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ABSTRACT. Let G be a reductive p-adic group, K a good maximal compact
subgroup, K; C K any open subgroup, and n an admissible representation
of G of finite type. In A submersion principle and its applications, Harish-
Chandra proves the theorem that [ n(kgk—')dk is a finite-rank operator
for g in the regular set G’ in order to show that the character G,(g) is a
locally constant class function on G’ . From this, the authors derive the formula
6(1)8x(g) = d(n) [5,, le O(xkgk—'x~"Ydkdx (g€ G') forany K-finite
matrix coefficient 6 of a discrete series representation 7 with formal degree
d(m). They use another technical result of the paper to prove that invariant
integrals of Schwartz space functions converge absolutely. None of these results
depends upon a characteristic zero assumption.

1. INTRODUCTION

Let F be a commutative p-field, G the group of F-points of a connected
reductive F-group G, and G’ the set of regular (semisimple) points of G.

There is a well-known integral formula, proved originally by Harish-Chandra
[4, pp. 60, 94] and rederived and used by Kutzko [6] (cf. also [7, Theorems 1.7
and 1.9]), which allows one in principle to compute the values of the character
of a supercuspidal representation of G on G’, either by integrating a matrix
coefficient of the representation or the character of a K-type which induces
the representation. One purpose of this paper is to point out that this integral
formula is actually valid for any discrete series representation of G and, in
this context, to give a new and simple proof of the integral formula based on
Harish-Chandra’s elegant paper [3].

In order not to obtain an unnecessarily restrictive special case of the inte-
gral formula for discrete series, the authors found it necessary to sharpen the
statement of [3, Theorem 2]. The restatement appears here in §2 as Theorem 1;
the modification to Harish-Chandra’s argument is given in §4. Theorem 2 of §2
presents the integral formula for the character of a discrete series representation;
the derivation of this formula from Theorem 1 is also given in §2.

Received by the editors August 26, 1991.

1991 Mathematics Subject Classification. Primary 22ES50.

Key words and phrases. Character, discrete series, reductive p-adic groups, Schwartz space, in-
variant integral.

© 1993 American Mathematical Society
0002-9939/93 $1.00 + $.25 per page




1272 CARY RADER AND ALLAN SILBERGER

Although he does not present the details, Harish-Chandra mentions that [3,
Theorem 3] can be used to give a characteristic-free proof of the absolute con-
vergence of invariant integrals for Schwartz space functions. In §3, Theorem 4,
we use [3, Theorem 4] to prove this absolute convergence. Our proof, while rem-
iniscent of the argument presented in [9, p. 244] for real reductive Lie groups,
simplifies Wallach’s approach through the use of the “numerical function” of
Geometric Invariant Theory from Kempf [5] and Mumford. In Corollary 5 we
use Theorem 4 to express the discrete series characters on elliptic Cartan sub-
groups as invariant integrals of their matrix coefficients. It is interesting that the
integral formula from Theorem 2 has support on all Cartan subgroups, whereas
the invariant integrals vanish on the Cartan subgroups which are not elliptic.
Related work also appears in Clozel [1].

2. THE INTEGRAL FORMULA FOR THE CHARACTER
OF A DISCRETE SERIES REPRESENTATION

We use the notational conventions of [2, 3, 8]. In particular, for X an F-
group, we write X to denote its corresponding group of F-points.

Let Z denote the split component of G. Let (P, A) (P = MN) denote
a minimal p-pair of G and K an A-special maximal compact subgroup of
G . In the following K,; denotes an arbitrary open subgroup of K. Fix Haar
measures dg on G and dg on G/Z such that le dg = fK./ZnK. dg=1.

Let # be an admissible representation of G acting in a complex vector space
V. Let C°(G) denote the convolution algebra of compactly supported locally
constant functions on G. For any f € C>*(G)

w1 = [ fle)n(s)ds
is an operator of finite rank acting in V' . The mapping

fr8:(f)=tr(n(f)) (S € CZ(G))

is the (distributional) character of n. Harish-Chandra has proved in [3] that
if V' is a module of finite type under C°(G), then there is a locally constant
function ©,(g) defined for all g € G’ such that

6.(f) = o f(g)Oq(g)dg

for all f € C>(G) with support in G’. His proof depends upon the following
assertion, proved in [3] only for the case K, = K :

Theorem 1 (Harish-Chandra). Assume that n is an admissible representation of
G in a complex vector space V and that V is a left C>*(G)-module of finite
type under m. Then

g— | mkgk=“Ydk (ge@)
K,

is a locally constant function with range in the space of finite rank operators on
V.

