PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 118, Number 4, August 1993

ON THE SHAPE OF THE UNIT SPHERE IN Q(A)

LISA R. GOLDBERG

(Communicated by Charles Pugh)

ABSTRACT. We show that the unit sphere in the Banach space of L! holo-
morphic quadratic differentials on the disk is weakly uniformly convex with
exponent 1/2 at certain points.

0. INTRODUCTION

Recall that a holomorphic quadratic differential ¢ on a Riemann surface R
is an assignment of a holomorphic function ¢;(z;) to each local coordinate z;
on R, subject to the transformation law

dz?
¢i(z;) - d—z'2 =¢;(z))
J
on overlapping coordinate neighborhoods. It follows that the area element
|¢(z)||dz|? is globally defined on R, and the L' norm of ¢ is

6], = / 16(2)]|d 22,

With this norm, the L! holomorphic quadratic differentials on any Riemann
surface R form a Banach space which we denote Q(R), and the unit sphere in
Q(R) is denoted S(R). When R is a Riemann surface of finite type, the space
Q(R) is the cotangent space to the Teichmiiller space of marked conformal
structures on R [Ga].

We will focus on the special case when R is equal to the open unit disk A.
Since A is contractible, Q(A) can be identified with the Banach space L}(A)
of holomorphic L!-functions on A. It is nevertheless advantageous to think of
the elements of Q(A) as quadratic differentials. Specifically, there is an action
on Q(A) by the Mobius group . of hyperbolic isometries of the disk defined
by

M*(§)=dpoM-(M')?
which preserves the L' norm.
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Definition. A Banach space X is smooth if its unit sphere S is a smooth sub-
manifold in the following weak sense: at every x € S, the limit

.+t -1x
o B ] = ]
t—0 t
exists for all directions y € S. This limit is the Gateaux derivative of the norm

at x in the direction y, and it is written x.(y). In fact, x, extends to the
unique linear functional on X for which x.(x) =1 [D].

Consider the (nonsymmetric) pairing (-, -): S(A) x S(A) — R defined by

_ y(z)
(6, ¥) = Re [ 6(2) 5 1azP.

A straightforward calculation shows that

(9, ¥) = du(v)
is the Gateaux derivative of ¢ in the direction y . Note that for M € .7 ,

(M*¢, M™y) = (¢, v).

Translating into local coordinates, the quantity (¢, w) is equal to the cosine
of the difference arg(¢) — arg(y) averaged over R with respect to the area
measure |@(z)||dz|?. Consequently, if ¢ is L' close to w then (¢, w) is
nearly 1. Indeed,

e=|y—-¢h Z/AI*//(Z)—dJ(Z)ICOS(alrg(!//(Z)—d)(Z))—arg(*//(z)))la'zl2

=(y—¢,y)=1-(d, y).
The converse, however, does not hold.

Definition. A smooth Banach space X is weakly uniformly convex at a point x
in the unit sphere S if, for all directions y € S, x.(y) = 1 — ¢ implies that
|x —y|; =0 where 6 — 0 as ¢ —» 0. If J can be chosen to be O(e*), then X
is weakly uniformly convex at x € § with exponent «.

It is known that there are points in S(A) at which Q(A) is not uniformly
convex. See [Mc, §5] or §3 of this article. By contrast McMullen proves that
Q(A) is weakly uniformly convex at the constant differential y(z) = (1/n)-d z?
with exponent a < 1/6. Here, we improve his estimate:

Theorem. The Banach space Q(A) is weakly uniformly convex at w = 1/n-dz?
with exponent 1/2.

Definition. A Banach space X 1is uniformly convex at a point x in the unit
sphere if, for all ¢ > 0, there exists § > 0 such that

y+x|=2-¢e=>|y—x| <.

If 0 can be chosen to be O(g®), then X is uniformly convex at x with expo-
nent o.

A Hilbert space is uniformly convex with exponent 1/2 at every point. By
contrast, Q(A) is nowhere uniformly convex, as is illustrated by the following
example due to McMullen.
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Example. Fix v € S(A), ¢ > 0, and choose ¢ € S(A) with the following
property: there exist disjoint subsets 4, B C A such that

/|¢||dz|2>l—£ and /|z//||dz|2>l—£.
A B

This can be achieved by taking a sequence M, of Mobius transformations
which tend to co in .# and setting ¢ = My for n sufficiently large. Then

16+ ), > /A 16(2) % w(2)| [dz]? + /B 16(2) % w(2)| [dz?

2 _ 2 2 2
> /A 16(2)||dz| / w(z)||dzP + /B v (2)||dz] /B 16(2)] | 2|

=2 —4e.

This article is organized as follows: §1 recalls the construction of a particular
bounded linear projection from L!(A) to L.(A). This projection is used in §2
to prove the theorem. The concluding §3 describes connections between Q(A)
and the Bloch space and mentions several open problems.

1. A REPRODUCING KERNEL

The material in this section is standard; references are [A, Ga, FR].
Recall that the density function of the Poincaré metric on the disk A is given
by the formula

p(z)=1/(1 -z
Let K: Ax A — C be defined by
K(z,w)=1/(1-zw)*.

