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HERMITE EXPANSIONS ON R” FOR RADIAL FUNCTIONS

S. THANGAVELU

(Communicated by J. Marshall Ash)

ABSTRACT. It is proved that the Riesz means Sﬁ f, 6 >0, for the Hermite
expansions on R” , n > 2, satisfy the uniform estimates ”sz Sflo < ClIfllp

for all radial functions if and only if p lies in the interval 2n/(n + 1+ 26) <
p<2n/(n—1-25).

1. INTRODUCTION

Consider the Hermite polynomials H,(¢) for k =0, 1, 2... on the real line
defined by

2 (d\* s
(1) H() = (-1 () @),
dt
We define the normalized Hermite functions 4, (¢) by setting
(1.2) he(2) = (2% VTk) =\ 2Hy (1)e= /2 .

Then the family {A;} form a complete orthonormal system for L?(R). On R",
n > 2, we define the normalized multiple Hermite functions ®,(x), x € R",
v a multi-index by
n
(1.3) ®,(x) =[] b, (xy).
j=1
These functions @, are then eigenfunctions of the Hermite operator H =
(—A+|x)?) with eigenvalues (2|v|+n) and the family {®,} forms a complete
orthonormal system for L2(R").
For a func}ion f in L?(R"), 1 < p < oo, we define the Fourier-Hermite
coefficients f(v) of the function f by

(1.4) fv) = . S(x)®,(x)dx.
We then have the Hermite series
(1.5) fx) =" f)®,(x)
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where the sum is extended over all the multi-indices v. For p = 2, the series
converges to f in the norm, but for other values of p the series need not
converge. Therefore, we are led to consider summability methods for the series
(1.5). In this paper we are concerned with the Riesz summability of the above
series.

In order to define the Riesz means it is convenient to introduce the projection
operators P, associated to the Hermite operator H . These are defined by

(1.6) Pf=Y fw)®,

v|=k
for k=0,1,2,.... We observe that P, is an integral operator with kernel
(L.7) D(x,p) =Y D(X)D,(Y).

lv|=k

For any 6 > —1 and R > 0 we define the Riesz means S/ of order d of the
functions f by

)
(1.8) Sﬁf:E(l—zk;n) P.f.

The uniform boundedness of S?{ on L?, 1 < p < oo, have been studied by
the author in [9]. There it was proved that if 6 > (n — 1)/2, n > 2, then one
has the uniform estimates

(1.9) ISz Allp < ellfllp,  1<p< oo,

and, moreover, if p < oo, then S;’e f converges to f in the normas R — oc.

We are interested in knowing what happens when J < (n — 1)/2. As a
consequence of a transplantation theorem of Kenig-Stanton-Tomas [4] one has
the conjecture that for 0 < < (n — 1)/2 the uniform estimates (1.9) hold iff
2n/(n+1+4+298) <p <2n/(n—1-26). Of course, when J = 0 the Riesz means
are bounded only on L2(R”) in view of Fefferman’s celebrated theorem on the
multiplier problem for the ball.

In an earlier paper [10] we proved the above conjecture on R?” for the radial
functions. There we showed that when f is radial the Hermite series reduces
to a Laguerre series. Here we do the same on R” for radial functions. We
prove the following theorem.

Theorem 1.1. Let f € LP(R") be radial and n > 2. Then the uniform estimates

IS2SMp < el f lp
hold if and only if 2n/(n+1+20) <p <2n/(n—-1-29).

As in the case of even dimensions we show that for radial functions the
Hermite series reduces to a Laguerre series. Then we can either apply known
results for Laguerre series or follow the procedure used in the case of even
dimensions. The procedure, essentially due to Fefferman-Stein and developed
by Sogge [6], uses the LP — L? restriction theorem for the projections P . For
those projections we have proved in [11] the estimates

I1Pefllz < ckC=DP=UDR| £, 1<p<2.
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But on R?"  if f is radial we have improved the above estimates to give
(1.10) 1P fll2 < ck™P=12=12) 1) 1<p<an/(2n+1).

This was done in [10] and was the main ingredient in proving the conjecture on
the Riesz means. In this paper we get estimates for P, on LP(R").

Proposition 1.1. Let f € LP(R") be radial. Then for 1 < p < 2n/(n+ 1) we
have the estimates

(1.11) I1Pefll2 < ck™P=1ARZA2) £,

It would be interesting to see if the above estimates (1.11) are true for all
functions. Once we have (1.11) we can combine that with certain kernel esti-
mates to follow the recipe of Sogge to prove Theorem 1.1. This procedure is
carried out in full detail in [10] and here we will not go into it.

In the next section we show that for radial functions the Hermite series re-
duces to Laguerre series. Actually we prove a formula for P, analogous to
the Hecke-Bochner formula for the Fourier transform. In the third section we
prove our main theorem and the estimates for the spectral projections.

2. HECKE-BOCHNER TYPE IDENTITY
FOR THE HERMITE PROJECTION OPERATORS

Let f be a function on R” of the form f(x) = fo(|x|)P(x) where P is a
solid harmonic of degree m . Then the Hecke-Bochner 1dent1ty for the Fourier

transform says that f(x) is also of the same form. More precisely, f(x) =
Fy(|x|)P(x) where

(2.1) Fo(r) = 2mi=mp=(/2+m=1) /0 Jo(8)Tnj2em—1(2mrs)s™ M ds.

This was proved, e.g., in Stein-Weiss [7, §4, Theorem 3.10]. In this sectiop
we prove a similar formula for the action of the Hermite projection operators
P, on functions of the form fy(|x|)P(x). To state the identity we need to
introduce some notation.

