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ON THE AFFINE SURFACE AREA

CARSTEN SCHUTT

(Communicated by William J. Davis)

ABSTRACT. It is shown that at least two expressions that extend the definition
of the affine surface area to all convex bodies coincide.

1. INTRODUCTION

In the monograph [2] the affine surface area of a convex body C in R3 with
sufficiently smooth boundary is introduced by facx(x)'/4 du(x) where x(x)
is the Gauss-Kronecker curvature and u is the surface measure on 9C. It is
then shown that this expression equals

) vol3(C) — vol3(Cg)) .
Jim vz 7 ’
Cis) denotes the floating body of C : Every supporting hyperplane of C

cuts off a set of volume & from C. It was shown by Leichtweil3 [4] that these
expressions generalize in the case of higher dimensions to

(1) / k() du(x),
ac
) vol,(C) — vol,(Cs})
(2) lim c, 52/(n+1)

where ¢, = 2(vol,—(B}~'(0, 1))/(n + 1))>*+D provided that C has a C2-
boundary and x(x) is always positive. LeichtweiBl also showed that these ex-
pressions are equal. The expressions (1) and (2) do not exist for all convex
bodies. Therefore, LeichtweiB suggested the following [5] as the definition for
the affine surface area:

) l.ing(lsin% ncpd =2/ N(vol,(C + B5(0, €)) — V((C + B5(0, ¢)),
E— —_
o, (C+ B3(0,¢)), (C+ B30, €)s)))
where V(...) denotes the mixed volume.
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At the same time Lutwak [8] gave the following as the definition for the affine
surface area:

1 n/(n+1)
: 1/n
(@) ot { ( /a T dsc<c>) (n volu(L)Y }

where L is a star body and p; its radius.

LeichtweiB [6, 7] proved that (3) is smaller than or equal to (4). It is con-
jectured that both expressions are equal. In [11] the convex floating body Cjs
was studied, i.e., the intersection of all halfspaces H* with vol,(CNH~) = 4.
Clearly C; exists for all C and J and is equal to the floating body whenever
it exists. It was shown that

. vol,(C) = vol,(Cs)
©) /acx(x)l/(nﬂ)d#(x)ztlsﬂc” - 52/<n+1)n

where x(x) denotes the generalized Gauss-Kronecker curvature [10, p. 25]. A
convex function ® on an open subset of R” is said to be twice differentiable in
a generalized sense at X, if there is a linear map d>®(xo) from R” into itself so
that we have for all x in a neighborhood U(x,) and all subdifferentials d®(x,)

ld®(x) — d®(xo) — d*P(x0)(x — x0)||2 < C(||x — xo||2)[|x — xoll2,

where C is a function with lim,_,o C(¢) = 0. As curvature radius we take the
product of the principal axes of the ellipsoid or ellipsoidal cylinder generated
by d?®(xp). It follows that (3) equals

(3)  limlim c,6=/"*D(vol,(C + BJ(0, &) — vola((C + B3 (0, &))is))).

We show that the expressions (3) and (5) are equal. Then we show that (5) and,
thus, (3) are valuations, a question raised by Leichtweil} [6].

2. PRELIMINARIES

The n-dimensional volume vol,(A4) of a subset 4 of R” is the Lebesgue
measure, and the (n — 1)-dimensional volume vol,_;(A4) is the (n — 1)-dimen-
sional Hausdorff measure of 4. The surface measure on the boundary of a
convex set is the restriction of the (n — 1)-dimensional Hausdorff measure to
the boundary. We also note that the Hausdorff measure is Borel regular [3].
Bf(x, r) denotes the Euclidean ball with radius r and center x in R”".

A convex surface is almost everywhere twice differentiable in a generalized
sense [1]. As a consequence the indicatrix of Dupin exists almost everywhere,
and thus we can define a generalized Gauss-Kronecker curvature x(x) that
exists almost everywhere [10].