As we shall need Theorem 1 for arbitrary K, we shall indicate the modifi-
cation in Harish-Chandra’s argument needed to prove the more general version
in §4.
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For the remainder of §2 assume Theorem 1, as stated. Let 7 now be an
irreducible, admissible discrete series representation which is unitary on the
pre-Hilbert space V. Write (u, v) for the inner product of u,v € V. Let
& () denote the vector space spanned by functions of the form

X (n(x)u, v) (xeG,u,veVr).

With respect to the fixed Haar measure dx on G/Z the formal degree d(m)
of = is defined such that

d(m)~ (uy , us) conj(vy , vz) = /G ) conix()s, ) .

Theorem 2. Let 6(x) € &/ (n) and let g € G'. Then
6(1)8,(g) = a’(n)/ 0(xkgk='x~") dk dx.
G/z JK,

Remark. Since [; ., . 10(xkgk='x")|dx x dk does not exist, in general, it
is not possible to use the right invariance of the Haar measure dx to absorb
the integration over K, into the integration over G/Z . Indeed, without the
integration over K, the integrand would be constant on cosets of the central-
izer of g; the centralizer of g not being compact (when g is not an elliptic
element), the integral would diverge trivially.

Proof. Since the operator
T =/ n(kgk") dk
K,

has finite rank, there exists an open normal subgroup K C K; such that
n(ky) Tgn(ky) =T,

for all ki, k; € K. Let V; denote the subspace consisting of all K-fixed
vectors in V. By the choice of K we may assume dim(};) > 0. Choose an
orthonormal basis {e;} for V' such that e, ..., ey is an orthonormal basis
for V5. Without loss of generality we assume that 6(g) = (n(g)u, v) for some
u,v eV. Then

0(xkgk"x“)dk=/ (ke gk~ m(x—"u, m(x~"w)dk
K| Kl
= ) (Tgei,e)) (n(x"")u, e;)conj(n(x~")v, ¢;)

i 1

(Tgei, ej) (n(x)e;, v) conj(m(x)e;, u).
1

M=M=

]

Since, for the discrete series representation 7,

/ (m(x)e; , v) conj(n(x)e;, u)dx = d(n) ™ (e;, &) u, v) = d(n)™'8,; 6(1)
G/Z
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N

and since we can interchange | /z and the finite summation ;" ;_, , we obtain

N
d(n)/ 0(xkgk~'x"") dkdx =d(n) 3" (Tye;, e d(m) 16, 0(1)
G/z Jk Pyt
—1r(T,)(1).

Finally, if f € C>*(G’), then
o) = u( [ f@ne)ds) =ue([ [ suc'shdk n(e)ds)
—u( [ 1) [ nlkgk™)dk ag) = [ flenr(ry)de.

This concludes the proof of Theorem 2.

3. ON THE INVARIANT INTEGRALS OF SCHWARTZ FUNCTIONS

In this section we use [3] to construct a proof of the convergence of invariant
integrals for Schwartz functions. Let

¢p: G— GL,(F)

be an irreducible faithful rational representation of G on V = F", defined over
F. For T € #,(F) (the space of n by n matrices over F) define

N7l = ng%}ﬂTul,
and for x € G define
x|l = inf max(|le(x2)|l, o(xz)~"])).
z€Z

Define the relations < and =< as in [8, p. 149]. In [3, p. 101] Harish-Chandra
defines

ﬂ(g)=sgp(fm,g(X)) (geG, K =K).

Let I be an elliptic Cartan subgroup of G, let I" = I' N G’ denote the
set of regular elements in I', and let = denote the spherical function used
in Harish-Chandra’s definition of the Schwartz space for G ([2, §14] or [8,

§4.2]).

Lemma 3. Let w be a compact subset of I". Then there are positive constants
¢ and r such that, for any g € w,

(1) / E(m~'k~" gkm) dk < cf(g)E(m)?
K

and

(2) Im~'k~" gkm|| > c~'|im|

Jorall me M.