Letfor k=0,1,2,... and a > —1, Lg(r) stand for Laguerre polynomials
of type a. Define ¢¢(r) = L;(‘(rz)e"z/2 and for functions on [0, co) define

Ry (f) by

ar v, L(k
(2.2 R = 2T

Now we can state and prove

/ f(r (pa(r 2(x+ldr

Theorem 2.1. Let f(x) = fo(|x|)P(x) where P is a solid harmonic of degree
m. Then

(2.3) Py imf(x) = Fi(|x|)P(x)
where F,(r) is given by the formula
(2.4) Fe(r) = R ()e ().

For other values of j, P;f =0.
Corollary. If f(x) = fo(|x|) then Py, f =0 and

Puf(r) = R (fo)ep P ().
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Proof of Theorem 2.1. We start with the generating function identity for the
Hermite functions (see Folland [2] for a proof) for |w|< 1,

oo o , .
2.5) kgo w(X, y)w

= 21 — w?) " 2e=(1/DI+)/(1—w)(IxP+y )+ Quwx-y)/(1-w?)
From this it follows that
[o o]
ZPkf(x)wk — n—n/Z(l _ wZ)—n/2
(2.6) k=0
% / e~ (1/2)(1+wt)/(1=w)(x+y ) +Quwxy)/(1-w?) £(3)) gy

Let us write x = rx’, y = sy’ where r = |x|, s = |y| so that P(x) =r"P(x');
then we have

[o o]
ZPkf(X)wk =n "1 - ,w2)—n/2e—(l/2)(l+w2)r2/(l—wz)
(2.7) k=0
oo
x / [/ e(zw’”"'y/)/“"“’z)P(y')dyl] g(s)s™*"lds
0 Sn—1

where g(s) = e~(1/2(+w")s*/(1-w?) f.(5)  To evaluate the integral we proceed as
follows.
One has

| e =rg(yhpw)dy

— / [/ e—2nirsx'~y'P(yt) dy’] g(s)sm+n—l ds.
0 LJ/sn—

In view of the Hecke-Bochner identity for the Fourier transform

(e o]
/ [/ e I P(y) dyl] g(s)s™ =1 ds
(2.8) 0 LS -
=2mi~mp (/2= [/ 8(8)Jnj2em—1(2mrs)sm/3+m ds] P(x').
0

Since both sides are holomorphic functions of r, we can replace r by
iwr/(1 —w?)n to get

/0 [[g . e(2wrsx'~y')/(l—w2)P(y/)dyl] g(s)sn+m—l ds

(2.9) = 22~/ 2m=1) (] _ q2)=(n/2= 1) p=(n/24m=1)

* 2iw
X [/0 &(8)Inj2+m-1 (1 _lwz rs) sn/zm ds} P(x).

Using this we have proved that

0o
Zpkf(x),wk — 2i—(n/2+m—l)(l _ ,wZ)—l,w—(n/2—l)r—(n/2+m—l)
k=0

(2.10) . -
X [/(; g(S)J,,/2+m_1 (1 — ers) Sn/2+m dsjl

% P(x)e—(l/Z)(l+w2)r2/(l~—w2).
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Now let us recall the following generating function identity for the Laguerre
functions ¢ (see Szego [8]):

o~ T(k+1) I
(2.11) kzork+a+1)¢k(r)¢k(s)w

—(1- ,w2)—l(irs,w)—ae—(l/2)(1+w2)(r2+s2)/(1—wz)Ja (IZiZer> _

In view of this formula, we get

Y Pf(xywt
k=0
e+ 1) "/2“”” Loy on+2m—1 ]
(2.12) Zrk+n/2+m U Jos (5)s" 2= dis
x¢:/2+m l(r)u]2k+m

X) li R:/2+m—l(f6)¢:/2+m—l(r)w2k+m:| .

Comparing the coefficients on both sides we immediately get Py, f(s) =
Fi(|x])P(x) where

Fi(r) = R fo)o ().

This completes the proof of Theorem 2.1. The corollary is immediate.

3. UNIFORM BOUNDEDNESS OF THE RIESZ MEANS

The uniform boundedness of the Riesz means can now be easily deduced
from a result concerning the summability of Laguerre series. The functions
¢g(r) form an orthogonal system in L%(R,, r’**!dr) where R, = [0, o).
For f in LP(R,, r’**!'dr) we have the formal Laguerre series

(3.1) f(r) = ZR (Ser(r).

In [3] Gorlich-Markett proved that the partial sums of the above series are
uniformly bounded on L?(R, , r?**'dr) iff p lies in the interval

(da+4)/2a+3)<p<(4a+4)/2a+1)
provided o > 0.

When f is radial, f(x) = fo(|x|), the partial sums of the Hermite series
become
[R/2]
(3.2) Srf(x Z Rn/z 1 n/2 1( M.

So we obtain the uniform estimates

(3.3) 1SSy < cllflp
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for all p satisfying 2n/(n+ 1) < p < 2n/(n — 1). Interpolating this with the
result for § > (n —1)/2 we get Theorem 1.1.
We conclude this section with a proof of Proposition 1.1. Since for radial

functions Py f = RZ/Z_I(f)(pZ/Z_l , we have
(3.4 IPwf 1 =B OB [T 107 0 ar]

As the square of the norm of ¢™/*™' in L2(R,, r"~'dr) behaves like k"/2!,
k

we get

2

(3.5) Py f1I3 < ck="/2H!

o0
| rwe et
0
Applying Hélder’s inequality we get
1P N2 < k™ 2 f [l omny l93" ™ N ocm, . rne1

where p + ¢ = pq. An estimate for the L7 norm of (pz/ 21 can be read off

from Lemma 1 of Markett [5]. For 1 < p < 2n/(n+ 1) it easily follows that
the estimates (1.11) are valid.
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