For each z € A,

sup p(w) 2K (z, w)| < .
wWEA

Therefore,
=2 [ ptw) 2Kz, w) ) ldu?

is a holomorphic function on the disk whenever f € L!(A).
For any w and any Mobius transformation M,

/ K(z, w))|dz]? = | M (w)]? / K (z, M(w))||dz].
A A

Since [, |K(z, 0)||dz|> = m, it follows that [, |K(z, w)||dz|* = p(w)*. This
fact, together with Fubini’s theorem, implies that Tf € L'(A) whenever [ is

[iraniaze =2 [ [ipw) 2Kz w fwiid=) g

< 3-/Alf(w)lldw|2-
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We will need the following

Proposition [FR]. The transformation T: L'(A) — LL(A) is a bounded linear
projection with norm at most 3 that maps antiholomorphic functions to con-
stants. More precisely, when ¢ € LL(A),

(1) To=4¢,
(2) To=¢(0).
Proof. It remains to prove statements (1) and (2). Since holomorphic functions

satisfy the mean value property, we have

80 =5 [ drem0yao=>. / p(w)"2K(0, w)p(w) [dw]® = T$(0).

|z|=r
Let A € # be a Mobius transformation that takes 0 to z and set
_ A'(2)*¢(A(2))
d(z) = _—A’(O)2 .
Then,
#2)=®(0) = - [ pw) 2K (=, wig(w) ldul’ = To(2),

proving (1).
A second application of the mean value property (to antiholomorphic func-
tions) yields

FOAWO) =2 - [ plw) G |dul
A0y - / p(w) 2K (2, w)g(w) [dw]?
A
since A'(w). = A'(0)° - K(z, w). This shows (2). O
Corollary. If ¢ € LL(A) is normalized so that $(0) =0, then

/ Reg(z)l1dzP < 6 [ Jim (=) |dzP

A A

Proof. .
T(Img) = 5 - T(¢—9) = 5 - ¢.

Therefore, |Red|; < |p|; =2 |T(Im¢)|1 <6: |Im¢(z)|1. O

2. THE EXPONENT OF WEAK UNIFORM CONVEXITY IS 1/2

Proof of Theorem. We are given y = 1/n-dz? and ¢ in S(A) satisfying
w. )= [ Reo(z)ldzf = 1 -e.

This mean value theorem yields Re $(0) = (1 —¢)/n. Since [, |¢(z N1dz|? =1,
the Cauchy-Schwarz inequality implies

/Ilmd>(2)lla'2|2 = /(|<15(2)|2 ~ [Re p(2)])!?|d z|?
A A

<( [ 162~ Rea(2) |dz|2)m- ([ 191+ Reoce dzF)

<gll2.212,

1/2
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Finally,

6wl = [ |+ - (2) 10z

< [|5-Ree0)| 1422 + [ Reo(0) - Reotidzt + [ imgie)iia=r

< %+6-/|Im¢(0) —Imé(z)||dz] + &' 2112
A
= 0(e'/?)

where the second inequality depends on the Corollary in §1. This completes the
proof of the theorem. O

Remark. The proof given above can be used to show that Q(A) is weakly uni-
formly convex with exponent 1/2 at:

(1) all constant differentials (e’/x)-dz?, and
(2) all differentials M*y where M € .# and y is a constant differential.

3. OPEN QUESTIONS
Below we list a few of the open questions that arise in this discussion.

Problem 1. Is Q(A) weakly uniformly convex at differentials ¢ = ((n+2)/2mn)-
z"dz2? at differentials ¢ # 0 which have holomorphic nonzero extensions to
a neighborhood of the closed disk?

Problem 2. Characterize the flat points in S(A) where Q(A) is not weakly
uniformly convex.

For completeness, we include McMullen’s construction of a flat pointin Q(A)
[Mc, §5].

Example. Select a sequence of points z, € A which are the centers of a family
of disjoint hyperbolic disks whose radii tend to co. Let M, be a sequence of
Moébius transformations such that M,(z,) =0. Let v = 1/=n-dz?, y, = My,
and

p=c-D 2" My
n
where the constant is chosen so that ¢ € S(A). Then (y,, ¢) — 1; however,
|wn — ¢|1 does not tend to 0.

Problem 3. Let R be a finite type Riemann surface. Discuss the weak uniform
convexity of Q(R).

Recall from §0 that, for every y € Q(A), the value (¢, y) is the Gateaux
or weak derivative of the L! norm, in the sense that it is equal to

lim ly + 1) - |'//|1‘
t—0 t

A stronger concept of differentiability is the following:
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Definition. The L! norm is Fréchet differentiable at y € S(A) if the limit

e+l — vl

exists uniformly for all directions ¢ € S(A).
Problem 4. Is the norm on Q(A) Fréchet differentiable at w = 1/n - dz??

The differentiability of the L' norm on Q(R) has been used to show that
the Teichmiiller metric of a finite type Riemann surface is C' [R].

Problem 5. Is the Teichmiiller metric on universal Teichmiiller space a C!
metric?

Let % denote the Bloch space of holomorphic functions ¢: A — C whose
Bloch norm

|¢lz = sup p(z)72|$(z)]|
ZEA

is finite. There is a pairing ((-, -)): L'(A) x % — C defined by
(@ B =tim = - [ (BT =P

For each B € &, the map B.: L(A) — C, defined by B.(¢) = ((¢, B)), is
linear, and the transformation B — B, is an isomorphism from % onto the
dual space Ll(A)* [A]

There is a bounded operator P that projects the space L>*(A) onto %,
defined by

PAZ) =5 [ S =) 2w

Then P: Lo (A) — % is analogous to T: L'(A) — L.(A) defined in §1; in
particular, P(¢) = ¢ if ¢ is holomorphic. Identifying L}(A) with Q(A), we
obtain a composite map from S(A) to L>(A) to & given by

vy —y/lyl— P(y/lyl).
This composition maps S(A) to the Bloch space.

Problem 6. Which Bloch maps (or equivalently, which elements of L!(A)*)
arise by this construction?

A straightforward calculation with Taylor series shows that

P @= (s ri)) = oo

which is just our original pairing (¢, y) before takmg the real part. Thus, the
issue in Problem 6 is to analyze the operator P: L..(A) —» %
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