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ABSTRACT. In this work we define the Hille-Yosida space, in the sense of
S. Kantorovitz, for a Volterra equation of convolution type.

1. INTRODUCTION

Let X be a Banach space and let 4 be a closed linear operator with densely
defined domain D(4) on X . Let k € L) (R;). In this work we consider the
following Volterra equation of convolution type

(1.1) u(?) =f(t)+/otk(t—s)Au(s)ds, tel:=[0, T],

where fe C(J; X).

Definition 1.1. A strongly continuous family of bounded and linear operators
{R(?): t > 0} defined in X, which commutes with 4 and satisfies the equation

(1.2) R(z)x=x+/'k(t—s)AR(s)xds, t>0, xe D(A4),
0

is called a resolvent family for equation (1.1).

The existence of a resolvent family allows us to find a solution of equation
(1.1) by means of the formula.

(1.3) u(t) = R(t)u(0) + /0’ R(t—s)f'(s)ds, telJ,

if fewh1l(J,X) at least.

The study of diverse properties of resolvent families such as the regularity,
positivity, periodicity, approximation, uniform continuity, compactness, and
others are studied by several authors under different conditions on the kernel k
and the operator A (see, e.g., [3, 6, 11-13, 15] and the references therein).

In [9] Kantorovitz (see also [10]) proved that any linear (unbounded) operator
A on a Banach space X such that the resolvent set contains a half line (0, oc)
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generates a strongly continuous semigroup of contractions on a certain subspace
Z of X. This so-called Hille-Yosida space is maximal-unique in a suitable
sense. Recently, the same problem has been considered in the context of a
strongly continuous operator cosine family of contractions by Cioranescu [2]
and extended for the case of Fréchet spaces by Henriquez and Hernandez [7].

In this work we establish the existence of a “Hille-Yosida Banach space”
for resolvent families of equation (1.1). We show that there exists a linear
manifold Z;, C X, depending on the kernel k, and a norm |- |, majorizing
the given norm, such that (Z,, |-|x) is a Banach space, and the “restriction of
equation (1.1) to Z;” admits a resolvent family of operators. In particular, the
result provides us with a subspace of initial values in X for which the Volterra
equation (1.1) has a unique solution given by (1.3). We remark that our result
extends those of Kantorovitz and Cioranescu. See also [4] for another closely
related generalization of the results in [2, 9].

We will require the following theorem on generation of resolvent families
due to Da Prato and Ianelli [3].

Theorem 1.2. Suppose A is a closed linear densely defined operator in the Banach
space X and k € L} (R,) satisfies

(Hy) k € L\ .(Ry) has an absolutely convergent Laplace transform:
k(A := / e~ k(1) dt
0

and is nonzero for every Reld > w.
Then there exists a resolvent family {R(t)},>o for the equation (1.1) such that

(1.4) IR(|| < Me™  forallt>0
and some constant M > 1 if and only if
(1.5) 1/k(A) € p(A)  forall A> w
and
1[4 = Ak(A)A4)~" 1) < _Mn' forallA>ew, , ne Ny:=NU{0}.
= (A= o)t ’ :

Let {R(f)};>0 be a resolvent family for equation (1.1). If w =0 and M =1
in (1.4), R(-) is called a resolvent family of contractions.

We remark that Theorem 1.2 is essentially Widder’s theorem and expresses
that the existence of at most exponentially growing resolvent families can be
characterized in terms of their Laplace transform, provided the kernel k(¢) is
Laplace transformable (condition (H;)). In fact, if R(¢) is a resolvent family
for (1.1) such that (1.4) holds, then R(A) = (A — Ak(1)A4)~!.

2. VOLTERRA EQUATIONS ASSOCIATED WITH A LINEAR OPERATOR

Throughout this section, X is a Banach space with norm || -||. Let 4 be
a linear operator and k € L) (R,) such that the condition (Hj) in §1 with
w = 0 holds.

We assume additionally that

(2.1) 1/k(2) € p(4) forevery A>0.
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Let H(A) = (A— Ak(1)A4)~! for 1> 0, and we define

Ye=<{xeX:|x|:= Sup < +00

).j>0
n; ,kENy

k 1 .
”j+ nj .

j=1

where for £k = 0 the product is defined as x.
It is clear that |-|; is a norm on Y.

