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ABSTRACT. Sufficient conditions are found for the existence of nontrivial in-
variant subspaces for Toeplitz operators with piecewise continuous symbols.
The results are obtained by estimating the norm of the resolvents.

1. INTRODUCTION

This paper can be considered as a continuation of the papers [7, 8] where
Toeplitz operators with continuous symbols were considered. Here we consider
the same questions in the case of piecewise continuous symbols.

Recall that a subspace L of a Banach space X is called invariant (hyperin-
variant) for an operator 7 on X if TL ¢ L (RL C L for any operator R
commuting with T'). It is called nontrivial if L # {0} and L # X . The inves-
tigation of invariant subspaces is one of the most important tools in operator
theory (see [10]).

The question of the existence of a nontrivial invariant subspace for an arbi-
trary operator on Hilbert space (as well as for an arbitrary Toeplitz operator)
remains open.

Given a bounded function ¢ on the unit circle T, the Toeplitz operator 7,
on the Hardy class H? is defined by

T,f=Piof, feH?,

where P, is the orthogonal projection from L? onto H?. The function ¢ is
called the symbol of T, .

In [7] it was shown that if ¢ € C(T), ¢ # const, the modulus of continuity
w, satisfies

Wy (1)
(1) | e < .
and there exists a Jordan Lipschitz arc I' in C such that ¢(T)NJN& # @ and
¢(T)N(@\J) = & for some open set & , then T, has a nontrivial hyperinvariant
subspace.
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In [8] it was shown that if I" is a C2-smooth curve, then (1) can be replaced
by a weaker condition

wy (1)
¢
2) /Ozlogl/tdt<oo.
It was also proved in [8] that (2) can be replaced by the condition
Y 1#(n)] < o0,
n€l

where @(n) is the nth Fourier coefficient of ¢ . In [8] several other results on
invariant subspaces of Toeplitz operators were obtained.

Note that earlier in [3, 4] the existence of nontrivial invariant subspaces was
established under stronger assumptions on the symbol ¢ .

In this paper we find similar conditions in the case of Toeplitz operators with
piecewise continuous symbols.

2. PRELIMINARIES

2.1. Toeplitz operators. Let PC denote the set of piecewise continuous func-
tions on T that have finitely many jumps. For the sake of convenience we
always assume that for ¢ € PC

p(0)=97(), (€T,
where
e E lim p(e"0), 9O lim p(e"C).
If 9 € PC and ¢ hasajump at { € T, we denote by I, the interval
(3) It = [97(0), (0.
Then the essential spectrum
0e(Ty) = {A € C: T, — Al is not a Fredholm operator}

admits the description
a(T,) = p(MuUJ I,
where the union is taken over all jumps ¢ of ¢.

Consider now the curve ¢* obtained from ¢ by adjoining the intervals /I,
where { ranges over the jumps of ¢. Then for 4 ¢ 0.(T,) the operator
T, — Al is invertible if and only if the winding number wind, ¢* of ¢* with
respect to A is zero.

For any A ¢ 0.(T,) we have

ind(7, — A1) = — wind, o,
where for a Fredholm operator T

indT def dimKer7 —dimKer7T".

The same results also hold for piecewise continuous symbols, which can have
infinitely many jumps (see [2]). We refer the reader to [1, 2, 6, 9, 11] for more
detailed information on Toeplitz operators.
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The above description of ¢(7,) can be reformulated in the following form.
Let A ¢ ¢(T); then T, — Al is invertible if and only if ¢ — A admits a repre-
sentation

¢ —A=|p—Alexpia,
where a is a real-valued function in PC such that

() =) <7
for any jump (.

2.2. The Lyubich-Matsaev theorem. To prove the existence of nontrivial in-
variant subspaces we need the following result due to Lyubich and Matsaev

[5].

Theorem. Let T be an operator on a Banach space and T' a smooth arc on the
plane. Assume that there is an open set @ such that o(T)NC =T NO # >.
Let

M) Y sup{||(AI - T)" Y| : Ae @, dist(a,T) >6}.
If
/loglogM((S)dJ < oo,
0

then T has a nontrivial hyperinvariant subspace.

