotes
the characteristic function of P then we may rewrite 4 as

l — —_—
L//|vlf(u,z)||u—x|/ xp <x+u,y i y)t‘”"”“dtdudz.
|P| P 0 t t

Furthermore, since the integrand in the innermost integral above vanishes if
either |u — x| > t|I|'/" or |z —y| > t|J|'/™, it readily follows that

o0
A< i// IV S, 2)) u— x| "V dtdudz
[Pl J Jp max(lu—x|/|I|\/n , |z—y|/|]|/m)

L1 1 v (| m "*’"dd
_—(Hm)m//RI lf(u,z>||u—x|mm(|u_x|,lz_yl) udz,

and the proof is complete. 0O

Corollary 1. Let 0 < y, A < 1. Under the hypothesis of Lemma 1 we also have
1/n\?
If(x,y)—fPISC(—li—> // V. /(u, 2)] dudz
P

717 =Xz =y

11 / / V2w, 2)
w< (i P TG dudz.

Proof. Follows at once from estimate (

(7)

Proof of Theorem 1. Fix P=1xJ,put A=1-7% in (7), and choose y so that
a<1—-7 and B < y; these choices are possible since o+ f < I. By Corollary
1 it suffices to estimate two terms, each corresponding to a summand on the
right-hand side of (7). Since both terms are handled in a similar fashion, we
only consider

(®) (5::;:')7 G [ L ] st "“‘“)q
x dv(x, y))l/q .

In the first place note that if y is a nonnegative compactly supported smooth
function on R! and w,(x) = t"w(|x|/t) and ws(y) = s "w(|y|/s), then

g(u, z)
dud
/n/mlu x|n= “ Nz —ylm—y uaz
=/ / I=N=1g=1G(x , t, y, s)dtds,
o Jo

where, if ¢ denotes a constant that only depends on

G(x,t,y,S)=C/ glu, 2)ys(x —w)ys(y — z)dudz.
n Rm
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Thus, to estimate the innermost integral in (8), we set

g(u, z) = |Vif(u, z)|xr(u, 2)
in the above expression, and breaking up the domain of integration into four
parts, namely, [0, |I|'/") x [0, |J|Y/™), [0, |I|"'/") x [|J]|'/™, o), [[I|'/", 0o) x
[0, |J]Y/™), and [|I|'/", 00) x [|J|'/™, o0) , we obtain that (8) is bounded by the
sum of four terms, A4; + A, + A3 + A4, say, where A, is equal to

1/n

4 JIMm AT
() (e (e
|J|V/m v(P)J Jp\Jo 0
l/q

q
x G(x, t,y,s)dtds) dl/(x,y)) ,

and where A4,, A3, and A, are defined similarly.

It is easy to estimate A, ; indeed, since w;(u) < ct™" and y(z) <cs™™, it
readily follows that A4 < c|I|'/"||g||; , which, by the A4,(R" x R™) condition,
is a bound of the right order.

We turn now to estimate A; . For (x, t) apointin I x [0, |I|'/"), consider
the integral

(]
1(x,t)=/0 S"B"/JG(x,t,y,S)"v(x,y)dyds,

and observe that if dv,(x, y,s) =v(x, y)s?¥~'dyds and % (x, t, A) = {(v, s)
e J x[0,|J|Y/™):G(x,t,y,s)>A}, then

(10) I(x, 1) =q/0°°zq—'uq(?/(x, t,4)dA.

Now let
NG(x,t,y)= sup G(x,t,z,s),

ly—zl|<s

and for A > 0, put
@ ={yeJ:NG(x,t,y)>41}.

By the Whitney decomposition there is a sequence {J;} of nonoverlapping
closed cubes, subcubes of J actually, such that & = J, J; and

% < |k x [0, CloIY™)),
k

where C is a dimensional constant. Whence,

ve(# (x, 1, 2) < Y vy x [0, ClJ|"'™)
k

ClJ M
= Z/ s"'g"ds/ v(x,y)dy :cZ|Jk|"”/'”u(x, Ji)
© J0 Ji k

qp/m
< C|J|qﬂ/my(x, J)Z <|T‘_]_]I%> (I;((/;—JJI‘))) '
- )
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We may now invoke the estimate in (3) and dominate the above expression
by

Ji) q/p
c|J|9BImy(x , J (M)
ay M DL LR
<My (x, Hp(x, J)™Pu(x, &(x, t, 2)"P.
Substituting (11) into (10) gives

I(x,t) <c|J|%¥my(x, Ju(x, J)9° / M lu(x, @(x, t, )P di.
0

Next consider the integral

(12) B= /11/"

where
DRk q/p
(13)  R() = / /( "jx"J’ l))) vix, J) dx d

Observethatif F(x,t,A)=u(x,0(x,t, 1)/ u(x,J) (<1)and duy(x, 1)
=v(x, J)®* 'dxdt, then we may write R(1) as

192- l/ X, z)dxdz<c|J|qﬂ/"'/ A-1R(A)dA,

1
(14) g/ LI pg({(x, 1) € I x [0, |I'") 1 F(x,1,4) > (})d¢.
P Jo

In order to estimate (14), once again we introduce appropriate maximal func-
tions, namely,