Proposition 2.1. (Y, |- |c) is Banach space.
Proof. Let {x;} C Y, be a Cauchy sequence. We observe that ||x| < |x|; if

x € X. Then {x;} is also a Cauchy sequence on X . Let x € X be the limit
of the sequence.

(i) x € ;. In fact, let ; >0, n;, k € Ny be fixed. Then
ko |
()
=t M

k

1 jntt i,
i mm

j=t N

lim

i—00

IN

lim sup |x;]x < +o00.

1—00

(i1) {x;} convergesto x € Y.

Let ¢ > 0. There exists N := N(e) € N such that |x; — x|, < & for i,
[ > N. Hence forevery 4; >0, k, nj € Ny,

k

IT (77) & H )t )

j=t N

<¢ fori,/>N.

Making / — oo and taking the supremum over all 4; >0, n;, k € Ny we
obtain

lxi—xlxg <& fori>N. O
Definition 2.2. Let A,: D(4,) C Y, — Y, be defined by 4,x = Ax where
D(A4)):={xeD(4):x, Ax € Y}.}.

We denote Z; := D(A,), where the closure is taken in the norm |- |, .

Lemma 2.3. With the preceding definitions and hypothesis, we have:

(1) A, is a closed linear operator on Yy .

(2) A- AI%(A)A,, is invertible on Y, for each A > 0.

(3) 1H(D)llsr,) < /A for each 4 >0 and n € Ny where H,(2) :=
(A= Ak(A)4,)"" .

Proof. Let A > 0 be fixed. From (2.1) we have the identities

(A—Ak(A)A)H(A)x = x foreach x € X,
H(A)(A—Ak(A)A)x = x for each x € D(A).
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Let y € Y be fixed. Certainly H(A)y € D(A). Moreover
k

1 n; n
|H(A)ylk = Sup || ] (n—-,> AV H®(2)H(A)y
j=t M
k 1 |
<[IH@)|Sup [] <E"> AT HM Ay || = IHA Iyl
j=t N

and we obtain H(A)y € Y, . On the other hand, from the identity
HQy = 2 HOY = s
we have that AH(A)y € Y, . Therefore H(i)y € D(4,), and we conclude that
(A —Ak(A)A,)H(A)y =y foreachy € Y.
Now if y € D(4,) then, in particular, y € D(A) and, therefore,
H(A)(2 - 2k(2)4))y = y.

This proves the assertion (2). In particular, p(4,) # @ and hence 4, is a
closed linear operator; moreover,

Hy(A) = H(A)|Y, foreveryi>0.
Finally, let y € Y, ,A >0, n € Ny be fixed. We have

k
1 1 |
'?AnHHy(n)(l)y = Sup H’,,__"17’“11("’)('1/);1"“Hy(")(l)y
. k 4;>0 jor !
k»"/ENo
k+1

)
B

J=1

where 4; > 0 are arbitrary for 1 < j <k, A4y =4, and ng,, :=n.
Therefore .
[ ] <
which proves (3). O
Lemma 2.4. Define A,: D(Ay) C Z; — Zk as Ayx = Ayx foreach x € D(Ay),
where
D(Ay):={x € D(Ay):x, Ayx € Z\}.

Then Ay is a closed linear operator such that D(A,) = Z; and
(1) 41— )J:’,(A)Ak is an invertible operator in Z, for A >0,
2) 1H"(Alpz) < n'/A™" for every A > 0, n € Ny where Hy(l) =

(A—Ak(A)A)".

Proof. We observe that Hy (i) = H,(1)|Z; . Then the result is a direct conse-
quence of [8, Theorem 12.2.4] and Lemma 2.3. O

As a consequence, we obtain the main result of this section on the existence
of resolvent families.
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Theorem 2.5. Let A be a linear operator defined in a Banach space X and
k € LL (Ry) such that condition (Hy) holds. Assume that (1/k(A) — A)~!
exists for every A > 0. Then there exists a linear subspace Z, and a norm |- |
such that (Zy, |- |x) is a Banach space and the equation

u(t)=f(t)+ /Otk(t —§5)Au(s)ds

admits a resolvent family of contractions on Z, .

Proof. According to our hypothesis, we can apply the generation theorem for
resolvent families due to Da Prato and Iannelli (see §1, Theorem 1.2) and the
result follows from Lemma 2.4. O

The following result shows us that the spaces Z, are maximal-unique in a
certain sense.