For every x in the boundary dC of a convex body C that has a unique
normal we define A(C, x, d) or A(x, d) to be the width of a slice of volume
0 whose defining hyperplane is orthogonal to the normal at x. We have [11]

A(x, 9)

(6) K(x)zéi_f}?)cnm

where ¢, is as in (2).
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For a convex body C in R” the nearest point projection ¢ from R” onto
C is defined by ||lg(x) — x||2 = infyec ||y — x||2. Let C be a convex body
containing C, and let p be the restriction of ¢ to dC. Then we have for all
Borel subsets A of dC that [3]

(7 vol,_1(p(4)) < vol,_i(4).

A cap of C at x with height % is denoted by cap(C, x, h).

3. THE EQUALITY OF (3) AND (5)

Proposition 1. The expressions (3) and (5) are equal.

Proposition 1 follows from the next lemma. One has to use that Cs and Ci
coincide whenever Cis) exists.

Lemma 2. Let C be a convex body in R". Then we have

vol,(C) — vol,(Cs)

(8) ‘151}3) 52/n+l)
= lim im 6~2/+1) {vol,(C + BJ(0, #)) ~ vol,((C + B} (0, £)),)} .

Proof of Lemma 2. We show first that the right-hand expression of (8) is smaller
than the left-hand expression. We have a.e.

9) A(C +B3(0,¢), x, 0) <A(C, p(x), J)

where p is the restriction of the nearest point projection from 9(C + B} (0, ¢))
to dC. Equation (9) follows from

cap(C, p(x), h) +€eN(x) C cap(C + Bj(0,¢), x, h).

If a convex body C in R” contains a Euclidean ball of radius r then
(10) vol,_(8C) < vol,_(8(C + B5(0,¢))) < (1 +¢/r)" ' vol,_1(8C)
because C C C + BJ(0,¢) C (1+¢/r)C.

Let 4; be measurable subsets of 9(C + B}(0, ¢)) and a; > 0 so that

Za,x,, ) < limc, 72/ DAC + BY(0, ), x, 9)

holds almost everywhere and

(1-1n) / lim ¢,6"2/"*VA(C + B} (0, &), x, 8)ducp0.¢)
8(C+BJ(0, s))t’—'o

S/ ZanA/ dpc+B0,e)
a(C+B3(0,8) ;2]
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Then we get

(1 —17)/ lim ¢,6~2/"*VA(C + B5(0, ¢), x, 8)ducypno.o
d(C+B1(0,¢) 90 :

[\/]z

ajic+y0,6)(4))

.
]

Mz

N
ajuc(p(4 z (c+By0,6)(A)) — 1e(p(4))))

<.
]
—_

By (9) and
A(BS(O,"J), (Ea 0,*-' 90), J)SA(C+B§'(O,8), X, 6)

we get that the last expression is smaller than
lim ¢, 6~ ¥"VAC, y, 6)duc(y)
ac 6—0
+ &= (=Dt (vol, 1 ((C + B(0, ¢))) — vol,_ (8 C)).

Because of (10), the second summand can be estimated by
e~ =D/ D (1 4 g/r)"=! — 1) vol,_;(8C).

Therefore, we get altogether

hmsup/ lim ¢, 6 ~2/"*VA(C + B5(0, €), x, 8)ducipr0.¢)
e=0 8(C+B1(0,¢)) 90

< lim ¢, ~2("*VA(C, y, ) duc.
acé—0
In view of (6) we may plug in x(x).
In order to show that the right-hand side of (8) is larger than the left-hand
side we require a lemma.

Lemma 3. Let x € 0(C + B}(0, ¢)), and suppose that the indicatrix of Dupin
at p(x) € 8C is an ellipsoid with radius R=(R,, ... , R,_). Then we have

-1
k(8(C + BJ(0, &), H(R (p(x)) +¢&)7".

i=1

The set {y € 9C|k(y) > 0} is measurable since k(y)!/"*!) € L1(9C) [11].
Since the Hausdorff measure is Borel regular, there is a subset A4 of {y €
dClk(y) > 0} that is a Borel set having the same measure. By Lemma 3 we
obtain

/ K (x)! D d/lC+B" 0.6)
d(C+B1(0,2))

/ " H(R %))+ 8" N d e o .
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As above we get that the last expression is larger than or equal to

n—1
J TTR) +0)7 1+ duc.
4=
Applying Fatou’s lemma we get

lir%inf K(x)l/(n+l)dﬂC+B§(0,e)Z/ k)" Vduc. o
- d(C+BJ(0,2)) ac

4. THE AFFINE SURFACE AREA IS A VALUATION
A map T from the family of convex bodies into R is called a valuation if
T(KUL)+ T(KNL)=T(K)+ T(L)
whenever K U L is convex.
Proposition 4. The affine surface area is a valuation.