2.3. Uniform polynomial approximation. In what follows we make use of the
following theorem due to Jackson (see [12]).

Theorem. Let ¢ € C(T). Then

distz~ (¢, #,) < constw, (nL-i—l> ,

where P, is the set of trigonometric polynomials of degree at most n .

3. EXISTENCE OF INVARIANT SUBSPACES

In this section we obtain sufficient conditions for a Toeplitz operator with
piecewise continuous symbol to have a nontrivial hyperinvariant subspace.

Let ¢ be a function in PC. We define the modulus of continuity w, as
follows. Let &, ..., &y bethe jumpsof f and I'y, ..., I, the complement-
ing arcs to &y, ..., &y, . Then f is continuousoneach I';, j=1,2,..., m,
and the modulus of continuity w, is defined by

W, (9) = [pax Wyr,(9),

where

w,r, = sup{|p({) — (1) : {, 1€, | -1 <5}

Recall that given ¢ € PC, to each jump ¢ of ¢ there corresponds the
interval I defined by (3).
The following theorems are the main results of the paper.
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Theorem 1. Let ¢ € PC and { be a jump of ¢ . Suppose that 1, ¢ ¢(T) and

w,(1)
(4) /Otlogl/tdz@o.

Then T, has a nontrivial hyperinvariant subspace.

Theorem 2. Let ¢ € PC and { be a jump of ¢ . Suppose that there is an open
set @ such that
Gnl;#@ and e(T)N(O\I;)=2.

Suppose also that

(,(1))!)2
(5) /0 e di <.

Then T, has a nontrivial hyperinvariant subspace.

To prove the above theorems we need a quantitative version of the Devinatz-
Widom theorem (see [1, 11]). That theorem claims that a Toeplitz operator T,
with a unimodular symbol u (i.e., |#({)| = 1 foralmostall { in T) isinvertible
if and only if u can be represented in the form

(6) u=expi(a+pB+c),

where a and B are bounded real-valued functions, ¢ € R, |lallo < 7/2, and

B is the harmonic conjugate of £ (see [13]). We need the following estimate
for || T, .

Lemma 1. Let u be a function defined by (6), where o, p € ReL>®, ¢ € R,
"a”oo < 71'/2 Then
I T < constell< /p,

where p=mn/2 — ||a||o -

Proof. Clearly, without loss of generality we can assume that ¢ = 0. Put
h=exp (B + iB).

Then 4 is an outer function invertible in H> and T, = T, /;Te,., T,.So T;' =

TinT))

v I3, which implies

1T < 1/ AllollbllooI T2 ) = M1 T2
It remains to estimate ||T.'||. We have

Rangee c {e: —n/2+ p<O<m/2-p}.
Put ¢ =sinp. Then

Rangeee' C {ee”®: —n/2+ p <O <m/2 - p}.
It is easy to see that
11 —ee|loo = |1 —€e'™/2=P)| = cosp.

We have Tiexp(ia) =1 — Ti—gexp(ia) @NA || T1_¢exp(in)ll = c0s p < 1. Therefore

1
“ 7; exp(ia)” S 1

—cosp’
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which implies

sxp
0s p

1
1T exp ia) || =712 Sconst;. O

In the proof of the above theorems, an important role will be played by the
function v defined on [0, sup;.ow,(J)] by

(7N v(s) =sup{t: wy(t) <s}.
Proof of Theorem 1. Let @ be an open set such that
onl; #a, cne(T =2,

and &\I; is disjoint with /: for any jump &.

Consider first the case when ¢,(T,) # o(T,). Let A € a(T,)\o.(T,). Then
either Ker(7, — AI) # {0} or Ker( o — AI*) # {0} and both Ker(T, — AI)
and (Ker(T, — AI)*)* are hyperinvariant subspaces of T,, one of which is
nontrivial.

Suppose now that g,(T,) = o(T,). In this case T, — Al is invertible for any
A€ O\I, (see §2.2). Let us estimate the resolvent (7, — 1)~!