Theorem 2.6. Under the same hypothesis of Theorem 2.5, if (Wi, |- |lk) is a
Banach space such that W, c X, ||-|| < ||+ llc, and equation (1.1) with By :=
A|D(By), D(By):={x € D(A)/x, Ax € W,} admits a resolvent family R,(t),
t >0, of contractions on Wy, then W, C Z;, |+ |x <|*llx, and By C Ay .
Proof. The proof follows the same lines of Theorem 3.1 in [2]. We give here
the argument for the sake of completeness.

Suppose that (W, || |lx), Bx,and Ri(t), t > 0, are as in the statement of
the theorem. Then, because H(A) is the Laplace transform of R, (¢) (see [3]),
we have for xe W, 1 >0, and ne N

1o 1)”(/‘” vy )
A (di e Ri(t)x dt

L',l"“/ t"e || Ry (1)x]| dt
n! 0

1 oo
< ! /O e M| Ry () x| di

_nl!_lnHH(n)(;L)x

<

< A [T el d = il
n. 0
We conclude that for x € W, |x|, < |Ix||x, thatis, W, C Y.
It follows that
D(By):={x € D(A)/x, Ax € W}
Cc{xeD(A)/x, Ax € Y} =: D(A,).

Hence

W, = DBy ¢ DAy < DAy = 74
Finally, this implies that D(B;) C D(A;) and B, C A,. O

Taking k(z) =1 or k(¢) =t we obtain from Theorem 2.5 the following

Corollary 2.7 [9]. Let A be a linear operator on X such that (0, o) C p(A).
Then there exists a linear subspace Z, C X and a norm |-|| such that (Z,, |-|1)
is a Banach space and the restriction A, of A to Z, is the infinitesimal generator
of a Cy-semigroup of contractions on Z, .
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Corollary 2.8 [2]. Let A be a linear operator on X such that (0, o) C p(A).
Let A; be the operator in Z, defined as above. Then A, is the infinitesimal
generator of a strongly continuous cosine family of contractions on Z, .

We can obtain more information about the operators A4, if one assumes a
certain regularity on the kernel k as follows.

Proposition 2.9. Let A be a linear operator defined on X and k € L] (Ry)
a positive function, which satisfies (H,) with w = 0. Assume that 1 /fc(l) €
p(A) for every A > 0. Then A, generates a strongly continuous semigroup of
contractions on Zy .

Proof. For the proof of the Hille-Yosida Theorem [14, Theorem 3.1] it is suf-
ficient to have (a, 00) C p(A4y) and ||A(A — Ax) gz, <1 VA > a, for some
real a.

In order to prove this, we take » = 0 in Lemma 2.4(2) and obtain

-1
1
(W‘Ak>

Now, because k is positive, the map A — 1 /I%(l) is positive and increasing.
Moreover, condition (H;) implies that 1/k(4) tends to infinity as 4 — oo.
Therefore (2.2) implies the assertion. 0O

(2.2) <k(x) foreveryi>O0.

B(Zy)

Remark 2.10. As a consequence, under the same hypothesis of Proposition 2.9
on the kernel k£ and if (0, co) C p(A), it follows from the maximal uniqueness
property of Z, (Corollary 2.7) that Z, C Z;, |-|; <|-|x,and A, C 4.

Problem. Find some type of order relation, <, on the kernels k such that
k[ < k2 implies Zk| C Zk2 .

Let 4 € C and ¢ € [0, T] be fixed. If k € L} (R,) (see also [1] for other
conditions) we can define the function

(2.3) (e, 1) =1 +/0 q(s, u)ds

where

(e o)

q(s, u):= Zk*"(s)u" , s>0.

n=1
Here we denote by k*" = k x k x--- x k the n-times convolution of the kernel
k , where by definition,

(k % k)(t) = /tk(t—s)k(s)ds.
0
Note that r(¢, u) satisfies [12, Lemma 2.1]
(2.4) rit, u)=1+ u/l k(t—s)r(s, n)ds
0

(compare Definition 1.1). Therefore, provided the kernel k(¢) is Laplace trans-
formable, we have

A=Akt = /Ooo e Mr(t, u)dt

(see remark following Theorem 1.2).
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We define Cj as the set of all u € g,(A4) such that the map ¢ — r(z, u),
from [0, oo) — C, is bounded.
Concerning the nontriviality of Z, we prove:

Proposition 2.11. Let x be an eigenvector of A corresponding to the eigenvalue
a€Cy. Then x € Z; .

