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ABSTRACT. The boundary properties are investigated for the generalized Pois-
son integral
u(x) = | KX, 00y,

where X is a point of the upper half-space Ri“ , fELPR"), 1<p<Loo,
and the kernel k& has some special properties. Our results imply the known
boundary properties of the harmonic Poisson integrals on the half-space. As
an application we derive a solution of the Dirichlet problem for the operator
—A+¢(X), X € R"™!  with boundary data f € LP(R").

1. INTRODUCTION AND STATEMENT OF RESULTS

In their well-known paper [1] Fefferman and Stein extended the classical
theory of Hardy spaces HP on harmonic functions in the half-space

R'_:_+l={X:(x,xn+l):X€Rn, xn+1>0}3 nZl

In this question the Poisson integral plays an essential role. The Laplace op-
erator A has constant coefficients; hence the Poisson integral, i.e., a normal
derivative of the Green function for the half-space, depends on the difference
of arguments and consequently in the harmonic case the Poisson integral is a
convolution. In the same article [1] the authors considered the boundary be-
havior of more general convolution integrals.

In the next step the problem appears to investigate the boundary behavior of
nonconvolution integrals of the kind

(1) u(X) = Rnk(X,y)f(y)dy, X eRT,

which in this context it is natural to call the generalized Poisson integrals.
If k in (1) is the Poisson kernel for the Laplacian, then the following result
is known for the function (1) (see [2, Chapters 3 and 7]).
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Theorem A. Let f € LP(R"), 1 < p < oo, and let B(x,r) be a ball in R"
with center x and radius r, w, the volume of B(0, 1), and (Mf)(x) =
Sup,o(@nr") ™" [5x | fW)|dy the maximal function. Then

1°. Supg.y,,,<oo [U(X)| < (M f)(x) VX € R", as before, here X = (X, Xn41);
2°. limy o u(X) = f(x) for Lebesgue almost every x € R";
3°. for p< oo, limy, _ollu(X)— f(x)|]|=0.

Here and in the sequel || - || denotes the norm in LP(R").

Actually in [2] the generalization of Theorem A, particularly when the Poisson
kernel is replaced by any approximate identity, was proved. In addition the
statement was proved in [2] that in 1° and 2° the condition x,,; — 0 (i.e.,
X — x along the normal to the boundary R" of R"*!) may be interchanged
to the tending X — x as X belongs to the cone

Ta(x0) = {X € R™!': |x — xo| < aXpp1}s a>0, xo€R".

Our aim is to extend Theorem A on the integrals (1) where the kernel k(X , y)
is defined and measurable on the Cartesian product R7+! x R . We investigate
the boundary behavior of (1) and apply our results to the Dirichlet problem for
the Schrodinger operator —A + ¢(X)I in the half-space, I being the identity
operator. Now we state our results. All proofs will be given in §2.

Proposition 1. Fix a point x € R". Suppose the kernel k(X ,y) has the
summable majorant y(x,,,, ) € L(R"), depending only on |x—y|: |k(X, y)| <
W(Xnt1, |x=y|) forall X = (x, xpr1), 0 < Xpy1 < h, withsome h > 0. Let
W(Xxny1, r) decrease monotonically for 0 < r < oo and

A(Xnsr) = /R W(mers WD dy = O(1) as X1 — 0.

If feLP(R"), | <p< oo, then the following is valid for the function (1):
limsup [u(X)| < A(M f)(x),

Xn41—0
where A =limsup,  _oA(Xp41).

Corollary. If the conditions of the proposition are satisfied with the same y at
almost every point x € R" and 1 < p < oo, then

limsup [[u(-, xoe1)l < Al fll, A= const.

Xn41—0

If supy 50 A(Xn41) <00 and p > 1, then
sup lu(-, xpe1)ll < Apllf1l-

Xn41>0

Proposition 2. Let the conditions of the previous proposition be satisfied for
Lebesgue almost every x € R". Besides let there exist the limit

lim k(X,y)dy =1

Xnl —'0 R”

for Lebesgue a.e. x € R" and the limit

(2) lim [k(X, y)ldy =0

Xne1 =0 J1x—y|>0
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for every 6 > 0. Then there exists the limit
limou(X) = f(x) a.e onR".
Xny1—

Remark. If in Propositions 1 and 2 the condition x,.; — 0 is replaced by
I'x(x0) © X — xp, then all the assertions will remain valid as I',(xg) 2 X — xg.

Proposition 3. Suppose all conditions of Proposition 2 are satisfied and, in addi-
tion, the condition (2) is strengthened to

lim Y(Xn1, [¥))dy =0 Vd>0.
Xna1 =0 J1y| >0

If 1 <p < oo and |[gk(X,y)dy — 1| < const < oo uniformly in X €
R” x (0, h), then there exists the limit

lim lu(X) - f(x)||=0.
Xp41—0
Evidently all our conjectures are fulfilled for the classical Poisson kernel

Pre1 X1 {X = Y2+ x2, )72 y,00 = const;

hence Propositions 1-3 imply Theorem A. Our assumptions are valid too for
the kernels

(X2 /(x = y[* + x7 . ))M/2 Xt

and

(Xng1/(|x = y| + xn+l))ln .xn—+nl

with 4 > 1, and Proposition 1 implies the case z = 0 and real A > | of
Lemma 3.3 by Johnson [3].