NG(x,y)= sup G(u,t,z,s)

|x—ul<t, |y—z|<s
and
NF(x,A)= sup xi(u)F(u,t,4) (<1).

|x—u|<t
Let &; be the open set {NF(x,4) > {}NnI; &, # @ only for { < 1.
According to the Whitney decomposition there is a sequence {/;} of nonover-
lapping cubes so that &/ = U, I, and if (4, ) = {(x, 1) e I x [0, [I|'/"):
F(x,t,A) >} then Z(4, () C U,k x [0, C|I]V/™)). Thus, by (1),

Bo(# (A, 0) < Y gl [0, CIY™)
k

win LIN™" (vl x J
(15) < c|I19¢/ V(P)Z (%) (——V(Vk(;) ))

/
<c|l|qa/n P)Z(__I_"__X_)J_).>qp

Whence substituting (15) into (14), we immediately get

a/n qlp
(16) R() < '”q ’;/(:) / gale- '(Zﬂ Ika)) ds.
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Next we estimate the integral in (16). The sum there does not exceed
u(&’c’ x J). Furthermore, since &(x,t,4) C {y € J : NG(x,y) > A}, it
readily follows that

ux,{yeJ:NG(x,y)>4})
u(x, J) '

F(x,t,4) <

Thus,
O CUA, ) ={xel:ux,{yeJ:NGx,y)>1})>lulx,J)},

and the integral in (16) is bounded by

1 a/p 1
/p—1 = /p—1 /
/OC‘”’ (/J/Ix?/u,c)(X)w(x,y)dxdy) d¢ /OC‘“’ g(&)rdg,

say. Moreover, since g({) decreases with {, it is clear that the last integral
above does not exceed

1 q/p
(17) "</o g(odc) —c(// Xwa.o()u(x, J)d(dx) .

Setting ¢’ = {u(x, J), it readily follows that the innermost integral in (17)
is bounded by u(x, {y € J : NG(x, y) > A}), and, consequently, the expres-
sion appearing in (17) does not exceed cu({(x,y) € P: NG(x,y) > A})9/P.
Substituting this into (16) gives

u({(x,y) € P:NG(x,y)>A}) )q/p
u(P) ’

which in turn implies that the integral B in (12) is less than or equal to

R(A) < clIj9/my (P (

c|119e/") g |9BIm (”(P)) /,14 'u({(x,y) € P:NG(x, y) > A})¥P da
(18)

q/p
< c|T#e/"| J|98Imy (P) (ﬂF) / /P NG(x. y) du(x, y)) .

Finally we are ready to estimate 4,. Let 0 <e=a/(1—-y), d=8/y <1,
and observe that by Hoélder’s inequality the integral in (9) is bounded by

[T
(L

=c|I? I—y—a)/n|qu y=B)/m

I/n

a/a
((1=7)(1-e)g’ =1 ¢y(1- ‘“’“'dtds)

I/n

f1-7ea-1gr3a=1G(x ¢, y, S)thds) dv(x,y)

i/n

[JIMm - al]
x/// / 19 1s98-1G(x  t, vy, s)dtdsdv(x, y).
pJo 0
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Now, using estimate (18) for the above integral, be well-known properties of
Ap(R™ x R™) weights, it follows at once that

Ay <l (ﬁ [ [ 66, vy ducx, y))”p

/p
<t (o [ [ e s dut )

which is a bound of the right order.
To handle A,, let

H(x, 1) =/J/I|V1f(u,y)|wt(x—u)dudy.

Clearly

1/n 'Ill/n l/q
(1) Azsc(llln{rlxnul) <V(IP)/0 //p’qu_lH(x”)qd”(x’y)d’> '

In order to estimate the integral in (19),let C(I) ={(u,t):uel, 0<t<
|1]'/7} , define

NH(x)= sup xcu(u, t)H(x, 1),

|x—u|<t
and put
7 (A)={(u,t)e CI): H(u, t)>A1}.

If dyy(x,y,t) =v(x,y)t? 'dxdydt then the integral in (19) is domi-
nated by ¢ f(;” A9y, (77 (4) x J)d A, and, consequently, by a familiar argument
we also have

Ay < c|I|n| gt m (ﬁ//’) (/J Vi f(x, z)|dz>pd,u(x, y))l/” .

Now, since w € 4,(R" x R™), this bound is also of the right order. A; is
treated in an analogous fashion, and the proof is complete. O

Proof of Theorems 2 and 3. The proof of these results is similar to that of
Theorem 1. In fact, if f is defined on P and vanishes on some subset E of
P with |E| > n|P|, then for (x, y)e P,

1
If(x,y)lsIf(x,y)—fp|+m//E|f(u,z)—fpldudz
1
Slf(X,y)—fP|+'—7—|F|//P|f(u,z)—fp|dudz.

Whence, by Corollary 1, for (x, y) € P, |f(x, y)| is also dominated by the
right-hand side in estimate (7), and Theorem 3 has been proved.

If, on the other hand, f is compactly supported and its support is contained
in P, then we may extend f to be 0 off 2P, say, and establish Theorem 2
from Theorem 3. O
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