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Abstract. We present a relation between the rotation of chain transitive sets

and the rotation shadowing for annulus homeomorphisms isotopic to identity.

1. Introduction

The concept of rotation shadowing was introduced by Barge and Swanson

in [BS]. They conjectured that the rotation shadowing property is generic for

degree one annulus homeomorphisms. Roughly, rotation shadowing means that

for small 8 > 0 the rotation averages along a f5-pseudo-orbit can be uniformly

approximated by the rotation averages along a true orbit; see §2 for the precise

definition. In practice, rotation shadowing reveals whether computer calcula-

tions of rotation numbers are accurate.

In this paper we study the relationship between rotation shadowing and ro-

tations of chain transitive sets for annulus homeomorphisms. Our main result

is the following

Theorem. Suppose A is a compact annulus and /: A —> A is a homeomorphism

isotopic to identity. The rotation number is well defined on every chain transitive

set in A if and only if f has the rotation shadowing property and each point of

A has a well-defined rotation number.

If the rotation set of an annulus homeomorphism is nowhere dense, [Sw]

proves that the rotation number is well defined and varies continuously over

chain recurrent sets in A. In such a case, the results of [Fr, Ha] show that the

rotation number is also well defined on every chain transitive set (see [BC]).

Consequently, the theorem implies that, under the same assumption, the annu-

lus homeomorphism has the rotation shadowing property.

2. Definitions

Let d be the Euclidean metric in a compact annulus A, A = R x [0, 1 ] be

the universal covering space of A, and p be the standard covering map. If /
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is a map in A, then let F be a lift of / to A.  We write Xi = nx(x) and

Fx(x) = 7ri[.F(x)], where nx is the natural projection onto the first coordinate.

Given x 6 A, the rotation sequence {9n(x)}n>i of x is defined to be

Ux]_ net*.
n

The rotation interval of x is defined by

p(x) =   liminf6„(x), limsup0„(x)   .

The union of all rotation intervals is called the rotation set of /, denoted by

p(f). In particular, x is said to have a well-defined rotation number if its

rotation interval consists of a single point, also denoted by p(x). If S c R is

bounded, then (5) and |5| will represent the convex hull of S and the length

of (S), respectively.
Given 8 > 0, a sequence {zn} of points in A is called a 8-pseudo-orbit of

/ if, for all n > 0,

d(zn+x, f(z„)) <8

(see [Bow]). A <5-pseudo-orbit of finite length is referred to as a 8-chain (see

[Co]). If {z„} is a (5-pseudo-orbit of f, there exist lifts {z„} of {z„} such

that p(zn) = z„ and \Fx(z„) - nx(zn+x)\ < 8 . The pseudo-rotation interval of

{z„} is defined to be

r~  i       [",-        rn\(Zn)    ■• iix(zn)
p{z„} =   liminf—-—-,hmsup—-—-   .

[  n->oo n n^oo «

Let p(F, 8) denote the union of all pseudo-rotation intervals associated with

<5-pseudo-orbits of F . The pseudo-rotation set of F is defined by

pv,(F)=f)p(F,S),
6>0

and the pseudo-rotation set of / is given by pv(f) = pv(F) (mod 1).

For a set A, co(A) denotes the union of the w-limit sets of points in A. If

A c A is invariant under /, let p(f\\) (resp. pv(f\\)) be the rotation set of

A (resp. the pseudo-rotation set of A). The rotation number is well defined on

A if p(f\\) consists of a single number.

The following definition is due to Barge and Swanson [BS]. An annulus map

/ is said to have the rotation shadowing property if for any e > 0 we can find

8 > 0 such that for every J-pseudo-orbit  {z^} there exists a point z in A

satisfying

\nx(zk)-F,(z)\hm sup '   n k!  —x-—^ < £.

fc—oo k

Correspondingly, z is said to 8-rotationally shadow {zk}. It was shown in [BS]

that every degree one endomorphism of the circle has the rotation shadowing

property.

A set A c A is called a-invariant if d(f(x), A) < a for all x £ A. A
is a-chain transitive if for every pair of points in A there exists an a-chain

from the first element of the pair to the second one. For an a-invariant and

a-chain transitive set A, pv(f\\ , a) is defined to be the union of the rotation
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intervals of all a-pseudo-orbits in A. A set A is chain transitive if A is a-chain

transitive for all a > 0. Given a sequence of sets X„ , let

oo /   oo \

limsup*„ = Dcl    U x»    •
N=\       \n>N       J

3. Proof of the theorem

Let /: A —> A be a homeomorphism isotopic to identity.