Proof. Let x be an eigenvector of A with eigenvalue o such that the map
t —r(t,a) is bounded. Let A >0 and n € N be fixed. Then

%A”“H(”)(A) = /1"+1 (;D (A — Ak(A)a) "' x

b (8 ([ o)

Ljn / "e~M|r(t, )| di|x||

n. 0

( | tne-udz) Sup|lr(z, )] x|
n! 0 120

This implies that |x|x < Sup,s ||I7(¢, )| ||lx|| and, consequently, x € D(4,) C
Z,. O

Therefore

%A"“H(")(A)XH

IN

IN

Example 2.12. Let A be a closed linear and densely defined operator on a
Banach space X such that

(1) (0, 00) C p(4),
(2) op(A)NR-# 2.

We consnder equation (1.1) with singular kernel given by k() := 1/v/¢. Then

k(l) vn/4 for A # 0 and, by application of the Laplace transform to (2.4),
we obtain for A sufficiently large,

F ) 1 A-12
F(A, u) = - = .
W gk A= uym
Next, we take the inverse Laplace transform and obtain

oC
r(t,;;):e“z’”/ e ds, LeR, t>0.
Ve
It is easy to see that for every A <0, 0 < r(t, 1) < /n/2 forall t >0 and
Ci. =R_ ﬂop(A).

Then equation (1.1) has a solution defined on a subspace Z, of X, which
contains the span of all eigenvectors corresponding to real, negative eigenvalues
of A. Moreover, A, is the infinitesimal generator of a strongly continuous
semigroup of contractions on Z; .

ACKNOWLEDGMENTS

The author thanks the referee for suggestions and improvements on the sub-
ject of this paper.




1166

CARLOS LIZAMA
REFERENCES

. P. L. Butzer, Die Anwendung des Operatorenkalkiils von Jan Mikusinski auf Lineare Inte-
gralgleichungen von Faltungstypus, Arch. Rational Mech. Anal. 2 (1958), 114-128.

. L. Cioranescu, On the second order Cauchy’s problem associated with a linear operator, J.
Math. Anal. Appl. (to appear).

. G. Da Prato and M. Ianelli, Linear integrodifferential equations in Banach space, Rend.
Sem. Mat. Univ. Padova 62 (1980), 207-219.

4. R. deLaubenfels and S. Kantorovitz, Laplace and Laplace-Stieltjes space (submitted).

10.

11.

12.
13.
14.

. H. O. Fattorini, Second order linear differential equations in Banach spaces, North-Holland
Math. Stud., vol. 108, North-Holland, Amsterdam, 1985.

. R. Grimmer and J. Priiss, On linear Volterra equations in Banach space, Comput. Math.
Appl., vol. 11, Pergamon Press, New York, 1985, pp. 189-205.

. H. Henriquez and E. Hernandez, On the abstract Cauchy problem in Fréchet spaces, Proc.
Amer. Math. Soc., 115 (1992), 353-360.

. E. Hille and R. Phillips, Functional analysis and semigroups, Amer. Math. Soc. Colloq.
Publ., vol. 31, Amer. Math. Soc., Providence, RI, 1957.

. S. Kantorovitz, The Hille-Yosida space of an arbitrary operator, J. Math. Anal. Appl. 136
(1988), 107-111.

S. G. Krein, G. 1. Laptev, and G. A. Cretkova, On Hadamard correctness of the Cauchy
problem for the equation of evolution, Soviet Math. Dokl. 11 (1970), 763-766.

C. Lizama, On an extension of the Trotter-Kato theorem for resolvent families of operators,
J. Integral Equations Appl. 2 (1990), 269-280.

—, A characterization of periodic resolvent operators, Results in Math. 18 (1990), 93-105.
——, Uniform continuity and compactness of resolvent families of operators (submitted).

A. Pazy, Semigroups of linear operators and applications to partial differential equations,
Springer, Berlin, Heidelberg, New York, and Tokyo, 1983.

. J. Priiss, Positivity and regularity of hyperbolic Volterra equations in Banach spaces, Math.
Ann. 279 (1987), 317-344.

DEPARTAMENTO DE MATEMATICA, UNIVERSIDAD DE SANTIAGO DE CHILE, CASILLA 5659 -
CORREO 2, SANTIAGO, CHILE
E-mail address: clizama at usachvm1.bitnet