Proof. A stronger version of (1) is proved in [3, p. 101] (where w C I'"" only has
to be precompact in I and I" need not be elliptic). (Harish-Chandra ostensibly
proves the assertion of (1) only for m € M* | but one can use the K-invariance
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of E to obtain his assertion for any m € M .) We prove only (2), using an idea
from [5]. The assertion (2) factors through G/Z , so for the rest of the proof
we assume that Z = {1}. Set

Q=1{k7'gk: ke Kand gc wUw™'},

a compact set of elliptic regular points of G. Let A be the set of weights of ¢
for A, the split component of M, and let E; (4 € A) be the corresponding
projection onto the A-eigenspace V; . Without loss of generality we assume that
for ye Q and me M,

llp(m~'ym)|| = max{||E; p( m")’m) E/||: 4,v €A}
< max{g"* #") |E, p(y) E,|| - 2, v € A}.

For m € M with m ¢ °M (8, p. 8] we have the flag in V',
FE =@V : (v, Hm)) < (A, Hm))}  (v,A€A).

Let P, = M,,N,, be the proper parabolic subgroup in G which stabilizes this
flag, so ¢(M,,) consists of block diagonal matrices and ¢(N,,) of block upper
triangular matrices with respect to F; . Thus

Pn={x€G: E;o(x)E, =0if (v, Hm)) > (A, H(m))}.

Define
[(m,y) =max{(v-4, H(m)): |E;¢(7) E,| # 0}

for m e M with m ¢ °M and y € Q (cf. [5, p. 306]). Clearly, if /(m, y) <0,
then y € P, (cf. [S, p. 305]); conjugating by N,, , we may assume that y € M, .
It follows that

I = cent(y)° D 4,, = split center of M,,,

which is impossible since I is elliptic. Set
L(m,y)=max{||E; ¢(7) Ev|| : (v—4, H(m)) =1(m, 7)}.

Then
le(m='ym)|| > L(m, y)q'™?  (y€Q, me M).

Next note that L and / are strictly positive (for m ¢ °M) locally constant
functions. As y varies over the compact set Q, the set of values assumed by
L(m, y) is a finite set of positive numbers; let L be the smallest of these. Since
the A — v are integral linear combinations of roots, it is clear that / extends to
the real Lie algebra,

IZGRXQ%R_F

as a continuous function which is convex and positively homogeneous of degree
one on ag and locally constant on Q.

On the other hand, if H(a) lies in a closed positive Weyl chamber a* and
A is the highest weight for ¢ relative to a*, then |a|| = ¢4 (@) relative to a
basis of eigenvectors for A4, since the other weights are of the form A -5 m,«
with integers m, >0 and « >0 on 4% . Thus

av— o(a) = max{(4, H(a)): Ais an extreme weight of ¢}
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extends to a continuous, convex function on ag which is positively homoge-
neous of degree one and strictly positive away from zero (strictly positive be-
cause ¢ is faithful). Let . be the unit sphere in ag. Then

r=inf{l(H, y)/o(H): (H,y) €. xQ}
is positive, and
lg(m~"'ym)| > Lqg'™ 7 > Lg" ™) & Ljim|’

for y € Q. Butalso y~! € Q,so ||m~!'ym| = |m||". This completes the proof
of the lemma.

Recall that the Schwartz space % (G) is the space of functions f on G such
that f € C(G//Ky), the space of Ky-bi-invariant functions, for some compact
open subgroup Ky C G, and that

Iflv = sup I/ E(x) ™ (1 + log lx)Y

is finite for each N € N. If " is a Cartan subgroup of G, Ar is its split
component, and f € &(G), then

F/(g) =|D(g)|'? flxgx~hdx* (gel)
G/Ar

is called the invariant integral. Here D(g) is the lowest coefficient in the char-
acteristic polynomial of Ad(g)—1 and dx* is the invariant measure on G/Ar .

Theorem 4. There exists an integer N with the following property. For any
compact set w CI" there is a constant C > 0 such that for all f € €(G)

|Fr(8)l < Clfln

for all g € w. Moreover, F; is locally constant on T" (for every f € #(G)),
and for a fixed compact open subgroup Ko, C G, the space of restrictions

{Frlw: fe&(G//Ko)}

is a finite-dimensional vector space.