Lemma 1. 7/ A c A is a compact invariant set, then

(M/Ia)> = WU)>.
If A is replaced by the entire annulus, then pv(f) = p(f).

Proof. The first assertion is Lemma 3.4 in [BS]. The second is Theorem 3.2

of [BS] together with Handel's proof in [Ha] that the rotation set is always

closed.   □

The next lemma is Lemma 3.9 of [BS].

Lemma 2. If A c A is compact, invariant, and chain transitive, then for each

a > 0 there exists an a-pseudo-orbit {zn} such that p{z„} = pv(f\\).

Lemma 3. Suppose {am} is a sequence of positive numbers converging to 0. If

{Am} is a sequence of compact am-invariant and am-chain transitive sets in

A which converges in the Hausdorff topology to the set A, then A is compact

invariant, chain transitive, and

M/Ia) Dlimsup/v(/]Am,am).
m—»oo

Proof. The invariance and chain transitivity are straightforward, and we leave

them to the reader to verify (see [BS]).

If e > 0 we claim there is an TV such that, for n > N, pv(f\\n, a„) c
/V(/U > e) • By the continuity of F there exists n < e/3 such that d(z, w) < n

implies that d(F(z), F(w)) < e/3 . We may suppose that N is large enough,

so that d(w, A) < n and an < e/3 for all w £ A„ and n > N.  For such

n, suppose that {%} is an a„-pseudo-orbit in A„ . If elements zk £ A are

chosen with d(zk , wk) < n , then by the triangle inequality, d(F(zk), zk+x) < e

for k = 0, 1, ... . Hence, {zk} is an e-pseudo-orbit in A having the property

that d(zk, wk) < n for all k > 0. Evidently, p{zk} = p{u>k}, and the claim

is true. Now since

limsup^(/|AM,am)c p| ^>(/|a, e) = p¥{f\\),

£>o

the lemma follows.   □

Proof of the theorem. Assume / has the rotation shadowing property and that

every orbit has a well-defined rotation number. If there exists a chain transitive

set in A that admits two different rotation numbers {r, s}, then Lemma 2

implies that for any a > 0 there exists an a-pseudo-orbit whose rotation set

contains the interval ({r, s}). Since / has the rotation shadowing property,
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for small enough a, {zn} is 5 |r-s|-rotationally shadowed by some true orbit

in A. It is clear that this true orbit cannot have a well-defined rotation number.

Suppose that every chain transitive subset of A has trivial rotation. If some

point z has a nondegenerate rotation interval, then co(z) has nontrivial ro-

tation (see [Boy, Lemma 1.1]). This would contradict the assumption because

co(z) is chain transitive.

Assume that the rotation shadowing fails to hold. We claim there exists a

number a > 0 such that for all 8 > 0 there are <5-pseudo-orbits {z„(8)} with

the length of p{zn(8)} > a. Otherwise, as 8 —> 0, the length of p{z„(8)} -» 0
for all 8-pseudo-orbits {zn(8)} . In the latter case, given e > 0 for small 8 > 0,

we have p{zn(8)} c (po - e, Po + e) for some po £ pv(f) ■ By Lemma 1,

Po S p(f) = pv(f), and some true orbit has rotation number p0. This true

orbit e-rotationally shadows the pseudo-orbit {z(8)} .

To complete our proof we construct a sequence of subsets {Am} as in Lemma

3, so A = lim supm Am is chain transitive, and p(A) has length at least a > 0.

We claim that for each m>0 there exists a ^-invariant and ^-chain transitive

set Am such that the rotation set of Am has length at least a > 0. For m > 0

define
00

Am= f)cl({zn(±):n>N}).
N=X

For simplicity write zn = zn(8). Am is ^-invariant. In fact, there ex-

ists n > 0 such that d(w, z) < n implies d(f(w), f(z)) < ^. For every

w £ Am there exists k such that d(w, zk) < n. Then d(f(w), zk+x) <

d(f(w), f(zk)) + d(f(zk),  zk+x)<±.
For any two points x and y in Am , since Am is ^-invariant, there exists

k, I such that / > k > 0, d(f(x), zk) < ^ , and d(y, z/) < ^ . Define
Wq = x , Wj = zk+j-X for j = 1, ... , I -k , and W/_k+x = y . Then {Wj} is a

^-chain from x to y. Similarly, there is a ^-chain from y to z .

Choosing a subsequence, if necessary, we may suppose that A = limm^00 Am

exists in the Hausdorff topology. By Lemma 3, A is chain transitive, and the

rotation set of /|A contains an interval of length at least a > 0, contradicting

our assumption.    □
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