It follows from the invertibility of 7, —AI that ¢ —A admits a representation

(8) 9 —A=|p—Alexpiv,,

where v; € PC, v; has jumps at the jumps of ¢, and |vf1+)( &) - v/1 G <mn
for any jump & of ¢ (see §2.2).
It is easy to see that such v; can be represented as

9) v=f+ &,

where f; € C(T), g € PC, |gll < 7/2.
Moreover, it is also clear that for A € @\I; the modulus of continuity w,,
admits the estimate

(10) wy,(6) < constw,(d).

Note also that | gf)(é) - gﬁ“)(é)| is the angle at which the interval I is seen
from the point A.

We have
(11) 9 —A=hexpi(fy+ &),
where A, is an outer function such that |/;|> = |¢p — A| . We have
(12) NT 20 < W Tl 0T 1 0T
Obviously
(13) ITaym - IT 7 11 = 111/19 = Al lloo < comst1/4,
def

where ¢ = dist(4, I;).

Let us estimate ||7_ Clearly

expl(fa+g; I
(14) 7/2 —||gillo > ¢4, Aed\,

for some constant c.
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By Jackson’s theorem (see §2.3)

distz (f3, %) < const wy, (——i—T) < dwq, (n—%)

for some constant d . Let n; be the smallest integer for which

7[
d%( 1+1) _6

By the definition of v we have

4
< —F.
(15) "= s 2d)
So there exists a polynomial P; in %, such that
co
(16) 1fa = Pilleo < -

Obviously ||Py]jco < const - || falleo < const.

Let Q; = -—P)' Then Q; € ..@m and Ql =P - Pl(O) We have

fits=a+f+c,

where a = g, + f— Py, B =-Q,, ¢ = P,(0). It follows from (14) and (16)
that 5
C

n
5 - ”a”oo < ’7 .
We can now apply Lemma 1 and obtain

— const
(17) It il < 5 €x011Qallo -

It is well known (see [13]) that
1Qilloo = [|Palloo < constlogn, .

Thus it follows from (12), (13), and (17) that

const
17500 < S,

which together with (15) yields

-1 const 1
ool < =52~ s /2ay -

Now it is easy to see that the hypotheses of the Lyubich-Matsaev theorem
(with T'= I, N &) will be satisfied if we show that

1
(18) /ologlogl—/md(5<oo.

But this follows from the following lemma proved in [7].
Lemma 2. Inequalities (4) and (18) are equivalent to each other.

Let us proceed to the proof of Theorem 2.

Proof of Theorem 2. The proof is analogous to that of Theorem 1. As in The-
orem 1 we can assume that ¢.(7,) = o(T,) and &\I; is disjoint with I for
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any jump ¢. Then every 4 in &\I; is in the resolvent set and we can ob-
tain the factorization (8), the representation (9), the factorization (11), and the
estimates (12) and (13).

The only problem that can arise in this case is that inequality (10) can fail
under the hypotheses of Theorem 2. Indeed, ¢ is allowed now to take values
in I; N@ , which can lead to a distortion of the modulus of continuity of f; as
A tends to I, . However it is easy to see that in this case the following estimate
holds: const

w;(9) < 5 Wy ().

So by Jackson’s theorem (see §2.3) we can find a polynomial P; of degree

n; such that

n d n
- < — <% P
I/ = Palloo < constay, (n+1)—5w“’ <n+l)

for some constant d . It follows that n; can be chosen as the smallest integer

for which
n c
—_— < =
day <n1+ 1) <39,

which is equivalent to n; < n/v(cé?/2d).
Then the proof repeats the arguments used in the proof of Theorem 1, which

leads to the estimate
const |

02 wv(cd?/2d)’
So the hypotheses of the Lyubich-Matsaev theorem will be satisfied if we
show that

1
(19) /Ologlogmd5<oo,

which is equivalent to (5) by the following lemma.

17,2511 <

Lemma 3. Inequalities (5) and (19) are equivalent to each other.
The proof of Lemma 3 is completely analogous to the proof of Lemma 2 (see

7).
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