Proof. If T is not elliptic, then choose a parabolic subgroup P = M N so that
A = Ar is the split component of M, and I' C M is elliptic. Then we have
the continuous map

f'_"fp: %(G)_’(g(M), IfPIM,nSCn!fIG,M—dA
(for some integer d4 and all integers n [8, p. 176]) which satisfies

Fi(e)=Fy(g) (g€l

(where f(x)= [ f(kxk~')dk) [4, p. 58].
This reduces the proof to the case of an elliptic Cartan subgroup I'. We use
the Cartan integration formula [8, p. 149]. For g € w (and letting x4 denote
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our normalized Haar measure)
ID(g)|”'2|Ff (g)|
/ £~ =k~ gkml) w(KmK) dk dmd
KxM*+xK

< / Em 'k~ 'gkm)(1 + log||m~'k~'gkm|) "uw(KmK)dkdm
M+xK

< / (1 + rlog||ml)™" Gs(m) / =(m='k~' gkm)dk dm
M+ K
(Lemma 3 and [8, Lemma 4.1.1])
< ,B(g)/ (1 +rlog||m|)™" Jp,(m) E(m)*dm (Lemma 3)
M+

<B(8) Y (1+rlog|ml)~""*" [8, p. 154]
M+[OM

< B(g) I8, p. 150].

This implies the first sentence of the theorem. The rest comes directly from [3,
Theorem 3] and the fact that C.(G//Ky) is dense in &(G//Kp) .

As a corollary to the last result, note that if I" is elliptic (so Ar = Z), the
integral in Theorem 2 is absolutely convergent, since € is a matrix entry of a
discrete series representation, so lies in #(G). Thus we can reverse the order
of integration and absorb the integration over K into the Haar invariance of
dx . Moreover, since 6 is a cusp form, we obtain

Corollary 5. Under the assumptions of Theorem 2, if g € G' is regular elliptic,
then

d(m) O(xgx™") dx = 60(1)O,(g),
G/Z

and if g is regular but not elliptic and T is the centralizer of g, then
/ O(xgx " dx=0
G/Ar

(cf [1, p. 9)).

4. THE PROOF OF THEOREM 1|

We use notation like [3, p. 98], and where notation or terminology is not ex-
plained we have used Harish-Chandra’s. (To read this proof it will be necessary
to have Harish-Chandra’s article close at hand.)

For simplicity assume that K; is a normal subgroup of K. There is no
loss of generality in this assumption inasmuch as every open subgroup of G
contains an open normal subgroup of K. Moreover, if Theorem 1 is true for
an open subgroup of K, then it is obviously true for K, too. Let K, ... , K,
be the cosets of K| in K, and for 1 < i < n define

Tg,,-:/n(kgk-')dk, Te=Te (g €G).

K,
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For every k € K there exists i = i(k) such that
Ten(k)=n(k)T, (ge G, kek).

Let Py be an open compact subgroup of P chosen as at the top of [3, p. 99]. Let
a; € CX(G x P) be the characteristic function of K; x Py for each i. Harish-
Chandra’s “submersion principle” applied to the submersion of G x P — G
defined by

(x,p)—xgx~'p (fixedg € G)

implies the existence of functions f,, € C>(G) such that
/ F(kgk~'p)dkdip = / ai(x, p) F(xgx~'p)dxdp
K,'XP()

- /G fur s 0) F() dy

for any locally integrable function F on G (d;p denotes a left Haar mea-
sure on P). Let V; denote a finite-dimensional subspace of V' such that
n(CX(G))Vp = V and such that V; is the space of all Ko-fixed vectors for
some open normal subgroup Ky of K. Then for F = n and on the vector
space spanning set for V'

{n(km)v|k€e K, me M*, v €V}

we obtain the relation
Ten(km)v = n(k) T, /P 7(p) dip n(m)v = n(k)n(fo,. ) T(m)v |

which implies that T, is an operator of finite rank. In fact, choosing an open

normal subgroup K C K such that Joi g € CC°°(G//I~<) foreach i=1,... ,n
we have

n(Ez)Ten(km)v = n(k)n(Eg fo,, ¢)n(m)v = Tgn(kmv,

where E is the identity element in the convolution algebra C=(G// K). As-

suming that K c K, and using the fact that 7, commutes with n(K;), we
conclude that, since

n(Ex)Tg = Tgn(Eg) = Ty,
T, is of finite rank. (Harish-Chandra also shows that (g, x) = f,, ¢(x) lies

in C®(G' x G) and is compactly supported in x. This implies that T, ; is
locally constant in g.)
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