Now let us consider the operator L. = —A + ¢(X)I, where the function
(potential) ¢(X) >0 in R”*!' and such that c € L* in some neighbourhood of
each finite point X € R**'UR” with certain s > (n+1)/2 for n >3 and s = 2
for n =1, 2. Besides we suppose that c(X) has summable majorant depending
only on |X — y| in some vicinity of any boundary point y € R”. Under
these assumptions it is known that the operator L. on Lz(RT') has a Green
function G(X,Y) in R?*! with analytic properties necessary in the sequel.
Consequently Propositions 1-3 and the results of [4, 5] imply the following.

Theorem. Suppose f € LP(R"), 1 < p < oc. Then the Dirichlet problem

—Au+c(X)u, X eRM!,
3) {oor n
u(x) = f(x) ae onR
has the solution
0G(X, y)

uix) = g On(y)

f)dy, X e R™,

which satisfies all the conclusions of Propositions 1-3. Here d/0n is a derivative
along an inner normal to R". Moreover, this solution u is Hélder continuous
with exponent 2—n/s if n/2 < s < n and its gradient Vu is Holder continuous
with exponent 1 —n/s if s > n in all points X € R"*' . For potentials under
consideration this assertion makes more precise Simon’s results about Holder
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continuity of the solutions to the Schrédinger equation L.u = 0 [6, Theorems
C.2.4 and C.2.5, p. 497).

Of course this solution of problem (3) is not unique. The uniqueness is valid
only with a priori growth estimates of the solution at infinity; this question will
be considered elsewhere.

2. DEMONSTRATIONS

We essentially use some ideas of Stein’s book [2].

Proof of Proposition 1. By assumption
IE/R Y (Xnt1, |y — x[)dy < o0.

If we introduce spherical coordinates in R” with pole x, then I =
nwy f0°° "y (xn41, r)dr. The monotonicity of y implies r"y(Xn41, r) —
0 as r - 0 and r — oo. Now integration by parts leads to the equality
I =y [ r"d{=y(Xus1, r)}. Denote (see [2])

= [ swdow

and

A<r>=/|l mmw=[ﬂﬁmw.
x=y|<r

0
Then A(r) < w,r"(M f)(x). Hence if (M f)(x) < oc, then for 0 < x,,,; < h,

(4) IimA(r)y(xu1,r)=0, r—0, r—oc.

Now we can estimate the function u:
MO < [ DIy < [T A d (v, )
with regard to (4). From this we have
W01 < 0N [ dr = 1),

and after back integration by parts the inequality |u(X)| < A(xn41)(Mf)(X)
follows. To finish the proof it remains to let x,,; — 0. Q.E.D.

Proof of Proposition 2. Transform the difference

wn—ﬂm=[lau&wvm—ﬂmwy
y—x|<
+ [ ku:wamw—fu»dy+ﬂx{ ku:wdy—q
ly—x|>d R”

=hL+L+1

and estimate every term separately.

Let x be a point of the Lebesgue set of the function f; then |f(x)| < co. If
x does not belong to other exceptional sets of zero measure (see the statement
of the proposition), i.e., x belongs to the set of full measure in R”, then
lim,, o3 = 0 by virtue of (2). Similarly, lim,, o f(x) fl)’—X|>5 k(X,y)dy
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= 0. We estimate the integral I, = fl k(X,y)f(y)dy by the Holder

inequality:

y—x|>d

1/q
[l < 111 { [ dy} . a=p/e-121.

The inequality |k(X, y)| < 1 is valid asymptotically by virtue of the mono-
tonicity and integrability of the majorant y . Hence |k(X, y)|* < |k(X, y)|
asymptotically and

l/q
|I21] < const|| f]| {/ |k(X, y)ldy} —0 asx,y —0.
ly—x|>3

To estimate I; we introduce the function as in [2]
_ S = Sx) ifly-x| <4,
gy) = .
0 ifly—x|>96.
For every ¢ > 0 we can choose § = d(¢) such that (Mg)(x) < ¢ because

x is the point of the Lebesgue set of f. Therefore Proposition 1 implies
I} < A(Mg)(x) < Ae, where ¢ may be arbitrarily small. Q.E.D.

Proof of Proposition 3. We have |u(X)— f(x)|| < ||| + II12ll + || 3] . First

|| =

/' XD 0 = [y dy
yl<

<[ W, DDA+ ) = S0y,
ly|<o
but w(x,41,r) does not depend on x ; hence
IS [ W, IS+ = Ol
ly|<é

It is known that the relation A(y) = ||f(y+:)— f()|=0(1) as |[y|<d, d = 0.
Hence for arbitrary fixed ¢ > 0 one can choose d > 0 such that A(y) < ¢ and
consequently

Il <e /| Yl D)y < Ao < de.
y|<
Now we fix § > 0 and estimate

I < /| L, Ve b= xDI) = fldy
y—X|2

< / W (st s DI + ) = £l dy
)

Iyl
sznfn/ W(tsrs WAy = 0(1),  Xns1 = 0.
ly|>0

To estimate ||3]] (now p < oco) we use the representation (see [2]) f =
fi+ />, where f; is a continuous function with compact support and || 2| < €.
Hence sup|f;| < oo and the function with compact support

{1

:

/ kX, y)dy - 1
]R!l
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has a summable majorant. Now from the Lebesgue theorem about dominated
convergence we have

P
lim |f1(x)|P dx =0.

Xn41—0 JRn

/ kX, p)dy -1
]Rn

Finally,

f(x) < k(X,y)dy - 1>” < const|| f2|| < conste. Q.E.D.
]Rn
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