Lemma 5. Let K and L be convex bodies in R", and suppose that K U L is
a convex body. Then we have for all x € 0K N OL where all the curvatures
KkuL, KknL, Kk, and kp exist that

kkur(x) = min{kg(x), kL(x)},

Kxnr(x) = max{kg(x), xr(x)}.

Please note that the set where one of the curvatures does not exist is a null
set [10].

For the proof of Lemma 5 we only have to observe that the indicatrix of
Dupin of KU L at x is the union of those of K and L at x. Moreover, the
indicatrix of K N L at x is the intersection of those of K and L. Then one
uses that the intersection or union of two ellipsoids is again an ellipsoid if and
only if one ellipsoid is contained in the other.

Proof of Proposition 4. The affine surface area of a convex body M equals
Jors (X)) dpupy - We apply this formula to the bodies KUL, KNL, K,
and L, and decompose the surfaces

A(KUL)={dKNAL}U{dKNL}N{OLNKS},

d(KNL)={8KNAL}U{dKN L} U{dLN K},
0K = {0KNAL}U{dKNLYU{IKN L},
L ={0KNALYU{dLNK}U{ILN K},

where K¢ is the complement of K and ]% 1s the interior of K .
Since all sets (except possibly K N dL) are open subsets of 0K, OL,
(K NnL), and (K U L) and since the curvature is a local invariant, the
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integrals over those sets cancel out. It remains to show

/ kxur(x)dugor + / KxnL(X)dpknrL
aKNAL 9KNIL

=/ KK(x)du+/ Kr(x)du.
OKNIL dKNIL

This follows from Lemma 5. O

REFERENCES
1. V. Bangert, Analytische Eigenschaften konvexer Funktionen auf Riemannschen Mannig-
faltigkeiten, J. Reine Angew. Math. 307 (1979), 309-324.

2. W. Blaschke, Vorlesungen iiber Differentialgeometrie. 11, Springer-Verlag, Berlin and New
York, 1923.

3. H. Federer, Geometric measure theory, Springer-Verlag, Berlin and New York, 1969.

4. K. LeichtweiB, Uber eine Formel Blaschkes zur Affinoberfliche, Studia Sci. Math. Hungar.
21 (1986), 453-474.

S. — ., Zur Affinoberfliche konvexer Korper, Manuscripta Math. 56 (1986), 429-464.
, paper presented at the conference “Konvexgeometrie” in Oberwolfach, 1990.

, Bemerkungen zur Definition einer erweiterten Affinoberfliche von E. Lutwak,
Manuscripta Math. 65 (1989), 181-197.

8. E. Lutwak, Extended affine surface area, Adv. in Math. 85 (1991), 39-68.

9. P. McMullen and R. Schneider, Valuations on convex bodies, Convexity and Its Applications
(P. M. Gruber and J. M. Wills, eds.), Birkhduser Verlag, Boston, Basel, and Berlin, 1983.

10. R. Schneider, Boundary structure and curvature of convex bodies, Proc. Geom. Sympos.
Siegen (J. Tolke and J. M. Wills, eds.), Birkhauser, Boston, Basel, and Berlin, 1978, pp.
13-59.

11. C. Schiitt and E. Werner, The convex floating body, Math. Scand. 66 (1990), 275-290.

DEPARTMENT OF MATHEMATICS, OKLAHOMA STATE UNIVERSITY, STILLWATER, OKLAHOMA
74078
Current address: Mathematisches Seminar, Christian Albrechts Universitit, 23 Kiel, Germany




